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Problems on asymptotic analysis over convex polytopes

by Tatsuya Tate!

Abstract

In this paper, a survey of results in two topics on asymptotic analy-
sis over convex polytopes, obtained in the papers [22, 25], one of which
is related to representation theory of compact Lie groups and another is
asymptotic formulas of sections of a line bundle over a toric Kahler mani-
fold, is given.

1 Introduction

Convex polytopes often appear in many areas of mathematics. In particular, they
play essential roles in representation theory of compact Lie groups and the the-
ory of toric varieties. Combinatorial aspects of polytopes describe some algebraic
structures in representation theory and geometrical structures in the theory of
toric varieties. In representation theory, multiplicities of weights or irreducible
summands are important quantities. But, many of the well-known formulas on
multiplicities are given as alternating sums, and it would not be so easy to find
effective estimates for these quantities. Then, as in [12], it would be reasonable to
find asymptotic formulas for these quantities. Problems on asymptotic behavior
of sections of line bundles over compact Kahler manifolds are intensively investi-
gated. They are interesting problems in themselves, and also they often provide
important information for complex geometrical problems. There is an enormous
literature in this direction. We just refer to [6] for this direction.

In this paper, we give a survey of results on asymptotic analysis in these
two topics, obtained in the papers [22, 25]. Let us give a brief account on the
materials discussed here. First, we give an asymptotic formula of a quantity called
a lattice path counting function. This quantity is defined as the number of lattice
paths on a lattice in a vector space starting from the origin each step of which
is in a fixed finite subset of the lattice. This quantity is a natural generalization
of the binomial coefficient, and it goes well with the probability theory. Main
result for this quantity is regarded as a result on large deviation, but we also give
other asymptotic formulas, for example, corresponding to the local central limit
theorem.
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Second topic is on an asymptotic behavior of distribution functions of sections
of line bundles over a compact toric Kahler manifold, which we call toric mono-
mials. In general, problems on asymptotic behavior of eigenfunctions of elliptic
operators with discrete spectrum is very difficult. Indeed, one of simplest problems
in this direction would be to find weak limits of modulus square of eigenfunctions.
But, this problem is already hard. Indeed, it is known as quantum ergodicity
problems when the classical counterpart is chaotic and there are many open prob-
lems. Even if the classical dynamical system is completely integrable, this problem
is still difficult to resolve completely. (To our knowledge, one can find complete
answer to this problem only in the case of the standard sphere. See [15].) So then,
it would be useful to find reasonable and simple ‘toy model” where one can settle
almost all problems in this topic, such as weak limits, estimation of supremum
norm, asymptotics of LP-norm, pointwise asymptotics and asymptotic behavior of
distribution functions. The toric varieties often provide a simple model for diffi-
cult problems, and this is the case with us. Namely, the projective toric Kahler
manifolds are regarded as compactified phase spaces with completely integrable
systems (torus actions on toric manifolds) whose joint eigenfunctions are toric
monomials. So, our toric monomials are regarded as a model of (micro-local lifts
of) joint eigenfunctions for completely integrable system.

Throughout this paper, the parameter which is made to tend to infinity is
denoted by N. We note here that in each topic we are going to address the
parameter N has a physical meaning. For the lattice path counting functions
and the multiplicities of weights, the parameter N can be regarded as ‘number of
particles’, because it is the parameter for tensor powers of a fixed representation
and the ‘classical phase space’ of it would be N-fold product of a coadjoint orbit.
Hence the limit N — oo would be regarded as a thermodynamic limit. For
the asymptotics of distribution functions of toric monomials, the limit N — oo
represents a semiclassical limit, because it is the parameter for the tensor power
of a fixed line bundle over a toric Kahler manifold.

The organization of this paper is as follows. In Section 2, we define the lattice
path counting functions and investigate its properties. In particular, we give an
asymptotic formula (2.14) for the lattice path counting function. The formula
(2.14) is a general formula, and we then use the formula (2.14) to give various
asymptotic properties of the lattice path counting functions. These asymptotic
formulas are used, in Section 3, to find asymptotic formulas for multiplicities of
weights and irreducibles in the high tensor powers of a fixed irreducible representa-
tion of a compact Lie group. Section 4 is devoted to the study of toric monomials
of a projective smooth toric variety. In particular, we give a sketch of proof of an
asymptotic formula for the rescaled distribution functions of toric monomials.
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2 Asymptotic behavior of
lattice path counting functions

In this section, we consider a problem on asymptotic behavior of lattice paths. In
particular, we give various asymptotic results for the lattice path counting func-
tions, which are explained their naturality along with their probabilistic back-
ground.

2.1 Lattice path counting functions

To begin with, let us prepare notation. Let X be a real vector space of dimension
m, and let I be a lattice in X, that is, I is a co-compact discrete subgroup of X.
Let X* be the dual space of X, and let I* be the dual lattice of I, that is, I* is
the lattice in X* defined by I* = {y € X*; (v,z) € Z, x € [}. Let S C I* be a
finite subset which is assumed to satisfy the following non-degeneracy condition;

(2.1) spang{a — f(; a,f € S} = X™.

For each positive integer N, we define the set S(N) of lattice paths of length N
with steps in S by

(2.2) S(N)={veI";y=p1+---+ Py forsome (i,...,0v €S}

Fix a positive function ¢ : S — R.y on S which we call a weight function.
Then, the main object in this section is the weighted lattice path counting function
Ps : I" — R with weight ¢ defined by

> e(By)e(By) ity € S(N),
(2.3) Py(y) = § 52505,
0 if v & S(N).

The function P often appears especially in probability theory and represen-
tation theory. We will explain a representation theoretical aspect of the function
P4 in the next section. In this section, we discuss its probabilistic aspect and
derive various asymptotic formulas for P5, as N — oo. Here is a typical example.
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Example 2.1. Set X = R™ and use the standard Euclidean inner product to
identify X* with R™. We take the standard lattice Z™ for I = I*. Let {eq,...,en}
be the standard basis of Z™ and let ¥ = ch(0,eq,...,e,). Here, for a subset
A C X*, ch(A) denotes the convex hull of A. Fix a positive integer p and set
S = (pX) NZ™, the lattice points in the dilated polytope pX. Define the weight
function ¢ : S — R.q by

_(p\ _ p!
) = (5) = B Bl AT

where 8 = (61,...,0n) € R™ and || = Z;n:1 B;. Then, it is easy to show that
S(N) = (NpX)NZ™ and

Pr(v) = (A,[yp) 7 € S(N).

Remark 2.2. For our finite set S in X*, set P = ch(S). By definition, P is a
convex polytope in X*. Clearly the set S(N) of lattice paths of length N with
each step in S is contained in NP N I*. However, in general, it is not necessary
to have S(N) = (NP) N I*. Indeed, let X = X* = R3 [ = [* = Z3 and
S = {(0,0,0),(1,0,0),(0,1,0),(1,1,2)}. The set S\ {(0,0,0)} forms a basis of
R3 (but not of Z3), and hence P is a simplex. Then, the point (1,1,1) is in
(2P) N Z3 but not in S(2). It is a bit subtle problem whether or not we have
(NP)NZ™ = S(N) for general S. It is related to the (projective) normality of
the toric variety defined by the finite set S. See Section 4.

2.2 Asymptotic behavior of the binomial coefficients

In Example 2.1 we see that the lattice path counting functions P, are regarded as
a generalization of the binomial (multinomial) coefficients. In elementary proba-
bility theory, asymptotic properties of the binomial coefficients (k];:, ) as N — oo
are related to the (local) central limit theorem or de Moivre-Laplace theorem.
(In probability theory, the parameter N is the number of Bernoulli trials.) We
just remind to the readers the following asymptotic properties of the binomial
coefficients. In the following, we set dy(k) = k — N/2. (For the proof, one just
use Stirling’s formula.)

(CL) 2V, /25 if dy (k) = o(N?/3),
(MD) 2V, [ Zeem - HEEEit d(k) = o N),

(
(

—N(aloga —a)lo —a .
SD) ¢ <\/2+;(1) g)“ ) if k~aN,0<a<l,
TiNall—a

RE) 4% if k= ko, N — k.

\
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Here, in the second line, the function f(z) is given by
(2.5) f(z)+2* =g(z) .= (1+z)log(l +2z) + (1 — x)log(1 — ).

Let us consider the above asymptotic behavior of the binomial coefficients. In the
case of (CL) and (MD), the exponent in the exponential is given by

2dy(k)? N
L 2 Fdn(R)/N).

