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Duality for n-fold vector bundles.

Abstract: Double vector bundles have been implicit in differential geometry for
many years: for a vector bundle A → M the tangent TA with its two structures
(over A and over TM) gives the formulation of connections in A which was used by
Dieudonné, and T (TM), T (T ∗M) and T ∗(T ∗M) are basic in geometric mechanics.
In general a double vector bundle is a manifold D with two compatible vector
bundle structures over bases A and B which are themselves vector bundles over a
common manifold M . Such a D can be dualized in two ways and these duals are
themselves dual over a base which emerges from the double structure. The two
dualizations generate the symmetric group of order 6.
For triple vector bundles, Gracia-Saz and the speaker proved that the correspond-
ing group is of order 96 and is a non-split extension of S4 by the Klein 4-group. For
n-fold vector bundles the corresponding group is an extension of Sn+1 by a direct
product of cyclic groups of order 2. It is a subgroup of O(k, Z) where k depends
on n, but is not a Coxeter group.
I will describe the pairing of the two duals of a double vector bundle which is the
basis of this work, and the results for n = 3, 4. If time permits I will describe the
interpretation – on which further developments rest – of the kernel elements as
certain Euler graphs.
This work arose in the study of bracket structures associated to Poisson manifolds
and Lie algebroids, but the talk requires no knowledge of these. An acquaintance
with the concept of vector bundle is sufficient.



References

[1] A. Gracia-Saz and K. C. H. Mackenzie. Duality functors for triple vector bun-
dles. Lett. Math. Phys., 90(1-3):175–200, 2009.

[2] A. Gracia-Saz and K. C. H. Mackenzie. Duality functors for n-fold vector
bundles. arXiv:1209.0027, .

[3] Kirill C. H. Mackenzie. Ehresmann doubles and Drinfel’d doubles for Lie alge-
broids and Lie bialgebroids. J. Reine Angew. Math., 658:193–245, 2011.


