CREA

Discussion
Paper
2012-03
Center for Research in Economic Analysis
University of Luxembourg

Modal choice and optimal congestion
available online : http://wwwfr.uni.lu/recherche/fdef/crea/publications2/discussion_papers/2011

Quentin David, CREA, University of Luxembourg
Renaud Foucart, ECARES, Université libre de Bruxelles
.

:
May, 2012
ss

For editorial correspondence, please contact: crea@uni.lu
Discussion Paper available online : http://fdef.uni.lu/index.php/fdef_FR/economie/crea
University of Luxembourg
Faculty of Law, Economics and Finance
162A, avenue de la Faïencerie
L-1511 Luxembourg

The opinions and results mentioned in this paper do not reflect the position of the Institution

CREA
Discussion

Modal choice and optimal congestion
Quentin Davidy, CREA, Université du Luxembourg.
Renaud Foucartz, ECARES, Université Libre de Bruxelles.
May 7, 2012

Abstract
We study the choice of transportation modes within a city where commuters have heterogeneous preferences for a car. As in standard models of externalities, the market outcome
never maximizes aggregate welfare. We show that in the presence of multiple equilibria problems of coordination can worsen this result. Hence, a social planner focusing on the marginal
impact of policies may miss the largest source of ine¢ ciency. We discuss two policy tools:
taxation and tra¢ c separation (e.g. exclusive lanes for public transportation). Setting the
optimal levels of taxation and of tra¢ c separation constitutes a necessary but not a su¢ cient
condition to reach the …rst best equilibrium. Comparing the relative e¢ ciency of both policies, we show that tra¢ c separation should be preferred for large-scale policies while taxation
better applies to marginal modi…cations of commuting patterns.

JEL: R4, L5, H2.
Keywords: Modal choice, Coordination, Network e¤ect, Cross-modal congestion.
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Introduction

The cost of congestion is an increasingly important issue in urban areas. For instance, Duranton
and Turner (2011) estimate that a typical American household spends 161 person-minutes in a
car every day. Goodwin (2004) expected the annual cost of congestion in the UK to reach 30
billion £ in 2010. De Palma and Lindsey (2011) report congestion costs between 0.5 and 1.5 %
of GDP in urban areas. Most of the congestion is due to the use of private cars. On the one
hand, cars generate both congestion - on other cars and on public transportation - and pollution.
On the other hand, cars are necessary for the economy. Unfortunately, screening commuters to
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reach the optimal share of cars is a complex policy challenge. This is why policies must identify
tools that a¤ect peoples’ behavior and improve e¢ ciency. In practice, the most widely-used
policies addressing tra¢ c issues are taxation,1 subsidies and tra¢ c separation.2
In this paper, we build a theoretical model in which heterogeneous commuters decide simultaneously whether to use a private car or public transportation. Car users generate congestion
on all the commuters and users of public transportation enjoy a positive network externality.3
We do not speci…cally model pollution costs, as this externality a¤ects all commuters regardless
of their modal choice, and therefore does not a¤ect this decision. In practice, considering the
impact of pollution would lower the socially optimal share of car users obtained with our model.
First, we show that the market outcome never maximizes aggregate welfare. This is a classic
result, in presence of externalities. Second, we explain how ex-ante similar cities might end
up with very di¤erent modal shifts. This is a problem of coordination when a large share of
commuters have similar preferences. In the presence of such multiple equilibria, the one involving
the highest share of public transportation always Pareto dominates all the others. Therefore, the
market presents two types of ine¢ ciencies. The …rst one is at the margin: the market provides
a too large share of car users in any decentralized equilibrium. The second is more substantial:
coordination failures may lead to the presence of ine¢ cient equilibria.
We study two policies: taxation (which, in our discrete choice setup is equivalent to a fare
subsidy) and tra¢ c separation. Both can be used to enforce coordination. We show that the
main problem of taxation is when the number of car users is small. Shrinking the tax base can
be very detrimental for the remaining car users. The main problem of tra¢ c separation is when
the increase in congestion costs outweighs the bene…ts resulting from the decrease of the share
of car users. This happens when the share of car users is high in equilibrium. In practice, a
1

See de Palma and Lindsey (2011) for a survey of the di¤erent methods and impacts of congestion tolls.
For instance through the use of exclusive lanes for public transportation. See Cain et al. (2006) and Echeverry
et al. (2005) for larger discussion of the case of Bogota’s Transmilenio and its application to other countries.
3
We show in Extension 5.1 how introducing discomfort externalities increases the likelihood of ending up with
multiple equilibria.
2
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social planner considering marginal changes in commuting patterns should focus on taxation,
while a social planner interested in more substantial changes should focus on tra¢ c separation.
The question of optimal congestion has been addressed by many scholars from di¤erent …elds.
Among economists, it is rather consensual that pigouvian taxation should be the preferred way
to deal with congestion problems (Beesley and Kemp, 1987, Calfee and Winston, 1998). The idea
is that, given both the structure of cities and the intrinsic preferences that many consumers have
for the car, one should focus on the best way to accommodate tra¢ c ‡ows and make car user pay
for the marginal external cost they produce (Anas and Small, 1998). The ‘games of congestion’
have been largely studied in economic theory (Rosenthal, 1973) and many applied papers deal
with congestion costs and car taxation. One of the most famous results is due to Vickrey (1963).
He argues that pricing should vary at di¤erent times of the day as to make commuters pay for
the marginal cost of congestion. The question of public transportation has often been of minor
interest though some authors (e.g. Mirabel, 1999, Dobruzkes and Fourneau, 2007) addressed
the so-called ‘crossed modal externalities’(the impact of the congestion generated by one mode
of transportation on the other one). The congestion costs have been shown to be convex both
in terms of pollution (De Vlieger et al., 2000) and in terms of perceived cost (Wardman, 2001).4
Another group of papers focuses on urban planning. It emphasizes the fact that the structure
of the city is the main driver of commuting patterns. The main idea to improve the performance
of urban transportation is to have a shift towards ‘transit-oriented development’. Belzer and
Aultier (2002) de…ne such a development as follows: ‘mixed-use, walkable, location-e¢ cient
development that balances the need for su¢ cient density to support convenient transit service
with the scale of the adjacent community’.5 Some economists indirectly address this dimension
by considering a form of tra¢ c separation (see Berglas et al., 1984, Arnott et al., 1992, de Palma
4