But in the case of (CL), the first term x? of the function g(x) dominates the
decay rate because N f(2dy(k)/N) = o(N~1/3). We call the case (CL) central
limit region for k since the asymptotic form of the binomial coefficients in this
region is Gaussian. (Note that, in the central limit region, if dy (k) = o( N/2),
the exponent dy(k)?/N is bounded.) In the next case (MD), called moderate
deviations, the second term is of order o(N) which is the same as that of the
first term. Thus, one can not ignore the second term in this region. Both cases
of (CL) and (MD), the growth is governed by the exponent log2. But, in the
case of strong deviations (SD), the growth is governed by the positive number
alog(1l/a) + (1 — a)log(1/(1 — a)) which is strictly less than log2 if a # 1/2.
Finally, in the case of (RE), which we call the region of rare events, the binomial
coefficients have polynomial growth rate rather than the exponential one.

a2dn(k)/2) =

2.3 Probabilistic aspects

In the previous subsection, we described the asymptotic behavior of the binomial
coefficients, which is related to the central limit theorem and other limit theorems
in probability theory. In this subsection, we give an account on probabilistic
aspects of the lattice path counting function P§ (). Consider the function k§ on
X defined by

(2.6) ki(T) = Zc(a)e<°”>, TeX.

a€S

Then, it is easy to show that

(2.7) k()N =) Pr(y)el .

yeI*

Thus, if we set V(S,¢) = Y cqc(a), then V(S,¢) = k§(0) and V(S,¢)V =

Zwe 1« Pi (7). Therefore, for any positive integer N, the measures

1
dmy = V(S ¥ > PL()6 N
(2.8) X el

duy = W Z P&(V)éﬁ(%z\mgqc);

yel*
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are probability measures on X*. Here m§ . € Int (P) denotes the center of mass
given by

(2.9) mg. = @ > e,

aeS

and ¢§, denotes the Dirac delta measure at x. The measure dmy is supported on
the polytope P = ch (.S) while the support of the measure dyuy is larger than P; it
is supported on v NP if the center of mass mj, is the origin. The limit theorem
we would like to mention first is the following.

Theorem 2.3. The measures dmy tend weakly to 5m§c as N — 00.

The above theorem, which is known as the law of large numbers, suggests that
the normalized lattice path counting function V' (S, ¢)"VP% () decreases when 7 is
far from Nmy .. The measure dyuy measures its decay when vy—Nmj . = O(N /2,
The precise statement is given as a central limit theorem.

Theorem 2.4. The measures duy tend weakly to the Gaussian measure

6_<A711‘”Z>/2 J
T
(2m)m/2¢/det A

as N — oo, where the positive definite symmetric matrixz A is given by

1
(2.10) A= —— ) a®a—mg,.®@mg,.
V(S,c); 5 5

For simplicity, we explain in the case where mj . is the origin. If F'is a subset
in X*, according to the central limit theorem, uy(F) = my(N"Y2F) tends to
C [z e~ (AT we)/2 gy — O N-™/2 Sxiy2p e~ (A7ww)/2N gy Thus, when v € NY/2F,
that is ¥ = O(N'/?), the central limit theorem suggests that, on average, the be-
havior of the quantity V (S, ¢) NP () would be expressed as C.N /2= {A™1:7)/2N
When, v — Nm§ = O(N), which means that v is in the region of strong devi-
ations as explained for the case of binomial coefficients, the averaged behavior
of V(S,¢) ™ NP¢ (v) is described by the following theorem, which is known as the
large deviation principle.

Theorem 2.5. Set I§(x) = sup{(z,7) —log(ki(T)/V(S,¢))}, v € X*. Then the
TeEX
function Ig is lower semi-continuous, and, for any closed set F' and open set U

of the polytope P, the measures dmy satisfies the following.

1 1
, 1 < _inf JC oL S inf IS().
hjrvnjolip N logmpy(F) < ;2;15(9“")’ hNHLloICl)f I logmy(U) > ;rellf] Ig(x)
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The function I in Theorem 2.5 is called the rate function in the theory of large
deviations. Theorem 2.5 says that when v — Nm¥§ = O(N) (that is, v/N € F
for fixed subset F), V (S, c)"VP% () behaves, on average, like e=V'5("). Theorems
2.3, 2.4 and 2.5 are proved by a standard method, although complete proofs can
be found in [25]. In the next subsection, we derive much more precise asymptotic
formulas for V' (S, ¢)™P%(7), which support the above discussion.

2.4 Asymptotic behavior of
lattice paths counting functions

The various aspects of asymptotic behavior of the binomial coefficients as ex-
plained above suggest that our weighted lattice path counting function Pg ()
would also has similar asymptotic behavior. Indeed this is true. In the rest of
this section, we give such results. To introduce such results, let us prepare some
more notation. In the following, the setting up described in Subsection 2.1 is used.
Since the differences a— 3 («, § € S) spans the whole space X* as in the assump-
tion (2.1), these spans over Z a sublattice of I*, which is denoted by L(S)*. Then,
its dual lattice L(.S) in X contains the original lattice . We set Z(S) = I*/L(S)",
which is a finite abelian group. It is easy to see that the Hessian of the function
log kg,

(2.11) A5(1) = V2 log k& (1), T e X,

is positive definite, and hence log k§(7) is a convex function on X. By using this
fact, one can show that the gradient,

(2.12) pe(r) == Vlog k§(r), TeX,

defines a diffeomorphism p§ : X — Int (P), where Int (P) is the interior of the
polytope P = ch(S). (Note that by the assumption (2.1), the polytope P is of
dimension m.) See [7] or [8] for the proof of this fact. Denote the inverse map of
puS : X — Int (P) by 75 : Int (P) — X. Define the smooth function 6§ on Int (P)
by

(2.13) ds(z) = log k§(7é(x)) — (x, 75(x) ), z € Int (P).

Theorem 2.6. Tuke z, € Int (P) and vy € (NP)NI* such that vy = Nx,+0o(N).
Then, we have

|Z(S)]eNo%s(w/N)

2.14 PS(yn) = (2nN)~™/2
240 ) = (22 Vdet AG(5(w/N))

(1+O(NY).

In particular, we have

1
(2.15) lim i log Px (7n) = d5(,).

N—o0
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Remark 2.7. In [25], the assumption that, the lattice points vy is in S(V) for
every sufficiently large N, is imposed. However, in the proof of Theorem 2.6,
we only use the integral formula (2.20) below, and this comes from the fact that
P%(7) is the coefficients of €7 in the Fourier series k&(ip)". Thus, we do not
need to impose such an assumption.

Remark 2.8. It is easy to show that the rate function /¢ in the large deviation
principle (Theorem 2.5) is given by

I§(z) = =05(z) + log V(S,¢), x € Int(P).

Example 2.9. Let us examine the formula (2.15) for the binomial coefficients.
As in Example 2.1 with m = 1, let p be a positive integer, and let S = X NZ =
{0,1,...,p} with ¥ = ch (0,p) = [0, p]. Define ¢: S — R by ¢(5) = (g) Then,
as in Example 2.1, we have P§(y) = (J\;p). In this case, the finite abelian group
Z(9) is trivial. The function k§ on X* = R is given by k§(7) = (1 + €7)P, and
hence

T

_pe
14’

() 7é(x) = log < > , xe€lnt(P), Te X =R.

p—x
This shows that the function 0¢ in this case is given by

P’

z(p —x)p?

5%(x) = log ( ) . zeInt(P)=(0,p).

Then, the formula (2.15) can be deduced easily from Stirling’s formula.

In the previous sections, we saw that P§(vx) behaves differently when ~yy
have different behavior as N — oo. In turn, Theorem 2.6 contains only one
asymptotic formula (2.14). However, the asymptotic formula (2.14) in Theorem
2.6 is rather general. Indeed one can prove various asymptotic results from this
formula similar to what was described for binomial coefficients. Let us explain how
one can deduce them from just one formula (2.14). First, we note that since the
weight function c is positive everywhere on the finite set S, the center of mass mj,
defined in (2.9) is in Int (P). Hence we can take vy = Nm§+dy with dy = o(N®),
0 < s < 2/3 for the sequence vy in Theorem 2.6. A direct computation using the
Taylor expansions around z = mj,. of the functions /det AG(7¢(x)) and 6§(x)
show that

Vet A5 (75 (i /) = Vet A1+ O(N~0-9)),
N6S(yn/N) = NlogV(S,c) — (A dy, dn ) /(2N) + o( N*72),

where the symmetric matrix A is defined in (2.10). From these combined with
the formula (2.14), we obtain the following local central limit theorem.
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Theorem 2.10. Let 0 < s < 2/3 and vy = Nmjg,+dy with dy = o(N?®). Then,
we have

—m/2 |Z(S)‘V(S, C)Ne_<A71dedN )/ (2N)
vdet A

Next, we take 7y = Na + f for some f € L(S)" and a € S NInt (P). Then,
one can apply directly Theorem 2.6. But in this case, one can also take vy = Na
in the sketch of proof of Theorem 2.6 explained in the next subsection, and one
has the following.

