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Abstract
In this survey, we evaluate estimators by comparing their asymptotic variances. The
role of the efficiency bound, in this context, is to give a lower bound to the asymptotic variance
of an estimator. An estimator with asymptotic variance equal to the efficiency bound can
therefore be said to be asymptotically efficient. These bounds are also useful for understanding
how the features of a given model affect the accuracy of parameter estimation.
1. Introduction
In order to determine whether a finite dimensional parameter in a semiparametric model
has been efficiently estimated by a n1/2 -consistent estimator, where n denotes the sample size,
one compares the asymptotic variance of the estimator with a benchmark variance. This benchmark variance, referred to as the efficiency bound, is a lower bound for the asymptotic variance
of a large class of n1/2 -consistent estimators under certain regularity conditions. The aforementioned estimator is therefore said to be asymptotically efficient if its asymptotic variance
equals the efficiency bound; otherwise, it is said to be asymptotically inefficient.
Apart from their obvious use in recognizing efficient estimators, another useful feature
of calculating the efficiency bounds is that in many cases the calculation process is constructive
enough to help construct asymptotically efficient estimators. Semiparametric models may also
depend upon infinite dimensional parameters, e.g., densities, conditional expectations, or other
unknown functional forms, that can only be estimated at rates slower than the n1/2 -rate.
However, certain features of these unknown functions, e.g., their linear functionals, can often
be estimated by n1/2 -consistent estimators. Knowledge of efficiency bounds for estimating
linear functionals of unknown functions allow us to measure the relative difficulty in estimating
different features of these functions, thus revealing what may be learned from the data about
the functions themselves. This is especially useful for the so called “ill-posed” models that have
lately attracted much attention in microeconometrics, where the unknown function(s) take on
endogenous arguments.
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Due to the many and varied uses of efficiency bounds, it is not surprising that there is a
vast literature in econometrics and statistics on calculating them. In this survey, we review some
of this literature in a unified manner using the approach of Severini and Tripathi (2001). The
review presented here is based on several references. For instance, Wong (1992) gives a detailed
account of efficiency bounds in parametric models by connecting the seminal contributions
made by Fisher (1925), LeCam (1953), Bahadur (1964), and Hájek (1970). Semiparametric
efficiency bounds were introduced by Stein (1956), and discussed in papers by, among others,
Levit (1974, 1975), Koshevnik and Levit (1976), Begun, Hall, Huang, and Wellner (1983),
Chamberlain (1986, 1987, 1992), Cosslett (1987), van der Vaart (1989, 1991), Newey (1990c),
Ai and Chen (2012), and the references therein. Book-length treatments of these topics can be
found in Ibragimov and Has’minskii (1981), Pfanzagl and Wefelmeyer (1982), van der Vaart
(1988, 1998), Groeneboom and Wellner (1992), and Bickel, Klassen, Ritov, and Wellner (1993).
Additional references will be given as the survey progresses.
Given our research interests, we confine ourselves to surveying the efficiency bounds
literature for microeconometric models. Efficiency bounds can be calculated for time-series
models as well, cf., e.g., Hansen, Heaton, and Ogaki (1988), but will not be covered by this
survey. For the most part, we will restrict ourselves to the case where observed data is collected
by random sampling, although we also look at efficiency bound calculations for some models
that are estimated using stratified samples. The latter requires additional care because, depending on the nature of the sampling scheme, the observations may be independently but not
identically distributed (i.n.i.d.).
The topics covered and the extent of details provided in this survey are highly idiosyncratic. Although we have tried to be relatively broad in our coverage, we have given the most
detailed treatment only for those models we have investigated in our research. Indeed, much
of the material in this survey is from our own papers, although we have tried to revise earlier
treatment and add extra material in the form of additional explanation or examples whenever we could. For instance, Sections 3, 4, 5, 6, 7, 10 are drawn from Severini and Tripathi
(2001), Section 8.3 from Tripathi (2000), Sections 14.1 and 14.2 from Tripathi (2011a, 2011b),
Section 15.2.1 from Devereux and Tripathi (2009), and Section 16 from Severini and Tripathi
(2012a). We focus only on efficiency bound calculations. Construction of efficient estimators,
the main reason why these bounds are calculated, is not touched upon in this survey although
we do try and provide some selective references to this literature whenever possible.
The following notation is used throughout the survey. Additional notation will be introduced when required. By “vector”, we mean a column vector. Given a set A, we use 1A
to denote its indicator function. When thought of as an event, the indicator of A is written
as 1(A). The symbols Ā and cl(A) both denote the closure of A in some norm topology made
explicit in the context. The set of real-valued functions on Rd which are square integrable
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with respect to the Lebesgue measure on Rd is denoted by L2 (Rd ; Lebd ), where Lebd is the
Lebesgue measure on Rd . The Lebesgue measure on R is simply Leb := Leb1 . Similarly,
L2 (Z; PZ ) is the set of real-valued functions of a random variable (or random vector) Z that
are square-integrable with respect to PZ , the distribution of Z. When there is no ambiguity
regarding the probability distribution, L2 (Z; PZ ) is written simply as L2 (Z; P ) or even L2 (Z).
The support of Z is denoted by supp(Z). The operator PA denotes orthogonal projection onto
A ⊂ L2 (Z; P ) using the inner product ha, biP := EP [ab], where EP indicates that expectation
is with respect to the probability measure P . Similarly, PA⊥ := I − PA denotes orthogonal
projection onto A⊥ , the orthogonal complement of A, where I is the identity operator. The
1/2
inner product h·, ·iP induces the P -norm k · k2,P := h·, ·iP . The euclidean norm of a matrix M
p
is kM k := trace(M 0 M ). If D is an operator, e.g., a matrix, then its domain, range, and null
space are D(D), R(D), and N(D), respectively. Functional notation, where arguments taken
by functions are suppressed, is used extensively whenever there is no danger of confusion.