Time is valued 50% higher when spent in congestion. Hence, the cost of congestion is convex, as congestion
(i) increases travel time, and (ii) increases the marginal cost of travel time. This principle is applied by Santos
and Bhakar (2005) to assess the bene…ts of the congestion toll in London.
5
Cervero et al. (2002, p.2), emphasize that it does ‘involve some combination of intensifying commercial
development around stations, inter-mixing land uses, layering in public amenities (e.g., civic spaces, landscaping),
and improving the quality of walking and bicycling’. One should also consider the book by Dittmar and Ohland
(2003) that summarizes the literature and ‘good practices’in transit oriented development.
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and Lindsey, 2002, de Palma et al. 2008). These papers propose various approaches for road
pricing and tolls in the presence of alternative roads, modes of transportation and consumer
preferences. Their settings di¤er from our in various dimensions, but all have in common to …nd
a unique equilibrium and an optimal policy, corresponding to the idea of pricing the marginal
externality. In this paper, we show that in the presence of multiple equilibria, internalizing
marginal externalities may not be e¢ cient. Then, some physical planning (tra¢ c separation, in
our model) must be used as a coordination device.
The multiple equilibria come from the conjunction of congestion, positive externalities from
public transportation, and commuters’heterogeneity. A relatively large literature exists on the
network e¤ect of the number of transit users on the e¢ ciency of public transportation. In a
seminal contribution, Mohring (1972, p.591) explains that ‘Transportation di¤ers from the typical commodity price theory texts in that travelers and shippers play a producing, not just a
consuming role’. The underlying idea is the existence of a so-called ‘dynamic network externality’. If the demand for bus service doubles, a company is expected to double the number or
buses serving the route, at the same per capita price. Thus, the waiting time for an individual
commuting by bus decreases, which improves the e¢ ciency of public transportation. The combination of network externalities in public transportation and congestion by cars is a feature
of several economic models (Tabuchi, 1993, Parry and Small, 2009). To repeat, those models
focus on a unique equilibrium. Commuters di¤er in their preference for the use of a private car
(Beirão and Cabral, 2007, Handy et al., 2005, Jensen, 1999, Steg, 2005, Hiscock et al., 2002 and
Van Vught et al., 1996). Berhoef and Small (2004) encompass this dimension by considering
heterogeneous agents in a model of pricing for car use only. Batarce and Ivaldi (2011) test this
feature in a model of modal choice applied to Santiago, Chile.
The existence of similar cities characterized by di¤erent modal shifts has already been documented in the late eighties by Pucher (1988). He observed that ‘Urban transportation and
traveler behavior vary widely, even among countries with similar per capita income, technol-
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ogy and urbanization’. Kenworthy and Laube (1999) show that the fraction of workers using
transit is 6 times higher in wealthy Asian cities compared to the US.6 They also …nd that the
commuting time is lower (and cheaper) where the use of public transport is higher and that the
cost recovery of transit increases with the share of passengers using it. Cities where transit is
intensively used appear to need a smaller share of subsidies for operating it.
The paper is organized as follows. In the next section, we provide an illustrative example that
contains the basic intuitions behind our main results. Section 3 presents the model, shows that
a Nash Equilibrium always exists, gives conditions for the existence of multiple equilibria and
discusses their relative e¢ ciency. In Section 4, we derive the optimum of the social planner and
study taxation and tra¢ c separation. We extend the model in section 5, addressing the possible
existence of capacity constraints and congestion within public transportation, and considering
the possibility of underground transit. We conclude in Section 6.

2

An illustrative example

Suppose a continuum of commuters simultaneously choose between using a car or public transportation in order to minimize the cost associated to their modal choice. These costs (T c and
T pt ) are respectively given by:
Tc = t + f
and
T pt = t + W + ",
where t denotes the time spent in congestion. In the benchmark case, it is identical for both
modal choices and we assume that t = 0 if less than 50% of the population uses public transportation and t = 1 otherwise. f is the …xed cost associated with the use of a car, and is set
at 1. W is a cost associated with the use of public transportation that is characterized by a
network externality such that if less than 50% of the population uses public transportation,
6

Similarly, Pucher and Renne (2003) computed that, in the US, public transport accounted for less than 2%
of urban travel in 2001.
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W = 2, otherwise, W = 1=2. Finally, " represents the value of an intrinsic preference for the
use of a car, compared to public transportation.
Consider three groups (A, B and C) of commuters of equal size (each group represents 1=3
of the population), characterized by di¤erent levels of ". Group A displays strong preferences for
the use of a car (" = 2), group B is indi¤erent (" = 0) and group C prefers public transportation
(" =

2).

We de…ne z as the equilibrium share of the population using a car and z^ as the beliefs over
the outcome z of the game.
Depending on the expectations, the outcome of the game for an individual belonging to one
of the groups is

Group A
Group B
Group C

if z^ = 32
T C T pt
2
5
2
3
2
1

if z^ = 13
T C T pt
1
2:5
1
0:5
1
1:5

There exist two Nash Equilibria in Pure Strategy. Group A always uses a car, group C always
uses public transportation and group B uses a car if its members believe that the other commuters
in the group will do so and public transportation otherwise. With the same exogeneous set of
parameters, one may end up either in a world where a majority of people commute either by
car or by public transportation. However, the latter equilibrium Pareto dominates the former.
We refer to these two equilibria as the “good” and the “bad” equilibrium when z = 1=3 and
z = 2=3, respectively.
We now study the ability of two policies (taxation and tra¢ c separation) to avoid the “bad”
equilibrium.
Policy 1: taxation
Consider the simplest taxation scheme: a tax is levied on car users and is thrown away. To
ensure that group B uses public transportation in the presence of the tax, its level must be set
in such a way that 2 + T > 3. As a consequence, we remain with the “good” equilibrium only
6

but, this equilibrium is no longer Pareto improving as the group A is worse o¤ with this tax
(the cost of taxation outweighs the decrease in congestion).
Policy 2: physical planning
Consider now a policy of tra¢ c separation. This policy consists in separating the tra¢ c
lanes for cars and for public transportation. Under the assumption of a …xed number of tra¢ c
lanes, this implies an increase of the congestion for car users and a decrease for users of public
transportation. Assume that, in the presence of congestion, the cost of congestion for cars is
doubled (tc = 2 if z > 50%, tc = 0 otherwise) while it is divided by two for public transportation
(tpt = 1=2 if z > 50%, tc = 0 otherwise). The ‘bad’equilibrium disappears again and the game
becomes

Group A
Group B
Group C

if z^ = 32
T C T pt
3
4:5
3
2:5
3
0:5

if z^ = 13
T C T pt
1
2:5 .
1
0:5
1
1:5

This policy is Pareto Improving, since every commuter is better o¤ in the equilibrium with
policy than in the “bad” equilibrium without policy.