Pr(w) = (27N) (1+o(N*77%).

Theorem 2.11. Let f € L(S)* and let « € SN 1Int (P). Then we have

2] Z(8) e FS(@) )+ NO5 ()
det AG(75(v))

Py(Na+ f) = (27N) (14+O(N™h).
Remark 2.12. Theorem 2.11 is a result on large deviations. For results on large
deviations in a more general setting and from a geometrical point of view, see [16].

2.5 Method of stationary phase and sketch of proof

In this subsection, we give a sketch of proof of Theorem 2.6. To prove Theorem
2.6, we use a theorem on the method of stationary phase. First of all, let us give
some account on this method.

Let U C R™ be an open set. Let u € C§°(U) and & € C*°(U) with Re® > 0.
Consider the following integral

(2.16) IN(u):/UeNq’(x)u(x) dx.

We call the function ® the phase function for the integral Ix(u). The method of
stationary phase is a method for studying asymptotic behavior of the integral of
the form Iy(u) as N — oo. To explain this method, suppose first that V& # 0
near supp (u). In this case, the first order differential operator,

1 0% 0
L=—-—c—F7=5s —_——
IVo(x)] s Oz; 0x;
. 2 x| 02 [ L
is well-defined near supp (u), where |V (z)|* = E |- Then it is straightfor-
:E.
g=117"

ward to see that L(e™¥®) = Ne N®. Substituting this into the definition (2.16)
of the integral Iy(u) and integrating by parts show

1
In(u) = N/UGN@(tLu) dx,
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8$]’ |V®|2 81’j “
Repeating this procedure, one has In(u) = O(N~>°), namely, for any positive
integer k, one has |Iy(u)| < CxN~* with a positive constant Cj.

Next, suppose that the phase function ® satisfies Re (®) > 0 near supp (u).
Then, since supp (u) is assumed to be compact, one can find a positive constant
« such that Re (®) > « near supp (u). This shows that Iy(u) = O(e™™%). There-
fore, one find that the contribution to Iy (u) as N — 0o comes from neighborhoods
of points x € U where Re (®)(z) = 0 and V®(x) = 0. Traditional method of sta-
tionary phase considers the case where the phase function ® is pure imaginary,
namely Re (®) = 0. In this case, we set & = i¢ with a real-valued function ¢.
Suppose also that there exists a point z, € U such that V¢(z,) = 0, the Hessian
V2¢(z,) is non-degenerate and Ve(x) # 0 for points z different from x,. Then,
by the Morse lemma, there exists a neighborhood V' of z, and a diffeomorphism
k:V — k(V) C R™ such that k(x,) =0, Vk(x,) = Id and

dori ™ (y) = d(w,) + (Ay.y) /2, A= V().

Changing a variable z = (y) will show that Iny(u) = In (@) + O(N—>°), where @
equals | det V™! (y)|u(k1y) times a cut-off function near the origin and

= 0 1 0%
where ‘L is the adjoint operator of L given by ‘Lu = Z ( )
j=1

fN(ﬂ) _ e—iNaS(mo)/ e—iN<Ay,y>/2ﬁ(y) dy.
w(V)

Using Plancherel formula and the well-known formula,

) e—iﬂ' sgn(A)/4 I
]:fl[eleMy,y)/?](é‘) — eHUATIEL)/(2N)
(27 N)"7?] det A2 ’

where F ! is the inverse of the Fourier transform F, shows that the integral Iy (u)

equals
e—iN(z)(zo)—iﬂ sgn(A)/4

(ATEE)/CNF (6)
(27 N)"72] det A[//2 / - a(&) de

modulo terms of order O(N~°°). Then, a Taylor expansion of the exponential
function shows that the integral Iy (u) has the following asymptotic expansion

97\ "2 p—iN(wo)—imsgn(V2(xo))/4
2.17 In(u) ~ | == Apu) (o) N7F,
210 v <N) v e

k>0

where Ay, is a differential operator of order 2k with Ay = I. This is a usual method
of stationary phase. However, in the above lines, we used the Morse lemma, and
the differential operators A; contains derivatives of the diffeomorphism . Hence
it is not suitable to compute lower order terms explicitly. Furthermore, as is seen
below, in our case, the phase function ® itself depends on the parameter N. So,
one can not apply, at least directly, the above method. Fortunately, there is a
version of the method of stationary phase which is quite useful.



Asymptotic analysis over convex polytopes 75

Theorem 2.13. Let U be an open set in R™ and let K be a compact set in U. Let
u € CP(K) and let & € C*(U) such that Re (®) > 0. Suppose that there exists
a point z, € K such that Re (®(x,)) =0, V®(x,) = 0, det V2®(z,) # 0 and that
V& (z) # 0 for x € K different from x,. Then, for each positive integer k,

\ "2 e~ No(wo) k-1 ‘
218 v = (5) S (Lyw(@)N T+ By(N),

Vdet V2@(z,) 4=

with the error estimate

(2.19) Re(N)] < CL(®)[ull ooy N
where Cy(P) is a positive constant. The differential operator L; at x, is given by
j 1 — v L
L)) = (=1 D, (V@) ™D, D) (ggu))(o),

v,1u>0
v—p=j,2v>3p

1
gol) = B(z) — Blz,) — 3
Furthermore, suppose that B is a subset of C*°(U) such that;

o cvery ® € B satisfies Re (®) > 0, Re (®(z,)) =0, V®(z,) = 0, det V2®(z,) #
0 and that V®(x) # 0 for x € K different from x,, where x, is fized;

(V2O(2,) (1 — T0), 0 — T, ).

® || D] csrirry is bounded from above uniformly in ® € B;

o |z —x,|/|VO(x)| is bounded from above uniformly in x € U and ® € B.
Then, the constant Cy(®) in (2.19) can be taken to be independent of & € B.
See [13, Section 7] for the proof of the above theorem.

Remark 2.14. It is easy to see that the third condition for B ¢ C*(U) in
Theorem 2.13 can be replaced by supgcp ||[V2®(x,) || < co. More precisely, if
|®]|cs <« and || V2®(x,) || < 8 for each ® € B, then, one can show that, when
|z —xz,| < 1/2af3, we have |é;(aj3| < 2(3. In particular, in the case where we can
T
shrink the domain of integration suitably, the assumption that V®(x) # 0 for x
different from =z, is satisfied if the Hessian at z, is non-degenerate and its inverse
is bounded from above.

We now give a sketch of proof of Theorem 2.6. We extend elements in X* to
the complex linear form on X ® C. We write elements in X ® C as w = 7 + i,
7, € X. Then, the function kg on X is naturally extended to X®C, and by (2.7),
the lattice path counting function P§ () has the following integral representation,

[ o

(220) PYO) = Gy
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where 7™ = X/27[ is an m-dimensional torus, and the Lebesgue measure dy is
normalized so that the volume of 7" is (27)™. Since the function k(z) = k&(7+i¢)
(z = €™ 1,0 € X) is holomorphic on the complex torus exp(X @ C) = (C*)™,
we can change the contour in the integral to obtain

(2.21)

1 ) y ke (r +ip)\
c _ ¢ (Y~/N,7 )N iN(yw/Nop) [ SV T 7))

pN (FYN) (27T)m [kS (7')6 ] / e ( k’g(T) ) ng,

which is valid for arbitrary 7 € X. It is easy to show that |kS(7 +ip)| < k&(T),
and the equality holds if and only if ¢ € 27L(S). Since I C L(S), there is a
natural surjective homomorphism ng : 7™ — T(S) := X/2nL(S). Then, the
above equality condition is equivalent to say that |k§(T+1ip)| = k§(7) if and only
if o (mod 271) is in the kernel ker(mg) of mg, and which is naturally isomorphic
to the finite abelian group Z(S). Since (2.21) holds for any 7 € X, we choose T
as Ty = 7$(7n/N). Then, we have

m

ISON/N) — kg(TN)€*<’YN/N7TN>'