2. Efficiency bounds
Efficiency bounds have a long history. The earliest work in this area is apparently a
series of papers by Edgeworth (1908, 1909), which give an argument outlining the optimality
of maximum likelihood estimators. Fisher (1925) argues that maximum likelihood estimators
have the minimum possible asymptotic variance and shows that this asymptotic variance is
given by the inverse of the Fisher information of the model. Cf. Pratt (1976) for a detailed
discussion of the contributions of Edgeworth and Fisher to asymptotic efficiency theory.
The development of a more rigorous theory of efficiency bounds began with LeCam
(1953), which contains an example, due to Joseph L. Hodges, showing that at a specific parameter value an estimator can have zero asymptotic variance. Hence, there can be no useful
lower bound to the asymptotic variance of an estimator. In this same paper, LeCam shows
that the set of parameter values at which the asymptotic variance of an estimator can be less
than Fisher’s lower bound has Lebesgue measure zero. Bahadur (1964) took a different approach, showing that Fisher’s bound is valid provided that one restricts attention to estimators
satisfying some mild regularity conditions. Cf. Wong (1992) for a survey of the general theory
of efficiency bounds in parametric models.
The extension of efficiency bounds from parametric to nonparametric and semiparametric models began with Stein (1956) who observed that “a nonparametric problem is at least as
difficult as any of the parametric problems obtained by assuming we have enough knowledge
of the unknown state of nature to restrict it to a finite-dimensional set”, and who outlined a
general approach for establishing such bounds. This idea was developed further by Levit (1974,
1975), Koshevnik and Levit (1976), Pfanzagl and Wefelmeyer (1982), and Begun, Hall, Huang,
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and Wellner (1983). A common theme in these references is the consideration of parametric
submodels of the nonparametric model of interest.
In this section, the theory of efficiency bounds for estimating a real-valued functional
in a nonparametric setting is reviewed. Since the approach taken here relies on the properties
of parametric models, we begin by considering efficiency bounds in parametric models; in
Section 2.1 models with a real-valued parameter are considered and these results are extended
to estimation of a real-valued function of a vector parameter in Section 2.2. The extension of
parametric efficiency bounds to the semiparametric case is described in Section 2.3.
2.1. One-parameter models. For each n = 1, 2, . . ., let X1 , . . . , Xn be independent, identically distributed (i.i.d.) copies of a random variable X which may be vector-valued. Let p(·; θ)
denote the density of X, where θ ∈ Θ is an unknown parameter. We assume that Θ is an
open subset of R, so that θ is real-valued. The “true” value of the parameter will be denoted
by θ0 . Unless otherwise indicated, probabilities, expectations, and so on will be assumed to
be calculated under the true parameter value and dependence of quantities on θ0 will often be
suppressed.
For θ ∈ Θ, let `(θ) := log p(X; θ) denote the log-likelihood function for a single observation and let
d
U := `(θ)
dθ
θ=θ0
be the score function evaluated at θ = θ0 . Note that, because θ is real-valued, U is a real-valued
random variable; under standard regularity conditions that allow the interchange of integration
and differentiation, EU = 0. The (Fisher) information for θ at θ = θ0 is defined as
iθ := iθ (θ0 ) = EU 2 .
We assume that iθ (θ0 ) > 0 for θ0 ∈ Θ.
For each n = 1, 2, . . ., let θ̂n denote an estimator of θ based on X1 , . . . , Xn , i.e., a
measurable function of X1 , . . . , Xn taking values in Θ. Assume that
d