3

The model

3.1

Basic assumptions

We consider a closed city with a unit mass of commuters who have to make a discrete choice
between using a private car or public transportation. The use of a car generates congestion on
the other commuters. The space is …nite and it is possible to increase neither the number of
roads nor the number of the tra¢ c lanes. The degree of separation of public transportation from
the rest of the tra¢ c is given by

2 [0; 1].7 Commuters are heterogeneous as they have di¤erent

7

is exogenous in this section, but we allow the social planner to choose its level in the next section. Note also
that we use a very general de…nition of , one that encompasses many possibilities to protect public transportation.
The condition being that increasing decreases congestion for public transportation and increases congestion for
car users. This excludes the possibility of building an underground (which is brie‡y discussed in section 5).
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intrinsic preferences for the use of a car (relative to public transportation).8 The outcome of
the game is a share z of car users, and (1

z) of public transportation users.

The utility9 of a commuter i, traveling in a private car or with public transportation, is
respectively given by
Uic ( ; z) =

fc

tc ( ; z) +

W (z)

tpt ( ; z)

"i
2

(1)

and
Uipt ( ; z) =

"i
:
2

(2)

The …xed cost associated with the use of the car is denoted by fc > 0.10
The functions tc ( ; z) and tpt ( ; z) (2 IR+ ) represent the congestion faced respectively by
cars and public transportation. They are assumed to be equal if there is no tra¢ c separation
between cars and public transportation, and equal to zero if there are no users of cars (i.e.
tc (0; z) = tpt (0; z) and tc ( ; 0) = tpt ( ; 0) = 0 respectively). Both functions are increasing and
convex in z, and a higher degree of tra¢ c separation (higher

) generates more congestion for

cars (because there is less space for them) and less congestion for public transportation. This
last e¤ect is assumed to be ampli…ed by z (that is, separation has an impact only if there is
actually a problem of congestion). Hence, we have
@ 2 tc
@tc
@ 2 tc
@tc
( ; z) > 0;
( ; z) > 0;
( ; z) > 0;
( ; z) > 0
2
@z
@z
@
@z@
@tpt
@ 2 tpt
@tpt
@ 2 tpt
( ; z) > 0;
( ; z) > 0;
( ; z) < 0;
( ; z) < 0.
2
@z
@z
@
@z@

The individual parameter, "i , is the preference for the use of a car, compared to public transportation. It comes from a cumulative distribution function "i
8

F ("). F is assumed to be

This preference can be negative. One can imagine various alternative ways of modelling heterogeneity: di¤erent
valuation for time and money, di¤erent location within the city, ease of access to the public transportation network,
etc. We use the simplest formulation for the tractability of the model.
9
Utility functions are expressed in monetary terms. All components (…xed costs, congestion, individuals’
heterogeneity and waiting time) are expressed in monetary terms.
10
This is the additional cost compared to the use of public transportation, which is normalized to 0.
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continuous and di¤erentiable over its support ( 1; +1). This support implies that some individuals love public transportation so much that they would never accept not to use it ("i !

1),

while others will never use public transportation ("i ! +1). Without loss of generality, we
split "i equally between the two utility functions.
The waiting time for public transportation is W (z) 2 R+
0 . It displays a positive network
externality for public transportation users. The idea is that, if there are more users, the frequency
of public transportation increases and the waiting time decreases.11 For simplicity, we assume
this network externality to be linear. If there are (1

z) users of public transportation, the

waiting time of each of them is given by W (z), with
W 0 (z) > 0 and W 00 (z) = 0.
Further on in the paper, it will be useful to de…ne G(x) = F

1 (")

8" 2 IR. Given the

assumptions over F (") ; the support of G is x 2 [0; 1].12
De…nition 1

( ; z) is the additional congestion faced by car users in comparison to the con-

gestion faced by public transportation, i.e.
( ; z) = tc ( ; z)

tpt ( ; z):

Using the properties of tc ( ; z) and tpt ( ; z), we have
Lemma 1 Properties of
(i)
(ii)

@ ( ;z)
@
@ ( ;z)
@z

( ; z):

> 0;
> 0, 8 > 0;

(iii) Supermodularity of

( ; z): the e¤ ect of separation on the di¤ erential of commuting

time increases with congestion (with the number of car users), i.e.
11
12

@ 2 ( ;z)
@z@

> 0.

An alternative interpretation: a lower price for a given quality of service.
With G(0) = +1, G(1) = 1 and G(x) = "i such that there is a mass x of commuters with " > "i .

9

Proof. (i) and (ii) are straightforward from the properties of tc ( ; z) and tpt ( ; z). Property
(iii), the supermodularity of
de…nition of

( ; z) = tc ( ; z)

( ; z) is obtained using

> 0 and

@ 2 tc ( ;z)
@z@

< 0. The

tpt ( ; z) leads to:

@ 2 ( ; z)
@ 2 tc ( ; z)
=
@z@
@z@

3.2

@ 2 tc ( ;z)
@z@

@ 2 tpt ( ; z)
> 0:
@z@

The game

The modal choice is a simultaneous game among a unit mass of commuters. It consists in
each commuter choosing the mode of transportation (either car of public transportation) that
maximizes her utility given her expectation on z. Hence, commuter i commutes by car if
Uic ( ; z) > Uipt ( ; z), i.e.
"i > fc

W (z) + [tc ( ; z)

tpt ( ; z)].

If it is a best response ex post for a commuter j with "j > "i to commute using public
transportation, it is also a best response for commuter i to do so.
Using De…nition (1), the condition for commuter i to use a car becomes
"i > fc

3.3

W (z) +

( ; z).