We take a neighborhood U of the identity 0 € ker(mg) = Z(S) so that U N
ker(mg) = {0} and take a cut-off function p € C§°(U) which is 1 near ¢ = 0. For
any g € ker(mg), we set U, = U + g and py(p) = p(¢ — g). Then, if we take U so
small, there exists a constant a > 0 such that

e VoS (’YN/N
(2.22) Pr(w) = Z Ing

geker(ms)
modulo terms of order O(e=%Y)

(2.23)
Iy = / NP () do, <I>N,g=z'<vN/N,so>—1og(
Ug

, where I 4 is given by

k‘gv(TN + ZQO))
ks(rw) /)

Note that, if we introduce the function

B(r,0) = i{ (7). ) — log (M)

k§(7)

on B x Uy, where B is a closed ball with center 7§(z,), then we have ®y ,(p) =
®(7n,¢). From this expression, one can show that || @y cr(w,) is bounded from
above independently of N, where k is any integer greater than [m/2]4 1. We take
a representative ¢, € X of g € ker(mg) and identify U, with a neighborhood of
¢, Note that Re ®(7, ) > 0 and the equality holds for (7,p) € B x U, if and
only if ¢ = ¢,4. Then, we see that V®y 4(p,) = 0. Furthermore, Re @y 4(¢) = 0
on U, if and only if ¢ = ¢,. A direct computation shows eNV®¥s(¥s) = 1 and
V2®y ,(pg) = A%(Tn). Since Ty tends to 75(z,) and since x, € Int (P), A%(mn)
has inverse whose norm is bounded uniformly in N. Therefore, Theorem 2.13 is
applied and a direct computation shows Theorem 2.6.
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3 Asymptotics of multiplicities
in high tensor powers

In Section 2, we derived asymptotic formula for the lattice path counting function
P () for general weight function ¢ on the set S of steps. In this section, we
give an application of the formula in Theorem 2.11 to representation theory of
compact connected Lie groups.

3.1 Quick review of representation theory of
compact Lie groups

The representations we are going to consider is them for compact connected Lie
groups. For structure theory and representation theory of compact Lie groups, we
refer the readers to [3]. In the following we prepare and review some terminology
for representation theory of compact Lie groups. Let G be a compact connected
Lie group. For simplicity, we assume that G is semi-simple, that is, assume that
the center Z(G) of G is finite. Let T be a maximal torus in G and let g and
t be the Lie algebra of G and T, respectively. Let g* and t* be the dual space
of g and t, respectively. Since T is abelian and compact, the exponential map
exp : t — T is a surjective homomorphism, and its kernel I = ker(exp) is a lattice
in t so that 7" = t/I. The dual lattice I* of I is called the weight lattice or
the lattice of integral forms. The Weyl group W is the quotient group N(T")/T
of the normalizer N(T') of T by T, which is known to be a finite group. The
maximal torus 7" acts on the complexified Lie algebra g* = g ® C by the adjoint
representation Ad : G — GL(g%), and then g® is decomposed into irreducible
components of T-action as
i“ =t o P

acR
where, for each 0 # « € I*, we set

go = {7 € g% Ad (exp(p))z = ™)z €t}

The set R, called the root system, is defined by R = {« € t*\ {0}; go # 0}.
The elements in R are called the roots. Since we have assumed that the group
G is semi-simple, we have spang(R) = t*. Furthermore, there exists a basis
{ag,...,an} C Rof t* (m =dimT) such that each « € R can be represented as
a Z-linear combination of {a, ..., an},

m
a=) ni(a);,
j=1

where n;(a) > 0 for all j or nj(a) <0 for all j. Such a basis {oy,...,a,} C Ris
called a system of simple roots. Let Ry = {a € R;nj(a) >0, j=1,...,m} and
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set R_ = —R,. Then, it is well-known that R_ C R and R = R, U R_ (disjoint
union). The elements in R, are called the positive roots. The Weyl group W is
finite and acts on t and t*. We choose a W-invariant inner product on t which
is denoted (-,-), and this inner product naturally induces a W-invariant inner
product on t* which we continue to write as (-,-). A positive Weyl chamber,
denoted by C is a cone in t* defined by

C={pet;(p,a)>0, a€ R}

Then, the famous Weyl character formula states that there exists a bijection be-
tween C' N I* and the set of characters (restricted to the maximal torus T) of
irreducible representations of G. Furthermore, for each A € C N I*, the corre-
sponding irreducible representation, denoted by V), has the character y, on T
given by

A+ p)(p)
Alp)

where p is half the sum of the positive roots, p = %Za€R+ a, and for o € t*, the
alternating sum A(«) is defined by

(32) Ala)(p) = > sgn(w)e™™ 9 pet,

weW

(3.1) (t) = t=exp(p) €T, p et

where sgn(w) is the determinant of the transformation w : t — t. The function
A(yp) is defined by A(p) = A(p)(p), which is called the Weyl denominator. Note
that, since W preserves the inner product on t, sgn(w) = 1. The integral form
A€ CNI*is called the dominant weight of the irreducible representation V5.

3.2 Multiplicities in high tensor powers

Let V,, be the irreducible representation of G with the dominant weight A € CNI*,
and let N be a positive integer. Then, the tensor product V/\®N is a representation
space of T, and hence one has a weight space decomposition

(3.3) VEN = @ an (), Van(p) = {v e V2N exp(p)v = X190y o € t}.

perl*
We set
my (A p) = dime Vi n(p), pelr,

and call my(\; p2) the multiplicity of the weight p in V#V. The space V,* is also a
representation space of the compact Lie group GG, and hence it can be decomposed
into irreducible summands,

ViV = @B av(xim)Vi,

ueCNI*



Asymptotic analysis over convex polytopes 79

where ay(\; 1) € Z, is the number of times V,, appears in V,;*. We call ay (\; 1)
the multiplicity of the irreducible representation V), in V/\®N . A natural problem
in this setting is whether or not one can find an effective formula for the multi-
plicities my(A; p) or an(A; ) in terms of N, A and p. For example, when N = 2,
Steinberg’s formula states that as(\; ) can be written as

(3.4) as(Aip) = ) sgu(vw)p(v(A + p) +w(A+p) — (1 +2p)),

v,weW

where p is Kostant’s partition function,

(3.5) P(A) =19 (Nalo € Ry) i ng € Zoo, A= > naar

acRy

One can also use Steinberg’s formula repeatedly to represent ax(A; i) in terms of
Kostant’s partition function. However, this formula is an alternating sum and it
is easy to imagine that the result becomes quite complicated as N becomes large.
Hence it would not be so easy to estimate how large the multiplicity ax(\; u) is
from this formula for large N.

In the rest of this section, we give results on the asymptotics of the multi-
plicities my(A; ) and an(A; @) which is an application of Theorem 2.11. For any
A€ CNI* define Sy = {pu € I*; my(\; ) # 0}. Namely, Sy is the set of weights
occurring in the irreducible representation V). Let P(\) denote the convex hull of
the orbit W - X of the Weyl group through \. Let A* be the lattice in t* spanned
by the root system R over Z, which is often called the root lattice. Define the
map py : t — t* by

1

(3.6) () = 5 o) Z ma(\; p)et™ ) p.

HESK

It is well-known that W - A C Sy, C P()). Since each coefficient of p € S)
in the definition the map u, is positive, the image of the map pu, is contained
in the (relative) interior Int (P())) of the polytope P()\). Furthermore, as for
the case of the map ug defined by (2.12), it turns out that the map u, is a
diffeomorphism from t onto Int (P(\)) if the dominant weight A is in the interior
C of the closed positive Weyl chamber C. (See below for this point.) Denote by
7x : Int (P(\)) — t the inverse of the map p,.

Theorem 3.1. Let A € C'NI* and v, € S). Suppose that v, is in the interior of
the polytope P(\). Take f € A*. Then, we have the following formula.

7(C)eNor W)~ ()
(37)  ma(h Nup + f) = (2n) 220G (1+0(NY),
det Ay (v,)
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where Z(G) is the center of G, and the function 6, on Int (P(\)) and the positive
definite matriz Ay\(v,) is given by

b (x) = log (Z m1<A;me<m<I>>> —(z,m(x)), =t (P()),

/—LGSA
mi(; ,u)erTA(Vo))
= L — Vo ® V.
;;S)\ ZVESA ml()\; V)€<V77A(Vo)>

Note that we have some other asymptotic results for the multiplicities my (A; p)
of weights in tensor power V/\®N . See [25]. By using Theorem 3.1, one can find the

following asymptotic result for the multiplicities of irreducible representations in
V/\®N .