n1/2 (θ̂n − θ0 ) →
− N(0, v)

as n → ∞,

where N(0, v) denotes a normal distribution with mean zero and variance v, so that θ̂n is
asymptotically normally distributed with asymptotic variance v; note that v depends on θ0 .
According to Fisher (1925), v ≥ 1/iθ so that 1/iθ provides a lower bound to the asymptotic
variance of an estimator of θ. An estimator with asymptotic variance equal to the lower bound
is said to be (asymptotically) efficient and the lower bound 1/iθ is said to be an efficiency bound
for the estimation of θ.
However, this result is not, strictly speaking, correct. The example by Hodges, reported
in LeCam (1953), shows that there exist estimators whose asymptotic variances are arbitrarily
small for certain values of θ. Such estimators are said to be “superefficient”. In spite of this
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result, the efficiency bound 1/iθ is still a useful standard for evaluating the efficiency of an
estimator. One reason for this is that the set of parameter values at which superefficiency
occurs has been shown to have Lebesgue measure zero (LeCam, 1953) so that, even though the
bounds do not hold for all θ0 , they do hold for “nearly all” values of θ0 .
Another reason for the usefulness of efficiency bounds in spite of Hodges’ example is
that superefficient estimators fail to satisfying reasonable regularity conditions. For instance,
note that the asymptotic normality of θ̂n requires that P(θ̂n < θ0 ) → 1/2 as n → ∞. If this
condition is slightly strengthened to
Pθn (θ̂n < θn ) → 1/2

as n → ∞,

(2.1)

where Pθn denotes probability with respect to the distribution with parameter θn := θ0 +n−1/2 h
for some h ∈ R, then v ≥ 1/iθ for any value of θ0 ∈ Θ (Bahadur, 1964). Note that (2.1) is a
type of local stability condition and estimators satisfying (2.1) are said to be regular estimators.
The results in this section can be extended in a number of directions. For instance, the
requirement that X1 , X2 , . . . , Xn are i.i.d. random variables can be weakened to the condition
that the family of distributions of X1 , X2 , . . . , Xn satisfies the local asymptotic normality (LAN)
condition. This condition holds if the likelihood ratios
Zn (h) :=

p(X1 ; θ0 + n−1/2 h) · · · p(Xn ; θ0 + n−1/2 h)
,
p(X1 ; θ0 ) · · · p(Xn ; θ0 )