(3)

Decentralized Equilibria

In this section, we …rst show that a Nash equilibrium always exists. Second, we derive the
conditions for the presence of multiple equilibria. Third, we characterize the most e¢ cient one.
3.3.1

Existence

The existence of at least one Nash equilibrium is relatively easy to show. Stability ex post comes
from the fact that there always exists an equilibrium where a share of commuters strictly prefers
public transportation while the other prefers to use a car.
Proposition 1 There exists at least one pure strategy Nash equilibrium.
10

Proof. Remember F (") is assumed to be continuous and di¤erentiable over its support
( 1; +1). This implies that there exists at least one commuter k with taste parameter "k such
that, if all commuters with parameter "j < "k use public transportation, and all commuters
with "k < "i take the car,
G (zk ) = fc

W (zk ) +

( ; zk ):

(4)

Commuter k is indi¤erent between the private car and public transportation. Sharing the same
beliefs, commuters with "j < "k strictly prefer public transportation and "k < "i strictly prefer
their car. Thus, it is a Nash Equilibrium.
3.3.2

Multiplicity

The intuition behind the existence of multiple equilibria is the following. Assume that there is
a large share of commuters with similar preferences (") for the use of a car. When they believe
that most of them use public transportation, it is a best response for them to do so. This is a
Nash equilibrium with a low z. If, on the contrary, most of them believe that they will use a
car, they expect public transportation not to be e¢ cient and, indeed, it will not be. This is also
a Nash equilibrium, involving a high z.
Proposition 2 There exist multiple equilibria if and only if there exists a solution zk such that
@[fc
@G(zk )
>
@z

W (zk ) +
@z

( ; z)]

.

(5)

Proof. The proof is presented in Appendix A.1.
For this condition to be ful…lled, the di¤erence in the costs between the two modes of
transportation must be su¢ ciently low and a su¢ ciently high mass of commuters must have
similar preferences. Consider the particular case of unimodal preferences: few people with
polarized preferences, and a large fraction of people with similar preferences. This is likely to
lead to the presence of three equilibria, as plotted in Figure 1 (with

= 0). There are two

stable13 equilibria, one with few users of public transportation (a share z1 of car users) and one
13

Those equilibria are locally stable in the sense that agents’ best-response to any small perturbation to the
equilibrium z would bring this share back to equilibrium.
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Figure 1: Illustration with multiple equilibria

with a large fraction (a share z3 < z1 of car users). There is also one unstable equilibrium, z2 .
3.3.3

E¢ ciency

Proposition 3 If there are multiple equilibria, the equilibrium involving the higher use of public
transportation Pareto dominates all the other equilibria. The Pareto dominant equilibrium is
denoted zb.

Proof. The formal proof is provided in Appendix A.2.
Figure 1 illustrates this proposition. De…ne three groups of people A, B and C. Group A uses

a car in both equilibria, group C uses public transportation in both equilibria, and group B uses
public transportation when z = z3 and a car otherwise. As the cost of both public transportation
and car use are lower in z3 , groups A and C are strictly better o¤. By revealed preferences, group
12

B is also better o¤ in that equilibrium. They are better o¤ by using a car in z3 than in z1 , but
they use public transportation instead.

4

Social planner

In this section, we stress the possible presence of two di¤erent sources of ine¢ ciencies. The
coordination failure implies a move from one type of equilibrium to another (e.g. z1 to z3 in the
previous section). The sub-utilization of public transportation implies that, at the margin, the
…rst best equilibrium requires more users of public transportation at any initial Nash equilibrium.
This latter result is standard in the presence of externalities.
First, we derive the …rst best equilibrium conditions for a social planner maximizing the
aggregate utilities. We show that this social planner may miss the coordination failure by
focusing on local maximization. Second, we study the e¤ect of two policies, taxation and tra¢ c
separation at di¤erent initial Nash equilibria. Third, we study the conditions for these policies
to be Pareto improving and compare their relative e¢ ciency.

4.1

The social planner’s optimum

Assume that the aim of the social planner is to maximize the sum of all commuters’ utilities,
i.e.
M ax
z;

such that

Z

= 1 if "i

0

1h

Uic ( ; z) + (1

G (z)

i
) Uipt ( ; z) dx

= 0 otherwise
;z

2 [0; 1]

This is equivalent to
Zz
min
fc
z;

0

G (x)
dx +
t ( ; z) +
2
c

Z1
z

13

W (z)

tP T ( ; z)

G (x)
dx
2

and the …rst order conditions are
G(z ) = fc

W (z ) +

( ; z ) + ztcz ( ; z ) + (1

z ) W 0 (z ) + tPz T ( ; z )

(6)

and
ztc ( ; z) + (1

z) tP T ( ; z) = 0.

(7)

Rearranging the terms to compare the private costs and the public bene…ts for commuter
i : G (z ) = "i , equation (6) leads to the following condition:
W (z )

( ;z )

fc + G (z ) = z tcz ( ; z ) + (1

z ) W 0 (z ) + tPz T ( ; z ) .

(8)

Thus, we have:
Lemma 2 In any Nash Equilibrium, the share of car users is too high. For the share of car
users to be socially optimal, there must exist public transportation users that strictly prefer the
car.
Proof. The right-hand side of equation (8) corresponds to the social cost of increasing the
share of car users. This is clearly positive, as all negative externalities of a car are increasing
with z. On the left hand side is the individual preference for the car of the swing commuter
z , such that all commuters with " < G(z ) take public transportation, and the other use a
car. For the equality to hold, this must be positive. This implies that the socially optimal swing
commuter strictly prefers to use a car rather than public transportation.
If the second FOC leads to an interior solution,

z
(1

z)

=

2 (0; 1), it becomes

tP T ( ; z)
.
tc ( ; z)

(9)

The right-hand side of equation (9) is positive and represents a measure of the relative e¢ ciency
of a tra¢ c separation policy, i.e. the marginal e¤ect of
ratio. De…ning

( ; z) =

tP T ( ;z)
tc ( ;z) ,

on the relative commuting time

it is reasonable to believe that
14

( ; z)

0 8 z 2 [0; 1].