Theorem 3.2. Let A € C N I* and let v, € CN Sy NInt (P()\)). Then, we have

the following formula.

(3.8)

|Z(G)|A(ma(vo) /(2i) ) e {Pme))
det Ax(v,)

an(\; Nuy) = (2 N) "™/ 2eNoa(e) ( + O(Nl)) :

where the Weyl denominator A is extended to the complexification t @ C.

Remark 3.3. By using the Weyl denominator formula, we have

A(1a(v,)/(271)) = H (e<om(l/a)>/2 — e—<am(Vo)>/2) )

aERL

So, for example, when 7,(v,) is in a wall of a Weyl chamber, that is, there is a
a € Ry such that (o, 7y\(v,)) = 0, we have A(7\(v,)/(27i)) = 0, and hence the
leading term in the asymptotic formula (3.8) vanishes. In this case, the formula
(3.8) is not relevant to estimate the multiplicity ay(A\; Nv,).

Remark 3.4. Theorems 3.1 and 3.2 are formulas in large deviation. The local
central limit theorems for the multiplicities ay (A; i), my(A; p) also hold true. See
2], [25] for these formulas.

3.3 Multiplicities versus lattice path counting functions

In this subsection, we give a sketch of proof of Theorems 3.1 and 3.2. Indeed,
these are proved by using the asymptotic formula in Theorem 2.11 of lattice path
counting function P (y). Let us explain how the lattice path counting function
comes into the discussion. To use the lattice path model, we need to specify the
vector space X, the lattice I, the finite set .S in the dual lattice I* satisfying the
non-degeneracy condition (2.1) and the weight function ¢ : S — R..
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In the representation theoretical setting, we take t for the vector space X and
the integer lattice ker(exp) for the lattice I. The finite set S is the set S\ of
weights occurring in the fixed irreducible representation V. We define the weight
function ¢y on Sy by setting cx(p) = my(A; ). Then, we can consider the lattice
path counting function Py = Py on I*. To be precise, we need to check that S
satisfies the condition (2.1) and to specify the lattice L(Sy)*. Let {aq,...,a;} be
the system of simple roots which defines the fixed positive Weyl chamber C. We
identify t and t* by using the fixed W-invariant inner product. For any root a € R,
define o¥ = <Ofa>0z € t. The vector a" is called an inverse root (or co-root). It is
well-known that the set RV of all oV, o € R, is again a root system, but what we
need is the fact that RY is contained in the integer lattice I. From this and the
assumption that A € C' N I*, that is A is not in the wall of the chamber C| the
pairing ( A\, &) is a positive integer for each v € R,. The reflection s, : t*
with respect to a is given by

— t*

sa() =2 —(x,0" ), x et

The reflection with respect to the simple roots a; (j = 1,...,m) is denoted by
s;. Then, it is well-known that s; € W (actually, s;’s generate W) and the set of
weights S in V), is invariant under the action of the Weyl group W. Since, A € S),
with my(A\; A) = 1, we see

aj = nal) (A —s;(N)) € spang{p —v; p,v € S)}.

This shows that S, satisfies the condition (2.1). Indeed, one can say more. It is
well-known that A — ja is contained in Sy for any positive root « and any integer j
with 0 < j < (X, a") (see [14]). This shows that the lattice L(Sy)* coincides with
the root lattice A*. Then, the finite group Z(S,), which is defined as the quotient
I*/L(S\)* = L(Sy)/1, is isomorphic to the quotient A/I, where A is the lattice
in t dual to A*. The latter group A/I is known to be isomorphic to the center
Z(G). Thus, the lattice path counting function P () satisfies the assumptions
made for Theorem 2.11, and hence we can apply it. But then the crucial fact is
that we have

(3.9) Pa(p) =my(\p), pel”

Indeed, in this case the function ky := kg defined in (2.6) is given by

ka(r) = Z my (A p)et T, T et

HESH

which coincides with the character x,(7/(271)). Since x¥ is the character of the
representation V°V of G, (3.9) follows from (2.7) and (3.3). Hence, Theorem 3.1
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follows directly from Theorem 2.11. To prove Theorem 3.2, we just need to use
Theorem 3.1 with f = p—wp, w € W (these are indeed elements in L(S)* = A*),
and the following identity;

(3.10) any(A; p) = Z sgn(w)my (A; w4+ p — wp).

This formula is obtained in [10]. To prove this, we observe that the character y
of V/\®N can be written as

(3.11) =D an(h

neCnI*
Then, multiplying this identity by the Weyl denominator A and using the Weyl
character formula (3.1), we see

(3.12) AxY = Z sgn(w)ay (\; p)e2™ v rte),
neCNI* weWw

But, the weight decomposition (3.3) tells us that

(3.13) AxY = Z sgn(w)my (\; ) e2miorun),

yel*, weW

In (3.12), note that, when p € C' we have yu+ p € C, and hence w(p +p) = p+p
if and only if w = 1. Thus, the coefficient of 2™+ in (3.12) is ay()\; u) while
that in (3.13) is the right hand side of (3.10). From this, we conclude (3.10) and
hence Theorem 3.2.

4 Distribution laws for toric monomials

In the previous sections, we consider the lattice path counting function or mul-
tiplicities of group representations. In these topics, the limit N — oo can be
regarded as a kind of thermodynamic limit because N can be regarded as a ‘num-
ber of particles’. In turn, the problem we are going to address in this section is
in the semiclassical limit. Namely, we consider asymptotic behavior of sections of
a line bundle over a projective toric varieties.

4.1 Toric varieties from monomial embeddings

In this section, for simplicity, we set X = X* = R™ and [ = I* = Z™. Let
S C Z™ be a finite set and put s = 4S. As in the previous sections, we fix a
positive function ¢ on S. Assume that the set S satisfies the following stronger
assumption than (2.1):

(4.1) spanz{a — f; a,f € S} =7".
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We denote the standard coordinates on C* by ¢ = ((4)aes and the homogeneous
coordinates of points in the complex projective space CP*~! of dimension s —1 by
€] = [Calaes, ¢ € C*\ {0}. Denote by T = (C*)™ a complex torus of dimension
m and consider the map

(4.2) Dy TH — CP*™L, Dg(t) = [ela)*tY qes,

where, for t = (t1,...,tp) € T¢ and o = (oq,..., ) € Z™, we set t* =
19 -+ t%m . The condition (4.1) assures that the map ®g is injective and is an
embedding, which we call a monomial embedding. Define

——Zariski

(43) OS - (bS(T((?PL)? MS - OS 5

——Zariski Ly . . .
where nga " denotes the Zariski closure of Og, which means that Mg is the

smallest algebraic variety containing Og. We call the projective variety Mg a
toric variety. Usually, toric varieties are, by definition, algebraic varieties which is
irreducible, normal, and on which T{" acts algebraically with an open dense orbit.
Our varieties of the form Mg admit these properties except the normality. The
structures and properties of the varieties of the form Mg are described in [9] and
in the article by A. Cannas da Silva in [1]. In this section, we give a brief account
on these varieties. First, we give just one example. For other examples, see [1]
where one can find many examples and exercises.

Example 4.1. Let m = 1. Take a positive integer p. Set S = {0,1,...,p}. Take
¢ = 1. Then, the monomial embedding ®g : C* — CPP is given by ®g(t) = [1 :
t:t*:---:tP]. Hence the variety Mg coincides with the image of the Veronese
embedding V : CP! — CPP given by

V(zr:29]) =[5 izt o i 2P 2y 1 2P
This shows that Mg is isomorphic to CP!.

We introduced the variety Mg by using the positive function ¢ on S. But, the
structure of Mg does not depend on the choice of the function c¢. Indeed, let X
be the variety of the form Mg obtained by letting ¢ = 1. Let C' € GL(s,C) be
the diagonal matrix whose components are given by c(a)/?, a € S. Then, we
have Mg = CX. However, when the variety Mg is smooth, the Kéahler structure
on Mg induced by the Fubini-Study form on CP*~! depends on the choice of the
weight function c.