h ∈ R,

can be written as
Zn (h) = exp{h∆n − iθ h2 /2 + Rn (h)},
−1/2

d

p

− N(0, 1) and Rn (h) →
− 0 as n → ∞. Cf., e.g., Bahadur (1964), Ibragimov
where iθ ∆n →
and Has’minskii (1981, Chapter II), Groeneboom and Wellner (1992, Chapter 2), Wong (1992),
and Bickel, Klassen, Ritov, and Wellner (1993, p. 16). Under weak regularity conditions on
the underlying densities, the LAN condition holds for sequences of random variables that are
independent but not identically distributed and for certain sequences of random variables that
are neither independent nor identically distributed; cf, e.g., Ibragimov and Has’minskii (1981,
Chapter II) and McNeney and Wellner (2000). In these cases, the Fisher information iθ is
replaced by an appropriate definition of “average” information. For simplicity, in this section
we will continue to assume that the observations are i.i.d.
There are many other definitions of regularity that can be used in place of (2.1) above.
For instance, suppose that the asymptotic distribution of n1/2 (θ̂n − θ0 ) is continuous in θ0 ∈ Θ
in the topology of weak convergence and iθ is continuous in θ. Thus, if the asymptotic variance
of θ̂n is less than the efficiency bound at a given value of θ0 , by continuity, it must be less than
the efficiency bound in a neighborhood of that value, contradicting LeCam’s result that the
set of points at which super-efficiency occurs has measure zero. It follows that the asymptotic
variance of θ̂n is no less than 1/iθ for all θ. Cf. Wong (1992) for a general discussion of the
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regularity conditions needed on the class of estimators under consideration for 1/iθ to be a
valid lower bound on the asymptotic variance of an estimator. Here we will not be concerned
with a specific definition of regularity and we will use the term “regular estimator” to refer to
estimators satisfying any one of these definitions.
Finally, although the discussion in this section has focused on estimators are asymptotically normal, similar results are available for more general estimators, whose limiting distribution may be non-normal. In those cases, the lower bound result states that the asymptotic
distribution of a regular estimator is the convolution of a normal distribution with variance 1/iθ
and an arbitrary distribution; this is Hájek’s well-known convolution theorem (Hájek, 1970).
It follows that the the asymptotic distribution of a regular estimator is no more concentrated
around 0 than is a normal distribution with mean 0 and variance 1/iθ . Cf., e.g., Wong (1992)
for results of this type. Note that, since the convolution of two normal distributions is a normal
distribution, the convolution theorem applies to asymptotically normal estimators as well. For
simplicity, the remainder of this paper will restrict attention to asymptotically normal estimators; however, it is important to keep in mind the similar results are available for estimators
with a non-normal limiting distribution.
Since the efficiency bound 1/iθ provides a lower bound to the asymptotic variance of
a regular estimator, any such estimator with asymptotic variance achieving the bound can be
called asymptotically efficient. In general, for a given model there are many such asymptotically efficient estimators. For instance, under relatively weak conditions, maximum likelihood
estimators are asymptotically efficient, as are Bayesian estimators; cf., e.g., Ibragimov and
Has’minskii (1981, Chapter III). Furthermore, any estimator that agrees with the maximum
likelihood estimator or with a Bayesian estimator with error op (n−1/2 ) is also asymptotically
efficient.
2.2. Functions of a vector-valued parameter. The results for one-parameter models described in the previous section can be extended to vector-parameter models. Consider a model
for n i.i.d. observations from a model with parameter φ ∈ Φ, where Φ is an open subset of Rp
and let φ0 denote the true parameter value. Let `(φ) denote the log-likelihood function for a
single observation and let
d
U :=
`(φ)
dφ
φ=φ0
denote the p × 1 score vector. The information matrix for φ (evaluated at φ = φ0 ) is given
by Iφ := var U . Hence, Iφ is a p × p matrix depending on φ0 . We assume that Iφ is positive
definite for each φ0 ∈ Φ. The matrix inverse of Iφ is Iφ−1 .
Let φ̂1 , φ̂2 , . . . denote a sequence of regular estimators of φ such that n1/2 (φ̂ − φ0 ) is
asymptotically distributed according to a multivariate normal distribution with mean vector 0
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and covariance matrix V . Then, cf., e.g., Bahadur (1964),1
Iφ−1 ≤L V.

(2.2)

Now suppose that a real-valued function of φ is of primary interest. Specifically, let
θ := ρ(φ) denote the parameter of interest, where ρ : Φ → R is a continuously differentiable
function. Since φ̂n has asymptotic variance matrix V , it follows by the delta method, cf., e.g.
Rao (1973), that ρ(φ̂n ) has asymptotic variance ρ̇0 V ρ̇, where ρ̇ := dρ(φ)/dφ|φ=φ0 . By (2.2),
ρ̇0 Iφ−1 ρ̇ ≤ ρ̇0 V ρ̇,
which suggests that ρ̇0 Iφ−1 ρ̇ provides a lower bound to the asymptotic variance of any regular
estimator of θ. If we define iθ by
0 −1
i−1
θ := ρ̇ Iφ ρ̇,

then 1/iθ is the efficiency bound for estimation of θ, generalizing the result for the one-parameter
case. We can think of iθ as the “information for θ”.
To prove this result, we can use the following approach. Find a one-to-one transformation
of φ, say η, such that the first component of η is ρ(φ). Let Iη denote the information matrix
in the η parameterization. If V is the asymptotic covariance matrix of a regular estimator of
η, V − Iη−1 is non-negative definite; hence, an efficiency bound for a regular estimator of ρ(φ)
is given by the (1, 1) element of Iη−1 . It is straightforward to show that this (1, 1) element is
exactly i−1
θ , as given above.
Although this approach is straightforward in the parametric setting considered in this
section, it does not easily extend to semiparametric models. E.g., if φ is an element of an infinitedimensional function space, there is no simple analogue of the information matrix. Thus, we
consider an alternative approach, based on the concept of a one-dimensional submodel of the
original model (Stein, 1956). Let θ0 := ρ(φ0 ) denote the true value of θ. For t in a neighborhood
of 0, consider a continuously differentiable function t 7→ φt taking values in Φ. Such a function
can be viewed as a smooth “curve” or “path” in Φ. Suppose we require that, for sufficiently
small t,
θt := ρ(φt ) = θ0 + t.