Indeed, on the one hand, by increasing the share of roads dedicated to public transportation,
the incidence of congestion on public transportation is reduced proportionally. On the other
hand, the e¤ect on cars is likely to be di¤erent. The creation of dissociated tra¢ c lanes for
public transportation generates bottlenecks for cars. The creation of these bottlenecks is likely to
increase congestion but at a marginally decreasing rate (by increasing the number of bottlenecks,
the impact of each one is reduced).
If the second FOC does not yield an interior solution (i.e. if
8

2 [0; 1]), the social planner will choose

( ; z) = 0 or

z
(1 z)

= 0 if z is su¢ ciently high, and

6=

( ; z)

= 1 if z is

su¢ ciently small. If there is no interior solution and there is a large share of car users, it is
socially bene…cial - at the margin - to allow more space for cars. If there is a large share of
public transportation users, it is socially bene…cial to fully protect public transportation from
congestion.
It is important to underline that equations (8) and (9) give the conditions to reach a local
maximum, not necessarily a global one. As for the decentralized equilibria, there is no reason
for these optima to be unique.
Therefore, these conditions give an insight into what can be socially optimal to solve the
sub-utilization of public transportation at the margin: in any decentralized state of the world,
there are not enough users of public transportation. This is illustrated in Figure (2) where we
plot the functions on the left and the right hand sides of equation (6) together with equation
(4), the decentralized equilibrium condition. Compared to the decentralized equilibrium, the
right hand side of the equation is associated to a higher intercept and slope, for any value of ,
i.e. the di¤erence between the two curves is increasing in z.
A social planner could be misled when he tries to reach a maximum using equations (8) and
(9). The planner may be missing a larger ine¢ ciency: coordination failure. Indeed, consider
a Nash equilibrium that implies a high share of cars, zk , and assume a taxation scheme able
to internalize the marginal externality. If the social planner maximizes the aggregate utility
15

Figure 2: Decentralized equilibrium and social planner’s …rst order condition for z ( > 0)

by setting

= 0 for this value of zk , there is a possibility that there exists another (lower)

value, zb 6= zk , another Nash equilibrium, with another optimal value of taxes and

> 0. In

other words, a social planner must ensure not to target a local maximum when a better, global
maximum is reachable.

4.2

Policy tools

In the previous sections, we showed that two di¤erent kinds of ine¢ ciencies have to be distinguished: coordination failure and sub-utilization of public transportation. The …rst one comes
from poor coordination between individuals in the presence of multiple equilibria, when the
prevailing equilibrium does not involve the best use of public transportation. The second is due
to the two considered externalities (congestion and network externalities) leading to the suboptimal use of public transportation, whatever the prevailing equilibrium. To address the …rst
ine¢ ciency properly, it is required to signi…cantly change individuals’behavior. To address the
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second one, a central planner should a¤ect the behavior of some marginal individuals only: those
that are the most likely to use public transportation after the implementation of new policies.
In the presence of a unique equilibrium, the only relevant conditions are given by equations (8)
and (9). Otherwise, policies may also have a role by ensuring coordination towards the most
e¢ cient equilibrium.
It is worth noting that, in our setting, a government could set a very high tax and then
remove it almost instantaneously in order to force commuters to coordinate on the e¢ cient
equilibrium. Nevertheless, we believe that this is not realistic. The dynamics of switching from
one equilibrium to another is a long, progressive process. To solve this issue, we assume that
setting a policy implies that the government will keep it in place forever. This assumption may
be considered ad hoc, but it is realistic for an intervention to take e¤ect and be credible.
We assume that the government has two policy tools at its disposal: the taxation of car users
(T ), and the possibility to change the tra¢ c separation between cars and public transportation
( ). Due to the discrete choice nature of the model, tax is equivalent to a fare subsidy.14 We do
not consider variations of taxation schemes that can have di¤erential e¤ects among car users or
time of the day.15
We assume that a taxation policy implies to levy T on every car user and that this tax is
redistributed lump-sum among all commuters.16 Therefore, every commuter receives a transfer
zT and car users pay T . The new utility functions become
Uic ( ; T; z) =
Uipt ( ; T; z) =

fc

tc ( ; z)

W (z)

(1

z) T +

tpt ( ; z) + zT

"i
,
2

"i
.
2

After the introduction of a taxation policy, a commuter i uses public transportation if and only
14

An alternative policy would be to allow the social planner to invest in lower W for a given value of z.
One can refer to Parry (2002) for a comparison between a single lane toll, a uniform congestion tax across
freeway lanes, a gasoline tax, and a transit fare subsidy for the reduction of congestion.
16
As will be made clear below, assuming the tax is lost only marginally a¤ects the results.
15

17

if
"i <

( ; z)

W (z) + T + fc

and, by proposition 1, there is always at least one Nash equilibrium. As we do not limit the size
of the tax, there always exist a T such that the only Nash equilibrium with taxation involves a
lower share of car users than in z^.
The tra¢ c separation is the other available policy tool. Assume that the government sets
a new tra¢ c separation,

0

:

0

> . The new utility functions become

Uic

0

; T; z

=

fc

tc

Uipt

0

; T; z

=

W (z)

0

;z +

tpt

0

"i
,
2

;z

"i
.
2

Now, a commuter i uses public transportation if
"i <

( 0 ; z)

W (z) + fc .

Here, one cannot theoretically claim that the impact of tra¢ c separation is su¢ cient to keep
only one equilibrium. It depends on the size of the e¤ect of tra¢ c separation on the di¤erence
in commuting times. The e¤ect of these two policies is presented in Figure 3. The optimal level
of tra¢ c separation has been discussed in the previous section.
Comparing equations (6) and (4), an optimal taxation scheme can easily be obtained. If a
social planner wants to reach an optimal modal split, z , it must set a level of taxation corresponding to the social marginal e¤ect of the use of a car, computed at the targeted optimum,
z .
For every locally optimal modal split z , there exists an optimal level of taxation T corresponding to the social marginal impact of the use of a car in z , this level of taxation corresponds
to the sum of the social marginal congestion for cars and public transportation and of the social marginal opportunity cost in terms of network externality of car users not using public
transportation.
T ( ; z ) = z tcz ( ; z ) + (1

z ) W 0 (z ) + tPz T ( ; z )
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Figure 3: E¤ect of taxation (left) and tra¢ c separation (right).