Thus, for simplicity, we set ¢ = 1 in the rest of this subsection. Let Z3 denotes
the set of lattice points in R® whose components are all non-negative integers.
Then it is not hard to show that, the homogeneous ideal Ig C C[Z ] defining the
variety Mg, where C[Z | denotes the algebra of polynomials in s-variables over
C, is generated by

{C”—CV'

v,V € L7, E Vaoz:E v, E Va:E 1/;}
(63

aeS a€esS a
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To look closer at the ideal Ig, we set A(S) := {(a,1) € Z™; a € S}. Let Sus)
denote the additive semigroup generated by A(S) and let C[Sa(s)] the semigroup
algebra. As an algebra, C[S(g)] has generators (z,w)®Y = 2%w (a € S), where
z and w are a complex m-variables and a complex variable, respectively. Let
7 : R® — R™ be the linear map defined by 7(z) = Y za(a, 1), 2 = (Z4)aes,
and let 7 : C[Z7] — C[S4(s)] be a surjective homomorphism defined by

F(C") = Bt Tt = (2, w)™),
The following lemma is easy to prove and hence we omit the proof.

Lemma 4.2. We have ker(7) = Ig. In particular, Is is a prime homogeneous
tdeal and Mg is irreducible. The homogeneous coordinate ring of Mg is isomorphic
to the semigroup ring C[Sas)].

Let ¢ : T& — T¢ be an injective homomorphism defined by ¢(t) = (t%)aes-
Then, T/ acts on CP*~! through the homomorphism ¢ and the monomial em-
bedding ®g : T¥ — CP*! is equivariant. Clearly, the image Og of ®g is
an orbit of T{-action on CP*~'. Furthermore, it is not hard to show that
Os = {[¢] € Ms;( # 0, € S}, and hence Og is open in Mg. Thus, up
to the normality, the variety Mg is toric.

In general, a projective variety X in CP*~! is said to be normal if the local
ring o, is integrally closed the function field of X for each p € X (see [11]). For
each a € S, let U, C CP*"! be the open set given by {(, # 0}. We know that
U, = C* ! and {U, }aes covers CP*~1. When X C CP*! is a projective variety,
each U, N X is an affine variety. Then, the normality of X is equivalent to the
condition that the affine coordinate ring of X N U, is integrally closed for each
a € S. To describe the conditions for the normality of our variety Mg, let us
prepare some more notation. We set P = ch (5), the convex hull of S. Then, the
set V(P) of vertices of P isin S. For any p € V(P), let S, C Z™ be the semigroup
generated by {a — p; € S}. Then, we have the following theorem.

Theorem 4.3. Suppose that the finite set S in Z™ satisfies the condition (4.1).
Then, the following conditions are equivalent.

1. The projective variety Mg defined by (4.3) is normal.

2. For all p € V(P), we have S, = K(S,) NZ™, where K(S,) denotes the cone
generated by S,.

3. There exists a positive integer N, such that for any integer N > N,, we have
S(N) = (NP)NZ™, where S(N) is defined in (2.2)

Note that the second condition in Theorem 4.3 comes from the fact that the
family of open sets {U, N Mg},ev(p) is an open covering. See [21, Lemma 13.10,
Theorem 13.11] for the proofs of this fact and Theorem 4.3.



Asymptotic analysis over convex polytopes 85

Remark 4.4. A projective variety X is said to be projectively normal if its homo-
geneous coordinate ring is integrally closed. For the toric variety Mg constructed
above (with S satisfying (4.1)), the projective normality is equivalent to that we
have Sacs) = K(Sacs)) NZ™E. See [9], [21]. Furthermore, under the assumption
(4.1), one can show that this condition holds if and only if S(N) = (NP)NZ™
for any positive integer N. As we will see in the next section, if S = PNZ™ with
the Delzant lattice polytope P, the corresponding toric variety Mg is smooth and
normal. However, even in this case, it is not clear whether Mg is projectively
normal or not. See [4], [19] for this issue.

4.2 Smooth projective toric varieties

We have constructed a toric variety Mg from a finite set S C Z™ satisfying the
condition (4.1) through the monomial embedding ®g : T* — CP*~! s = 1S. Our
interest is in asymptotic analysis, and it would be reasonable to use smooth toric
variety. In this section, we consider such a variety. From now on, we assume that
our finite set S is of the form S = P NZ™ where P is a lattice polytope, which
means that each vertex of the polytope P lies in the lattice Z™. In this case, we
write ®p, Op, Mp instead of g, Og, Mg, respectively. Furthermore, we assume
that the polytope P is Delzant. Recall that a polytope P in R™ is said to be
Delzant if, for each vertex p of P, there exist exactly m edges emanating from p
and there exists a lattice basis {wy, ..., w,,} of Z™ such that each edge emanating
from p lies on the half line {p + tw; ; t > 0} for some j. Then, the following fact
is well-known.

Proposition 4.5. The toric variety Mg constructed above is smooth if S is of the
form S = P NZ™ with a Delzant lattice polytope P.

In [9], the corresponding fact is in Corollary 3.2, Chapter 5. There, the con-
ditions for Mg to be smooth is described in a different fashion. However, one can
check that the Delzant condition implies these conditions. In the following we
give a sketch of proof of Proposition 4.5, which is similar to the proof of the fact
that the complex projective space is smooth.

Proof. Define the map u, : CP® — R?® by

P
- (3]
acs ZBGS ‘CﬁP

where e, (a € S) is the standard basis of R®. We then define the map u% : Mp —
R™ by the composition

ps([¢])

(4.4) 1o s Mp <& CPP 5 R B R™,
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where the linear map p : R® — R™ is defined as p(e,) = a, a« € S = PNZ™. Note
that the map p% depends on the choice of the weight function c on S = PN Z™.
The map p% is continuous in the usual topology on Mg and its image coincides
with the Delzant polytope P. It is not so hard to show that u%(Mp\ Op) = 0P,
where Op = ®5(T) is the image of the monomial embedding ®g : T — CP*~L.
(To prove this, one will need to use the fact that Op is dense in Mp in the usual
topology. See [17] for this fact.) Furthermore, one can show that the following
holds.

1. For each face f of P, we have (u%)"'(f) ={[(] € Mp; (o =0, a € S\ f}.

2. For each face f, we have (1) (1if) = {[¢] € (45) " (f); Gu # 0, @ € SNfY},
where rif is the relative interior of f in the affine hull of f.

3. For each face f, (u%) ' (rif) is a T@-orbit.

4. For each vertex p € V(P), the open set U, N Mp = {[¢] € Mp; (, # 0} is
given by

(4.5) U,nMe= | ()i,

f:faceof P, pef

(The correspondence between the open faces of P and the T/-orbit in Mp is
proved in [9]. But, one can show the above facts in an elementary method
similar to the proof of Lemma 3.10 in [24]. Note that the above facts hold
for general finite set S satisfying (4.1).) From these facts, the decomposition
Mp = U (%) (rif) gives the orbit decomposition of the T -action on Mp.

f:faceof P
Now, fix a vertex p of P. Since P is Delzant, there exists a lattice basis {v;}7L,

of Z™ such that each edge emanating from p lies in a half line {p + tv;; t > 0}
Define a matrix I', with integer components by the formula I'yv; = ¢; (j =
1,...,m) where {ej }iL, is the standard basis of Z™. Since {v;} is a lattice basis,
the determinant of I', is £1. Then, we define a map

(4.6) ¢p:C" = U,N Mp, ¢,(w) = [w™@P], g

Note that ¢, is well-defined because I',(a — p) € Z7'. (This follows from the fact
that each a — p can be written as a linear combination of v; with coefficients in
Z..) Define

wp : Up N MP - Cma wp([ga]aeg) = <%7 ceey Cg_m) )

where o; € S is characterized by v; = a; — p. Let us show that ¢, " = . It
is easy to show that ¢,0¢,(w) = w for w € C™. To prove ¢,o10,([(]) = [¢] for
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€] € U, N Mp, we need to use the structure of the orbit decomposition described
above. We set @ —p = > " ¢j(a)v; with ¢j(a) € Zy. We fix [(u]aes € Up N Mp

and put
c1(a) cm ()
- (C_) <<_m) CaeS—Pnz™.
G G
Then, we must show that [(4]acs = [Aa]acs. There are m facets (faces of codi-
mension 1) of P containing the vertex p, which we denote by Fi, ..., F,,, where

F; is characterized by o; € F; (j =1,...,m). For any I C {1,...,m}, we set

fr=F

Jjel

which is a face of P containing p. All the faces containing p are of the form f;
for some I C {1,...,m}. By (4.5), there is a unique I C {1,...,m} such that
[Calaes € (u$)~H(rifr). By the fact that (u$)~t(rifr) is a T@*-orbit, there exist
c € C* and z € T such that (, = cz* (a € SN f1), (o =0 (a € 5\ fr). Note
that o; ¢ f; if and only if j € I. From this one can show that o € S\ f; if and
only if ¢;(«) # 0 for some j € I. Thus, we have A\, = 0 for « € S\ f;. Since
Ca; = cz2% for j & I, we have, for « € SN [y,

ca.)cﬂ‘a) e

J¢r S J¢r

which shows [Ao]oa = [Calaes. Therefore, we have ¢, = ¢, !, and hence ¢, is

a homeomorphism. Now, it is not so hard to show, by a direct computation

with the orbit decomposition described above, that the coordinate change ¢;10¢p
]

(p,q € V(P)) is holomorphic.