(2.3)

The model with parameter φt may be viewed as a one-parameter submodel of the original
model in which the only unknown parameter is t and the true value of t is 0. Furthermore, by
(2.3), estimating t is equivalent to estimating θ.
1For

symmetric matrices M1 and M2 , the inequality M1 ≤L M2 means that M1 −M2 is negative semidefinite.
The partial order induced by ≤L is called the Löwner ordering, cf., e.g., Small and Wang (2003, p. 16).
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The log-likelihood function for the parameter t is given by `(φt ). It follows that the
score function for t at t = 0 is given by
d
U0 := `(φt )
= φ̇0 U,
dt
t=0
where φ̇ := dφt /dt|t=0 is the tangent vector to the curve φt at t = 0. The information for t
at t = 0 is given by the variance of U0 , i.e., φ̇0 Iφ φ̇. It follows that the efficiency bound for
estimating t at t = 0 in the model with parameter φt is given by (φ̇0 Iφ φ̇)−1 .
Note that the information for t at t = 0 depends on the curve φt only through its tangent
vector φ̇. The smallest linear subspace of Rp containing all such tangent vectors φ̇ is known as
the tangent space of the model. In parametric models of the type considered here, where the
parameter space is an open subset of Rp , the tangent space is generally the entire space Rp .
Thus, we may define a function
it (δ) := δ 0 Iφ δ,

δ ∈ Rp ,

such that the information for t at t = 0 based on the submodel φt is given by it (φ̇).
An estimator of θ in the full model with parameter φ is also a regular estimator of θ in
the submodel in which φ is restricted to the curve φt . Therefore, if v is the asymptotic variance
of a regular estimator of θ, then we must have
v ≥ 1/it (φ̇).
Since this result holds for any one-parameter submodel, we can choose the curve φt to make
the bound as large as possible. That is, we can choose φ̇ ∈ Rp to make it (φ̇) as small as
possible. However, note that not all curves in Φ are relevant to the estimation of θ since we
also require that ρ(φt ) = θ0 + t. Hence, in maximizing the lower bound, we must also enforce
the requirement that ρ̇0 φ̇ = 1. It follows that a lower bound to the asymptotic variance of a
regular estimator of ρ(φ) at φ0 is given by
(

inf

{δ∈Rp :ρ̇0 δ=1}

δ 0 Iφ δ)−1 .

Using standard results on the properties of quadratic forms, it is straightforward to show that
this infimum is achieved by δ := Iφ−1 ρ̇/ρ̇0 Iφ−1 ρ̇ (Rao, 1973, Chapter 1) and, hence,
inf

{δ∈Rp :ρ̇0 δ=1}

δ 0 Iφ (φ0 )δ = (ρ̇0 Iφ−1 ρ̇)−1 = iθ ,

as defined above.
That is, the efficiency bound for estimating θ = ρ(φ) in the original model with parameter φ is identical to the efficiency bound for estimating θ in the most difficult one-dimensional
submodel, called the least-favorable submodel. Any submodel with parameter φt such that
φ̇ = Iφ−1 ρ̇/ρ̇0 Iφ−1 ρ̇ is a least-favorable submodel. Such a curve in Φ is called a least-favorable
curve in Φ.
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Although in the parametric case iθ can be calculated using standard matrix computations, as described above, using a Hilbert space approach gives more insight into the nature
of the calculations. Furthermore, in semiparametric models, where a matrix-based approach is
not available, the Hilbert space approach is particularly convenient, if not required.
Consider L2 (X), the Hilbert space of square-integrable random variables that are functions of X, with inner product hZ1 , Z2 i := E(Z1 Z2 ) for Z1 , Z2 ∈ L2 (X). Recall that the score
function corresponding to a curve φt ∈ Φ is given by φ̇0 U . Hence, the score vector U can be
viewed as a function δ 7→ U0 (δ) =: δ 0 U from Rp to L2 (X).
Let φt be a curve in Φ. The information for estimation of t at t = 0 for the submodel
with parameter φt can be expressed as ||U0 (φ̇)||2L2 (X) where || · ||L2 (X) is the L2 (X) norm. This
quantity may be viewed as a property of the tangent vector φ̇. Thus, we can define the Fisher
information norm on Rp (Wong and Severini, 1991), denoted by || · ||F , as
||δ||2F := E(δ 0 U )2 = δ 0 Iφ δ,

δ ∈ Rp .

The corresponding Fisher inner product is given by
hδ1 , δ2 iF := E[(δ10 U )(δ20 U )] = δ10 Iφ δ2 ,

δ1 , δ2 ∈ Rp .