It is interesting to note that the optimal tax is increasing in z (Tz ( ; z )

0). This means that,

comparing two similar cities, if the optimal share of car users is higher in one of the two cities,
the level of taxation in that city must also be higher. This result is due to the marginal cost of
car use (both in terms of congestion and in terms of network externalities) which is increasing
in the share of car users.
This optimal taxation is a necessary condition for the decentralized equilibrium to be optimal.
It is not a su¢ cient condition. Indeed, consider a city where the decentralized equilibrium is
located in z1 and the global optimum slightly to the left of zb. If a social planner sets a taxation

compatible with zb, it is very likely that the equilibrium in the city does not end up at zb, but

rather somewhere between z1 and zb, as shown in Figure 4, where we duplicate the curves of

Figure 2 and add the new decentralized equilibrium condition taking the optimal taxation into
consideration.
The same approach applies to tra¢ c separation. From the …rst order condition (7), the
optimal tra¢ c separation is decreasing in z, the share of car users. In the presence of a large
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Figure 4: E¤ect of a taxation computed at z3 on the di¤erent decentralized equilibria.
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share of car users, the marginal impact of

is to dramatically increase the transportation time

for the majority of commuters and to decrease it for a minority. Hence, in the global welfare
maximum, the tra¢ c separation is very high, but this is not necessarily the case in the local
maximum, and setting the level of tra¢ c separation of the global optimum is not a su¢ cient
condition to reach this equilibrium. This can lead to too much tra¢ c separation in an equilibrium
where most of the commuters use their car.

4.3

E¢ ciency of policy tools

Even setting the optimal policy is not a su¢ cient condition to reach the …rst best. This is why
it is necessary to provide a more general tool to assess policies: e¢ ciency. In this section, we
…rst de…ne the conditions for either taxes or tra¢ c separation to be Pareto-improving. Second,
given those conditions, we provide a general result to compare their relative e¢ ciency. If one
is not strictly better than the other, then taxation should be preferred for smaller changes of
commuting patterns, while tra¢ c separation should be preferred for bigger changes.
4.3.1

Absolute e¢ ciency of policy tools

De…nition 2 For a given Nash equilibrium, zk , we de…ne the initial swing commuter as
the commuter indi¤ erent between using a car or public transportation before the introduction of
a policy, and the …nal swing commuter as the commuter indi¤ erent between using a car or
public transportation after the introduction of a policy.
De…nition 3 z T and z are the equilibria after the implementation of, respectively, a policy of
taxation and of tra¢ c separation.
In our setting, the study of policy implementation requires an analysis of its e¤ect on three
types of agents. The initial users of public transportation (those on the right of the initial
swing commuter), the switching users (those located between the initial and the …nal swing
commuters), and the remaining car users (those on the left of the …nal swing commuter).
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We know, by de…nition of our externalities, that all the initial users of public transportation are better o¤ with the implementation of either policy. Indeed, they enjoy higher network
externalities (more users of public transportation), face less congestion (less cars) and, in case
of a taxation policy, receive a lump sum transfer. In the case of tra¢ c separation, they enjoy
an additional decrease in congestion (since public transportation bene…ts from a higher share of
roads).
Now we study the e¤ect of the policies on the switching users and the remaining car users.
We show that measuring the welfare of the remaining car users is su¢ cient to assess the Pareto
e¢ ciency of these policies. First, we identify the conditions under which the implementation
of a policy can be Pareto improving and, second, we compare the e¤ect of those policies on
remaining car users.
Lemma 3 Conditions for the two considered policies to be Pareto improving:
(i) A policy of taxation is Pareto improving if and only if
tc ( ; zk )

tc

; zT

> 1

zT T .

(10)

(ii) A policy of tra¢ c separation is Pareto improving if and only if
tc ( ; zk ) > tc ( 0 ; z ).

(11)

Proof. See Appendix A.3.
A policy of taxation is Pareto improving if the reduction of congestion compensates for the
cost of taxation. A policy of tra¢ c separation is Pareto improving if it reduces congestion for the
remaining car users. This implies a trade-o¤ between fewer car users (z < zk ), concentrated
over fewer tra¢ c lanes (

0

> ). The combination of these two e¤ects must reduce congestion

for the policy of tra¢ c separation to be Pareto improving.
From equation (10), if z is su¢ ciently large, the condition is not extremely restrictive. Indeed,
the tax levied on car users is largely compensated by the payo¤s resulting from the lump-sum
22

bene…t of the considered tax. However, when z decreases, the tax base shrinks, making this
condition more and more restrictive.
One can conveniently rewrite equation (11) by separating two e¤ects: a positive e¤ect (decrease in congestion due to the lower number of cars) and a negative e¤ect (increase in congestion
due to the increase of tra¢ c separation):
tc ( ; z)

tc ( 0 ; z ) = [tc ( ; z)

tc ( ; z )]

[tc ( 0 ; z )

tc ( ; z )].

(12)

The likelihood for a tra¢ c separation policy to be Pareto improving depends on the relative
importance of these two forces.
4.3.2

Relative e¢ ciency of policy tools

It is not possible to compare the absolute e¢ ciency of these two policies without considering
speci…c functional forms for congestion. Nevertheless, a general intuition of the relative e¢ ciency
of these two policies can be derived from the following proposition.
Proposition 4 Assume there exist two distinct policies,

1

and T1 , that yield the same equilib-

rium, z1 , and that car users enjoy the same utility under either of these two policies. Then, for
any other two distinct policies,

2

and T2 , yielding another equilibrium, z2 (z2 < z1 ), car users

always prefer the policy of tra¢ c separation to the policy of taxation.
Proof. See Appendix A.4.
It follows from this proposition that even though we cannot theoretically exclude the possibility that one of the two policies is always better than the other, if this is not the case,
taxation should be preferred for small changes in z, while separation should be preferred for
larger changes.
This relates to the two schools of thought we presented in the literature review. If a social
planner is convinced that the city is car-dependent, and that any policy can only have a marginal
impact on the modal split, then a policy of taxation may be the best policy. But, if one believes
that a large shift can take place, tra¢ c separation might be a better choice.
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5

Extensions

5.1

Capacity constraints and discomfort externalities

There are two possible types of congestion in public transportation. First, public transportation
is a source of congestion. For instance, there may be so many buses on a bus lane that the
travel time on that lane increases with the number of public transportation users. Second,
congestion can occur when commuters cannot enter in the …rst bus and face a queue to access
public transportation. This would increase the waiting time for commuters.
Remember that an equilibrium is such that "i =
public transportation leads

( ; z)

W (z) + fc . Congestion between

( ; z) to decrease after some threshold, say, z. Congestion within

public transportation implies that instead of enjoying network externalities among the users of
public transportation, W (z) decreases below a certain threshold.
Capacity constraints, viewed in a strict way, would be that there is no mean to serve the
demand for public transportation if this demand is higher than a given threshold, say (1

z).