4.3 Toric monomials

In the rest of this section, let P be a Delzant lattice polytope and let S = PNZ™.
Then, we have a compact complex submanifold Mp := Mg in CP*~!. Denote the
inclusion of Mp into CP*~! by tp : Mp — CP*~!. Let wpg be the Fubini-Study
Kahler form on CP*~!. Then, the 2-form w$% = tpwrs is a Kahler form on Mp.
The 2-form w§ is integral in the sense that there exists a line bundle L% over
Mp such that ¢;(L%) = [w$] in (the image of) H*(Mp,Z). Indeed, let O(1) —
CP*! denote the hyperplane section bundle. The bundle O(1) is the dual to the
tautological line bundle over CP*~!. Then, the pull-back L% = /5O(1) — Mp
has this property.

Our toric variety Mp is smooth and hence is normal as a projective variety.
(Normality is checked by the second condition in Theorem 4.3 and the Delzant
condition.) Thus, it is equivariantly equivalent to a toric variety constructed from
a fan. The fan corresponding to Mp is the ‘normal fan’ of the Delzant polytope
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P ([9]). We do not need to use the fan in this paper, and hence we omit the
description of Mp in terms of the fan. However, we mention that we can use
the theory of toric variety constructed from the fan, as described in [7], [20]. For
example, the space of global holomorphic sections H°(Mp, (L%)®Y) of the N-
th tensor power of the line bundle L% is decomposed into weight spaces for the
T#-action as

H(Mp, (Lp)*™) = D O (V=)

a€(NP)NZ™

where y is a weight vector with weight . The sections x2 are just monomials
on the open orbit Op = T¥'. We call these sections toric monomials. Our purpose
is to investigate various asymptotic formulas for sections in H(Mp, (L%)®V) as
N — o00. So, it is useful to describe concretely the sections XV (a € (NP) NZ™)
for every sufficiently large N. Since our variety Mp is normal, there exists a
positive integer N, such that we have

(4.7) HO(Mp, (L)) = (p HY(CP*, O(N))

for every N > N,. (One can also use the third condition in Theorem 4.3 to prove
(4.7).) Recall that the holomorphic sections of O(N) — CP*~! are regarded as
homogeneous polynomials in C® of degree N. In particular, for N = 1, define
Ao € (C°)* (a € S = PNZ™) as the coordinate functions on C*. Then, the set
{Aa}aes gives a basis of H*(CP*~1 O(1)). Hence, the sections

Xa = c(a) ipha € H'(Mp, L), o€ S,
form a basis of H'(Mp, L%). For N > N,, we set
XZ;V:X51®®X5N’ szﬁl—f——i—ﬁNG(NP)ﬁZm,ﬁ]ES

This does not depend on the choice of 1, ..., By for fixed « € (NP)NZ™. Then
the toric monomials Y, a € (NP)NZ™ form a basis of HO(Mp, (L%)®N). Tt is
proved by a direct computation that the basis {xY; a € (NP)NZ™} forms an
orthogonal basis with respect to the inner product

(s.t) = /M B (s(2), £(2) (i)™ fml,

where h¥ is the Hermitian metric on (L$%)®Y induced from the Fubini-Study
Hermitian metric on O(1). Thus, we normalize each x% as

1
N N
Yo = Xa s
R e

ae(NP)NZ™

to form an orthonormal basis {¢) ; a« € (NP)NZ™} of H*(Mp,(L%)®N). Then,
our problem is to investigate asymptotic behavior of |pY (2)|% = A (¢N (2), oN (2)).
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Remark that the map p$ : Mp — P C R™ defined by (4.4) is the moment map
for symplectic action of the real torus 7™ on the symplectic manifold (Mp,w$).
The moment map % is (by definition) invariant under 7"™-action and, when it is
restricted to the open orbit Op := Og (S = PNZ™), the map u% : Op — Int (P)
defines, by using the coordinate z = e™/?*% (1, € R™) on Op, the map R™ —
Int (P) denoted also by u%. The map u% is given explicitly by

4. e (1) = (@)t

( 8) MP( ) ; Zﬁes C(ﬁ)e(ﬂ,r)
The map (4.8) is the same as that defined in (2.12). Then, we have its potential
function k% on R™ defined in (2.6). The function k% defines a function on the open
orbit Op, which is also denoted by k%, by k% (®g(2)) = k&(7), z = e™/?+% € T,
7,0 € R™. An important fact is that the function k% so defined is a Kahler
potential of w% on Op. Indeed one can check directly that

a, TER™

v—1

From this, the volume form dvol = (w$%)™/m! is given, on the open orbit Op, by

(4.9) dvol = det A% (7) drde,

(2m)m

where A%(7) = V2 log k%(7) is a positive definite symmetric matrix.

4.4 Asymptotic behavior of toric monomials

There are various aspects of asymptotic behavior of |2 (2)|%. In this subsection,
we give some of asymptotic results for this functions. The results in this subsection
can be found in [22]. Among results in [22], the most typical result is the following.
To state the theorem, let us prepare some notation. As mentioned in Section 2, the
map 4% : R™ — Int (P) defined in (4.4), (4.8) is a diffeomorphism. We denote its
inverse map by 75 : Int (P) — R™. Denote by 6% the function on Int (P) defined
by the formula (2.13). Then, we define the function 0% on Int (P) x Int (P) by

(4.10) bp(x,y) = 0p(y) — 0p(x) + (y — =, 7p(y) ).
For simplicity of notation, we set

(4.11) c(P,x) = ! x € Int (P).

VAot Ap(rp(@))
Theorem 4.6. Let D, (t) denote the distribution function of the the push-forward
measure (| (2)|%).dvol on the real line, which is defined explicitly by

(4.12) D,(t) :=vol (z € Mp; [} (2)[} > t) .

Suppose that the sequence of lattice points ay € (NP)NZ™ satisfies ay = Nz, +
O(1) with a point z, in Int (P).



90 Tatsuya Tate

1. Fort >0, we have

(4.13) Doy () ~

(mm)™/? log N\ ™/
c(P,xO)I‘(m/Z—l—l)( N ) ’

2. For 0 <t<c(Px,), we have

m/2 m/2
lim ﬂ D, E t
N—oo \ 27 2

- EaTT (8 (C(Pv’f%)))mm |

(4.15) A}linoo Dq,, (67 = vol(x € Int (P) ; b%(z0,2) < 1),

(4.14)

3. Fort >0, we have

where vol denotes the Euclidean volume.

Remark 4.7. The formula (4.14) is also proved in [5]. The Kéahler structure used
in [5] is the one naturally induced from the standard Kéhler form on C? (d is the
number of facets of P) through the GIT description of the toric manifold Mp.