For any curve φt ∈ Φ,
d
=: ∇ρ(φ̇),
ρ(φt )
dt
t=0
where ∇ρ denotes the gradient of ρ. Note that ∇ρ is the real-valued linear function on Rp
given by ∇ρ(φ̇) = ρ̇0 φ̇. Hence, since we only consider φ̇’s satisfying ρ̇0 φ̇ = 1, it follows that2
iθ =

inf

{δ∈Rp :∇ρ(δ)=1}

||δ||2F

||δ||2F
1
=
inf
=
2
p
{δ∈R :δ6=0} |∇ρ(δ)|
sup{δ∈Rp :δ6=0}

|∇ρ(δ)|2
||δ||2F

,

(2.4)

where the last equality follows from the observation that 1/ inf x∈A f (x) = supx∈A (1/f (x)).
The linear functional ∇ρ is an element of the dual space of Rp , i.e., the space of continuous linear functionals on Rp , and its norm relative to the norm || · ||F on Rp is given by
||∇ρ||∗ :=

|∇ρ(δ)|
2
=⇒ i−1
θ = ||∇ρ||∗ ;
p
||δ||
F
{δ∈R :δ6=0}
sup

i.e., the efficiency bound for the asymptotic variance of regular estimators of ρ(φ) is ||∇ρ||2∗ .
This gives one approach to calculating the efficiency bound, as the (dual) norm of the linear
functional ∇ρ, based on the Fisher information norm on the tangent space of Φ.
2The

second equality in (2.4) is easy to show. Let δ ∗ := arginf{||δ||F : ∇ρ(δ) = 1}. Then, since ∇ρ(δ ∗ ) = 1,
||δ||F
||δ||F
||δ ∗ ||F
it follows that ||δ ∗ ||F = |∇ρ(δ
∗ )| ≥ inf {δ6=0} |∇ρ(δ)| . Hence, inf {δ:∇ρ(δ)=1} ||δ||F ≥ inf {δ6=0} |∇ρ(δ ∗ )| . To show the
δ
δ
converse, note that δ 6= 0 =⇒ ∇ρ( ∇ρ(δ)
) = 1. Thus, ||δ ∗ ||F ≤ || ∇ρ(δ)
||F =

||δ ∗ ||F is a lower bound for the set
∗

||δ||F
{ |∇ρ(δ)|

lower bound, it follows that ||δ ||F ≤

||δ||F
|∇ρ(δ)|

for all δ 6= 0, implying that

: δ 6= 0}. Therefore, by the definition of the infimum as the greatest

||δ||F
inf{ |∇ρ(δ)|

: δ 6= 0}.
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Since ∇ρ is a linear functional on the Hilbert space (Rp , h·, ·iF ), by the Riesz-Fréchet
theorem (cf. Theorem A.1 in Appendix A) there exists a unique δρ ∈ Rp such that
∇ρ(δ) = hδρ , δiF

∀δ ∈ Rp .

The vector δρ , called the representer of the functional ∇ρ, has the property that
||∇ρ||∗ = ||δρ ||F .
In this setting,
hIφ−1 ρ̇, δiF = ρ̇0 Iφ−1 Iφ δ = ρ̇0 δ,
so that δρ = Iφ−1 ρ̇. It follows that
||∇ρ||2∗ = ||Iφ−1 ρ̇||2F .
It is easy to verify that
||Iφ−1 ρ̇||2F = ρ̇0 Iφ−1 ρ̇ = i−1
θ ,
as determined earlier in this section. This gives a second approach to calculating the efficiency
bound, by determining the representer of ∇ρ and finding its norm. This approach is often
convenient in cases in which we can “guess” the form of the representer, verify that it satisfies
the required property, and then calculate its norm, thus bypassing the necessity of working
with the dual space and the dual norm.
A third approach to determining the efficiency bound is to focus on the score functions
themselves, rather than on the tangent space. Note that the defining property of the representer
δρ , namely,
hδρ , δiF = ∇ρ(δ) := φ̇0 δ,
as well as its norm ||δρ ||F , depend on δρ only through U (δρ ) := δρ0 U . Specifically, δρ0 U must
satisfy
E[(δρT U )(δ 0 U )] = φ̇0 δ,
∀δ ∈ Rp ,
so that U ∗ := δρ0 U may be characterized as the real-valued linear function of U satisfying
E[U ∗ U ] = ρ̇;
then ||δρ ||2F = E(U ∗ )2 . The random variable U ∗ is called the efficient influence function by
Bickel, Klassen, Ritov, and Wellner (1993). Consequently, cf. Newey (1990c), we will call this
the efficient influence function approach.
In some cases, it may be simpler to attempt to construct U ∗ directly, without finding δρ .
Thus, consider an arbitrary random variable d ∈ L2 (X) and let S denote the linear subspace
of L2 (X) consisting of linear functions of the score vector U . Suppose that E[dU ] = ρ̇ so that,
for all δ ∈ Rp ,
hd, φ̇0 U i = E[(dU )0 φ̇] = ρ̇0 φ̇ = ∇ρ(φ̇).