In this case, for people exceeding this threshold, waiting time goes to in…nity. In Figure 5, we
illustrate the case of a strict capacity constraint, i.e. no possibility to transport more than a
share (1

z) of the population by public transportation. Note that any line located between

the dashed line (no congestion within or between public transportation) and the vertical line
could be achieved in the presence of di¤erent degrees of capacity constraints and/or congestion
in public transportation.
Another representation of congestion within the public transportation system is to explicitly
model discomfort externalities. Crowding costs (Kraus, 1991) are imposed by every marginal
passenger on other passengers while the Mohring e¤ect could be seen as a discrete process.
Consider a bus lane where a bus is added when a given number of passengers per bus is reached.
Every time a bus is added, the quality of public transportation “jumps” by discretely reducing
travel time. However, within any bus, there is marginal congestion. The discomfort externality
locally reduces the incentive to use public transportation when the number of passengers per
24

Figure 5: Strict capacity constraint in public transportation
bus increases. Assuming the network e¤ect outweighs the congestion e¤ect, the cost function
is modi…ed as in Figure 6. W(z) is locally decreasing in z and stepwise increasing in z. With
this modi…ed setup, the likelihood of facing multiple equilibria increases. The incentive to
remain locally with an equilibrium share of car users is increased by the fact that, at the
margin, increasing the share of public transportation users decreases the average quality of
public transportation.

5.2

Building an underground

For the moment, we have considered tra¢ c separation corresponding to bus lanes or light rail:
more space for public transportation and less space for cars. Another way to prevent public
transportation from congestion is to build an underground. In comparison to delimiting bus lanes
(which is almost free), an underground is much more costly to build. Hence, even if one cannot
deny that an underground can be an e¢ cient way to provide fast public transportation and
decrease congestion within public transport, it is likely to be counter-productive when dealing
with coordination problems. Indeed, the underground may actually decrease the travel time
25

Figure 6: Discomfort externalities in public transportation

both for public transportation and for cars. If, as in Tabuchi (1993), the cost of infrastructure is
supported only by public transportation users, building an underground may actually decrease
the share of public transportation users in the modal shift.
Assume that the underground is the only available type of public transportation. e is now

the investment in the underground. This investment is associated with M (e ), the lump sum
cost paid by all commuters, independent of their modal choice.
The e¤ect of e on time spent commuting by car is now

@tc (e ;z)
@e

0, because the underground

does not reduce (and potentially increases) the space for cars in the city. The marginal impact of
e on tpt (e ; z) remains negative: more investments in public transportation reduce the commuting

time when using public transportation.
De…ning

u (e ; z)

= tc (e ; z)

tpt (e ; z), the utilities of both type of commuters become

Uic ( ; z) =
Uipt ( ; z) =

fc

tc (e ; z)

M (e ) +

tpt (e ; z)

W (z)
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"i
,
2

M (e )

"i
,
2

and the new equilibrium is de…ned by
"i = fc
Since 8

W (z) +

= e ; ( and e 2 [0; 1]) ; we have

u (e ; z)

u

(e ; z).
1 (e ; z),

the equilibrium comes with

a lower share of public transportation users and, in the case of multiple equilibria, it is even
more di¢ cult to avoid the ‘bad’ equilibrium. This result would be even stronger if the cost
of the underground were supported by public transportation users only, as in Tabuchi (1993).
However, an argument in favor of the existence of an underground could be linked to congestion
in public transportation (as discussed in the previous extension). In that case, an underground
can be seen as a means to expand the supply of public transportation in the presence of capcity
constraints.

6

Conclusion

We show that the combination of externalities of congestion, cross modal externalities and
network externalities with heterogeneous commuters can lead to multiple equilibria. This may
explain why a priori similar cities end up with very di¤erent patterns of car use. We also show
that policy tools, namely taxation and tra¢ c separation, are not equivalent in terms of welfare.
When one of the two is not strictly more e¢ cient than the other, separation should be preferred
for large-scale policies while taxation should be preferred for smaller modi…cations of commuting patterns. This result partly explains the di¤erences in policy recommendations from the
two schools in the literature - physical planning and car-dependant cities - suggesting di¤erent
reforms to improve the modal choice within a city. On the one hand, a policymaker that believes
(as “physical planners”) that there must be an important change in the modal split should focus
on the allocation of space (

in our model) and increase the share of roads devoted to public

transportation only. On the other hand, a social planner only concerned with marginal changes
in the cost of cars - or that simply believes that car dependence is the best possible state of the
world for a given city - should privilege taxation.
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A
A.1

Proofs
Proof of Proposition 2

Proof. We know from proposition (1) that an equilibrium is a solution to
G(zk ) = fc

W (zk ) +

( ; zk ):

First, we show that the existence of a Nash equilibrium, zk , satisfying
@fc
@G(zk )
>
@z

W (zk ) +
@z

( ; zk )

;

(13)

is a su¢ cient condition for the existence of multiple equilibria. Second, we show that this is a
necessary condition.
(i) If there exist such a zk , then for any

> 0 arbitrarily small, we have

G(zk ) = fc

W (zk ) +

( ; zk )

G(zk + ) > fc

W (zk + ) +

( ; zk + )

G(zk

W (zk

( ; zk

) < fc

)+

Since the support of F is ( 1; 1) and therefore G(1) < fc
fc

W (0) +

):
W (1) +

( ; 1) and G (0) >

( ; 0). It implies that the functions must cross at least three time and there

exists at least three equilibria. So, condition (13) is a su¢ cient condition for the existence of
multiple equilibria.
(ii) Assume that at any Nash Equilibrium zk , we have
@G(zk )
@fc
<
@z

W (zk ) +
@z
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( ; zk )

then for any

> 0, we have
G(zk ) = fc

W (zk ) +

( ; zk )

G(zk + ) < fc

W (zk + ) +

( ; zk + )

G(zk

W (zk

( ; zk

) > fc

)+

).

Since the support of F is ( 1; 1), for any z 0 ; z 00 : z 0 < zk < z 00 , G(z 0 ) > fc W (z 0 )+ ( ; z 0 ) and
G(z 00 ) < fc

W (z 00 ) +

( ; z 00 ). This implies that the functions cross only once and condition

(13) is necessary.
>From (i) and (ii), condition (13) is, indeed, a necessary and su¢ cient condition.