Before giving a sketch of proof, we give an explanation on Theorem 4.6. For
simplicity, consider the case where ay = Na with o € Int (P)NZ™. The sections
¥, are expected to concentrate on the fiber (u$) () of the moment map % :
Mp — P. (Indeed, one can show that the measure |, |% dvol tends weakly to
the uniform measure on the fiber (%)~ (a) = T™.) Since the function ¢, |% is
invariant under the action of the real torus 7", and since Mp/T"™ is homeomorphic
to P, this function induces a function on the polytope P. So, suppose that the
function |¢¥,|% is like a Gaussian bump around «. Consider its sub-level sets,
Ly(t) = {|p¥,|% >t} in Int (P). When ¢ is a fixed positive constant, which is the
case of the formula (4.13), since the Gaussian bump becomes quite sharp around
a as N tends to infinity, the volume of the sub-level set Ly(t) becomes small as
N — o0, and how small it becomes does not depend on the constant ¢ because
the corresponding measure finally converges to the Dirac delta at a. This is the
formula (4.13). Thus, to find a correct limit of Dy,(t), we need to rescale the
constant ¢ so that ¢ = ¢ty depends on N. The formula (4.14) gives the correct
rescaling when t = ty becomes large as N — oo. In this case, since the level
sets become upper and upper as N tends to infinity, the rescaling in (4.14) gives
the information around the center of the concentration. The formula (4.14) shows
that the way of concentration is rather universal, because it does not depend much
on the geometry of Mp. In turn, in the formula (4.15), the rescaling t = ty is
made by e~V which decays as N tends to infinity. This means that the level sets



Asymptotic analysis over convex polytopes 91

become lower and lower as IV tends to the infinity. In this rescale, the distribution
function can grasp the information about the tale of the bump, and the formula
(4.15) shows that the tale of the bump contains much geometric information, and
such information is contained in the function 0%(«, -).

Remark 4.8. We have explained Theorem 4.6 by supposing that the function
loNo|% looks like Gaussian. Indeed this is seen by the pointwise asymptotics of
this function (see Theorem 4.9 below). However, one could accept this exposition
by the following fact. Suppose we are given a Gaussian function

e—(Au,u)/2
o ="Tea "X
on R™ with the measure det A
dvy = —(27r)m/2 du

so that / g(u) dva(u) = 1. Then, a direct computation tells us that the distri-

Rm
bution function is given by

e B 020 = i (s (5))

for 0 < t < ¢4 with the constant ¢4 = 1/v/det A. Therefore, one can say that the
rescaled distributions in (4.14) for the toric monomials have a universal Gaussian
form around the center of the localization.

4.5 Inverting a moment problem

Among various asymptotic formulas in Theorem 4.6, we give a sketch of proof of
the formula (4.14). The formula (4.14) is one of consequences of the following
theorem about pointwise asymptotic behavior of [pX (2)|%.

Theorem 4.9. Let ay € (NP)NZ™ be a sequence of lattice points in NP such
that ay = Nz, + O(1) with a point x, € Int (P). Then, we have

o () =

N m/2 . . .
(P, z,) <§> ¢~ N3 (o) +{zo—an /Nirp (@) =Th @) (1 4 O(N 1)),

(4.16)

where we write z = eP@/2% with & € Int (P). This holds uniformly in z €
T = O,

Remark 4.10. A special boundary case where ay = Na with o € 9PNZ™ is also
handled in [22] by using the local coordinates on U, N Mp (p € V(P)) described
in the proof of Proposition 4.5. In [23], general boundary case is analyzed.



92 Tatsuya Tate

Indeed, taking k-th power of the formula (4.16) in Theorem 4.9, combined with
a technical estimate, shows the following asymptotic formula for the L*-norms.

Theorem 4.11. Suppose that the sequence ay € (NP)NZ™ of lattice points and
a point x, € Int (P) satisfy the condition in Theorem 4.6. Then, for the L*-norm
el N2 of the section @Y has the following asymptotic behavior;

N 2k C(P, xo)kil N
(4.17) leayllzr = =5 -

(k—1ym/2
) (140 (NY),

where Oy, means that the estimate O(N™1) depends on k.

Let us explain how one can deduce the formula (4.14) from Theorem 4.11. To
take the rescaling in the formula (4.14) into account, let us introduce the measure
dvy and the function fy on Mp defined by

N m/2 N —m/4
dvy = | — dvolp, fn(2)=(— [@an (2)| P,
21 21

so that || fx|lr2(avy) = 1. According to the formula (4.17), we have

c(P,x,)k! B
(4.18) gy = Tl (14 0N ).

Consider the push-forward measure | fx|?dvy. By using the pointwise asymptotic
formula (4.16), one can show that

(4.19) T /vl = e(P.a,),

and hence the support of the push-forward measures |fy|?dvy are contained in
a bounded set in [0, 400) independent of N. The distribution function Fy(t) :=
(|fx|2dvn)([t, +00)) of the measure | fy|?dvy is given by the rescaled distribution
function, Fy(t) = (2£)™/2Dg, ((££)™/?t), in the formula (4.14). The limit of the
k-th moment as N — oo of the measure | fy|2dvy is given by

(4.20)
c(P,x)F 1 _ c(P,x)k !
[ 1 vaa) = 5 B = S 1+ 0u(v ) = LD

Now, we note that the measure

dpy(z) =z d(| fv[idvy) (@)

on the real line is a probability measure supported in a bounded interval in [0, +00)
independent of N. Then, if the sequence of probability measures dpy tend weakly
to a probability measure, say dp, the limit measure dp would be supported on
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[0, c(P,x)] by (4.19), and the distribution function Fj(¢) would have a limit be-
cause

Pi(t) = [ X (@) (i) ) = [ Sx0(@) dov()
- / iX(t,HxJ) (515) dp(l")a

where X (¢ 4o00) is the characteristic function of the interval (¢, 400). Furthermore,
by (4.20), we must have

k _ k _ c(P, )"
/17 dp(r) = lim [ & dpy(z) = s 1)

So, we arrive at a moment problem, that is, to find a probability measure dp whose
c(Px)*
(k+1)m/2"

k-th moment is given by For this, we have the following lemma.

Lemma 4.12. Let p be a compactly supported probability measure on R. Suppose
that there exists a positive integer h and a positive number ¢ such that, for any

non-negative integer k,
k
k _ C
[ ot =

o) = rgrgyvon (@ (e (£))"

See [22, Lemma 4.1] for the proof of Lemma 4.12. From (4.20) and Lemma
4.12, it is not hard to show the formula (4.14). Therefore, what we need is to
prove Theorem 4.9.

Then, we have

4.6 Pointwise asymptotic formula

In this subsection, we give a sketch of proof of Theorem 4.9. Since the formula 4.16
is a local estimate on Op = T, we use the local coordinates z = eT/?tie o€
R™, on T#. By definition of the Fubini-Study Hermitian metric on (L$)®V =
tpO(N), the modulus square of the monomial x} can be written as

N ’ ’
Hence to consider the pointwise behavior of gaéVN = mxg]\,, it is enough to

consider behavior of the L?-norm |x} ||. By (4.9), we have

(4.21) Y2 = / ¢~ Nog 5 ()~ (rax/N)] det Ap(r) dr.



94 Tatsuya Tate

The critical point of the function log k% (7)—( 7, ay /N ) is given by u%(7) = ay /N,
that is 7 = 75(an/N), which depends on the parameter N. So, we discuss as
follows. We note that, in (4.21), the function det Ap(7) is a positive integrable
function on R™ by (4.9) and the fact that the open orbit Op is dense in Mp. Since
ay/N = x,+ O(N™1), we can choose an open ball U in Int (P) around z, such
that U C Int (P) and ay/N € U for every sufficiently large N. As in [22, Lemma
3.3], there exist positive constants R, ¢ such that log k%(7) — (7,2 ) > ¢|7]| for any
(r,7) € U x R™, |7| > R. We may choose R > 0 so that |7&(ay/N)| < R for
every sufficiently large N. Thus, the integral in (4.21) equals

(4.22) / e~ Nllog kf’(T)_“’O‘N/N”g(T) det Ap(7) dr
modulo a term of order O(e %), where we inserted a cut-off function 0 < g(7) <
1 satisfying g(7) = 1 for |7| < 2R. Changing the integral variable 7 = 75(x), the
integral in (4.22) is written in the form

(4.23) e~ N () / e N o) R (2, 2)g(r()) de,
Int (P)

where the function b%(z,, z) is defined in (4.10) and the function Ry (z,, z) is given
by Ry (z,,2) = elen=Neom5(@))  Since ay = Nz, + O(1), derivatives of Ry (z,, )
of any order are bounded by constants on the support of g(75(x)). For fixed
z, € Int (P), it is easy to show that the function b%(x,, ) has unique critical point
at © = z, with Hessian A%(75(x,)). Since b%(x,, x,) = 0, a standard argument
involving the Morse lemma and the Fourier transform of Gaussian functions as in

Section 2 shows
(4.24)

N i — S (x To— 75 (T —
XY |2 = <%) \/detA;(rg(xo))e N18p (o) H{zo—an /N (@)l (1 4 O(N1)).

From this and a direct computation, one conclude (4.16).
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