13

If d ∈ S, then U ∗ = d; otherwise we can replace d by its projection on S. Note that replacing
d by its projection does not change the value of E[dU ].
Let d¯ denote the orthogonal projection of d onto S, i.e., d¯ is the linear function of U
satisfying
¯ =0
E[a0 U (d − d)]
∀a ∈ Rp .
¯ 2 . In the parametric setting considered in this section, it is
Then U ∗ = d¯ and ||δρ ||2 = E(d)
F

straightforward to show that
d¯ = E[(dU )0 Iφ−1 U ] = ρ̇0 Iφ−1 U =: δρ0 U.
That is, the coefficients of d¯ with respect to U are elements of the representer δρ .
Thus, in the efficient influence function approach to calculating the efficiency bound, the
requirement of finding an element δρ in the tangent space satisfying hδρ , δiF = ∇ρ(δ) is replaced
by the requirement of finding d ∈ L2 (X) satisfying E[dU ] = ρ̇, at the expense of possibly needing
to calculate the projection of d onto S. In the context of semiparametric models discussed next,
the efficient influence function approach is the general approach advocated by Newey (1990c)
for calculating efficiency bounds.
2.3. Semiparametric models. We now extend the methods described in the previous section
to semiparametric models. As we will see, the theory of efficiency bounds in semiparametric
models is similar to the theory for parametric models, although there are some important
differences.
Let Z1 , . . . , Zn be d × 1 i.i.d. random vectors with a common but unknown Lebesgue
density p0 having full support on Rd . As in the previous section, we use Hilbert space theory
to describe the efficiency bounds. Thus, let L2 (Rd ; Lebd ) denote the Hilbert space of squareR
integrable functions on Rd with inner product hf, gi := Rd f (z)g(z) dz.
In the semiparametric setting, we take the density p0 itself as the parameter of the
model. However, for a number of technical reasons, it is more convenient to parameterize
1/2
the model in terms of φ0 := p0 . For instance, φ0 , unlike p0 itself, is guaranteed to lie in
L2 (Rd ; Lebd ). Moreover, since p0 integrates to one, we must have ||φ0 || = 1 where || · || is the
norm in L2 (Rd ; Lebd ). Hence, we take Φ, the parameter space of φ0 , to be a subset of the unit
ball in L2 (Rd ; Lebd ). For the moment, think of Φ as the set of all φ ∈ L2 (Rd ; Lebd ) satisfying
R
φ2 > 0 and Rd φ2 (z) dz = 1. In specific examples, additional conditions, such as the existence
of moments, may be placed on φ0 ; these conditions further restrict the parameter space Φ.
Let ρ denote a real-valued functional on Φ and let θ := ρ(φ) denote the parameter of
interest, with θ0 = ρ(φ0 ) denoting the true value of θ. Our goal is to construct an efficiency
bound for regular estimators of θ.
Note that Φ is an infinite-dimensional space so that many of the standard methods used
in parametric statistical inference do not directly apply. For instance, there is no “information
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matrix” for φ in this setting and while it is possible to take derivatives with respect to φ, such
a step introduces additional technical details. However, the basic concept of a one-dimensional
submodel of the original model, as used in the previous section, has a straightforward extension
to these models.
Thus, for some t0 > 0, let t 7→ φt be a continuously differentiable function from [0, t0 ] →
Φ such that φt |t=0 = φ0 ; i.e., φt “passes through” φ0 at t = 0. As before, we use φ̇ to denote
the tangent vector of φt at t = 0. As in the parametric case, an efficiency bound for estimation
of θ based on the one-dimensional submodel with log-likelihood `(φt ) will depend on the curve
t 7→ φt only through its tangent vector at t = 0. Thus, we need to characterize the set of
tangent vectors to curves in Φ.
Recall that when φ takes values in an open subset of Rp , any element of Rp is a possible
tangent vector; i.e., the set of possible tangent vectors is just Rp itself. For the parameter
space Φ considered in this section, the situation is quite different. For instance, Φ is not open
in L2 (Rd ; Lebd ) since any -ball in L2 (Rd ; Lebd ) centered at φ0 will include functions that do
not have L2 (Rd ; Lebd )-norm equal to 1.3 Thus, in constructing curves in Φ that pass through
φ0 , there are only certain directions from which such a curve can approach φ0 . It follows that
the set of possible tangent vectors is not necessarily a linear space.
Let T (Φ, φ0 ) denote the set of all tangent vectors φ̇ for curves in Φ passing through φ0
at t = 0. That is, T (Φ, φ0 ) consists of all φ̇ ∈ L2 (Rd ; Lebd ) such that there exists t0 > 0 and a
map φt : [0, t0 ] → L2 (Rd ; Lebd ) satisfying
||φt − φ0 − tφ̇|| = o(t)