A.2

Proof of Proposition 3

Proof. Assume there exist T equilibria z1 < z2 < ::: < zT
(1) We want to show that z1 Pareto dominates any equilibrium zj ; j = f2; :::; T g
(2) For any pair zj , z1 with zj > z1 , there are three categories of commuters:
(a) Commuters with "i such that F (") < 1

zj . Their best response is to use public transporta-

tion in both equilibria. Those users are better o¤ in equilibrium z1 as
tpt ( ; z1 ) < tpt ( ; zj ) and W (z1 ) < W (zj );
then
tpt ( ; z1 ) + W (z1 ) +

(b) Commuters with "i such that 1

"i
"i
< tpt ( ; zj ) + W (zj ) +
2
2

zj < F (") < 1

z1 . Their best response is public

transportation in equilibrium z1 and car in equilibrium zj . Those users are better o¤ in equilibrium z1 . Indeed, as commuters reveal their preferences by choosing their mode, then for any
F ("j ) [1

zj ; 1

z1 ]:
W (zj ) + tpt ( ; zj ) + "j > fc + tc ( ; zj )
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(14)

and
W (z1 ) + tpt ( ; z1 ) + "j < fc + tc ( ; z1 ):

(15)

As congestion increases in z,
fc + tc ( ; zj ) > fc + tc ( ; z1 ):
Hence, it is straightforward that
fc + tc ( ; zj ) > W (z1 ) + tpt ( ; z1 ) + "j

(c) Commuters with "i such that 1

z1 < F ("). Their best response in both equilibria is to take

the car. Those users are better o¤ in equilibrium z1 as:
fc + tc ( ; zj ) > fc + tc ( ; z1 ):

A.3

Proof of Lemma 3

Proof. Let us divide the population into three families: those who use public transportation
before and after the implementation of the new policy (PT-PT), those who use their car before
and after the policy (C-C), and the swing commuters, those who used their car before the policy
and public transportation afterward (C-PT). We show the e¤ect of both policies on the di¤erents
families described above.
In the case of taxation:
1) PT-PT: the variation of their welfare is given by
UTpt

U pt = W (zk )

W z T + tP T ( ; zk )

tP T

; zT + zT T

which can be decomposed into three e¤ects, all welfare enhancing (as long as z T < zk ): W (zk )
W z T corresponds to the reduction of waiting time; tP T ( ; zk )
34

tP T

; z T comes from the

reduction of congestion; and z T T comes from the lump sum transfer from car users to the user
of public transportation.
2) C-C: the policy of taxation increases their welfare if
UTc

U c = tc ( ; zk )

tc

; zT

1

zT T > 0

i.e. it increases their welfare if
tc ( ; zk )

tc

; zT > 1

zT T

3) C-PT: It is easy to show that if car users are better o¤, swing commuters are also better
o¤. Swing commuters prefer public transportation to the car under the policy leading to z T .
Hence, if their utility when using a car is higher then in zk , so is their utility while using public
transportation.
In the case of separation, increasing

to

0:

1) PT-PT: the variation of their welfare is given by
U pt

U pt = W (zk )

W (z ) + tP T ( ; zk )

tP T

0

;z

which can be decomposed into two e¤ects, both being welfare enhancing (as long as z < zk ):
W (zk ) W (z ) corresponds to the reduction of waiting time a,d tP T ( ; zk ) tP T ( 0 ; z ) comes
from the reduction of congestion due to two forces: (i) less car and (ii) more tra¢ c lines devoted
to PT only.
2) C-C: the policy of separation increases their welfare if
Uc

U c = tc ( ; zk )

tc

0

i.e. it increases their welfare if
tc ( ; zk ) > tc
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0

;z

;z

>0

3) C-PT: The reasoning is similar as for the taxation policy. If car users are better o¤, swing
commuters are also better o¤.

A.4

Proof of Proposition 4

Proof. Starting from
(note that

( ; z) =

0

0 and T0 = 0 and given the de…nition and the properties of

tP T 0 ( ;z)
tc0 ( ;z)

with

0

( ; z)

0 8z 2 [0; 1]), it is possible to de…ne

( ; z)

( ) such

that
tpt (
with

0(

1 ; z1 )

tpt (

(

1 ) [t

c

(

tc (

0 ; z1 )

=

1 ; z1 )

0 ; z1 )] ;

(16)

>

is associated with T = 0) and T1 (associated with

) > 0.

(i) Consider two policies:

1

(

1

0

0)

yielding the same equilibrium z1 . By de…nition, a commuter indi¤erent between the two policies
has an "j such that
fc + T1

W (z1 ) +

(

0 ; z1 )

= "j = fc

W (z1 ) +

(

1 ; z1 ) :

This simpli…es to
T1 =

(

1 ; z1 )

(

0 ; z1 ) ;

which can be conveniently rewritten as
T1 = [tc (

tc

0 ; z1 ]

T1 = (1 + (

1 )) [t

1 ; z1 )

tpt (

1 ; z1 )

tpt (

0 ; z1 )

.

By assumption, this leads to
c

(

1 ; z1 )

tc (

(ii) Car users are indi¤erent between these two policies if 9
(1

z1 ) T 1 = t c (

1 ; z1 )
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tc (

0 ; z1 )] :

1,

T1 , z1 such that

0 ; z1 ) :

(17)

These conditions imply
(1

z1 ) [1 + (

1 )] [t

c

(

tc (

1 ; z1 )

(1

0 ; z1 )]

= tc (

z1 ) =

tc (

1 ; z1 )

1
1+ (

1)

0 ; z1 )

.

Now consider two alternative policies associated with a higher use of public transportation:
2 ; T 2 ; z2

with z2 < z1 . Car users are now better o¤ with tra¢ c separation than with taxation

i¤
z2 ) T2 > tc (

(1

2 ; z2 )

tc (

0 ; z2 ) .

>From the expression of T in equation (17),
(1

z2 ) [1 + (

2 )] [t

c

(

2 ; z2 )

tc (
(1

This is always true as z2 < z1 ,

(

2)

(

1)

0 ; z2 )]

> tc (

z2 ) >

1
1+ (

and given that (1
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tc (

2 ; z2 )

2)

0 ; z2 )

.

z1 ) =

1
1+ (

1)