as t → 0+.

If φt is such a curve then so is φαt , α > 0, i.e., if φ̇1 is an element of T (Φ, φ0 ) then so is αφ̇1 .
In other words, T (Φ, φ0 ) is a “cone”, called the tangent cone of Φ at φ0 .
Thus, in contrast to the parametric case, T (Φ, φ0 ) is not a linear space and may not even
be convex (Pfanzagl and Wefelmeyer, 1982). However, for calculation of the efficiency bound, it
is not the set T (Φ, φ0 ) that is relevant, but rather the smallest linear space containing T (Φ, φ0 )
that is used (van der Vaart, 1989); cf. Remark (ii) below. The smallest closed linear space
containing T (Φ, φ0 ) is called the tangent space and is denoted by lin T (Φ, φ0 ); here “closed”
refers to closure in the L2 (Rd ; Lebd ) norm. Thus, the tangent space is the linear space spanned
by the set of tangent vectors.
Our objective is to obtain the efficiency bound for estimating θ := ρ(φ). As in the
parametric case, such a bound requires that the functional ρ be “smooth” in an appropriate
3To

R
R
see this, pick K ∈ L2 (Rd ; Lebd ) such that 0 < Rd K 2 (z) dz < 1 and Rd φ0 (z)K(z) dz = 0; e.g., it suffices
to let K := (b − Eb(Z))φ0 /c, where b is a bounded function on Rd and c := (2 var b(Z))1/2 > 0. For  > 0,
R
R
let φK := φ0 + K. Then Rd |φK (z) − φ0 (z)|2 dz = 2 Rd K 2 (z) dz < 2 , implying that φK lies in an -ball in
R
R
L2 (Rd ; Lebd ) centered at φ0 . However, Rd φ2K (z) dz = 1 + 2 Rd K 2 (z) dz > 1.
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sense. Here, in keeping with the approach of looking at one-dimensional submodels of the
original model, we use pathwise differentiability.
From Appendix A, recall that the functional ρ is said to be pathwise differentiable at
φ0 if for each curve φt in Φ there exists a continuous linear functional ∇ρ : lin T (Φ, φ0 ) → R,
called the pathwise derivative of ρ at φ0 , such that
lim [ρ(φt ) − ρ(φ0 )]/t = ∇ρ(φ̇).

t→0+

Note that since ρ(φt ) is a real-valued function of the real variable t, the differentiability used
in this condition is standard differentiability. Thus, we can think of pathwise differentiability
of ρ to mean that the derivative of t 7→ ρ(φt ) at t = 0 exists in the usual sense and has the
form of a continuous linear functional on the tangent space.
We now consider the efficiency bound for estimating ρ(φ). Our basic approach is to
extend the methodology described in the previous section to the semiparametric case. For
t0 > 0, let φt be a curve from [0, t0 ] to Φ which passes through φ0 at t = 0. In the parametric
case, we required that, for sufficiently small t, ρ(φt ) = ρ(φ0 )+t so that estimating t is equivalent
to estimating ρ(φ) near t = 0. In the semiparametric case, we require the slight extension that
ρ(φt ) = ρ(φ0 ) + t + o(t)

as t → 0+,

(2.5)

so that, for t near 0, estimating t is locally equivalent to estimating ρ(φ); given the local nature
of efficiency bounds, local equivalence is sufficient. Using pathwise differentiability, (2.5) can
be expressed as the condition that ∇ρ(φ̇) = 1, which we can view as a condition on elements
of lin T (Φ, φ0 ) that are relevant to the estimation problem.4
Consider a curve φt , t ∈ [0, t0 ], in Φ and let `z (t) := log φ2t (z) denote the log-likelihood
for t based on a single observation. The score function for t at t = 0 is given by
Ṡφ̇ (z) :=

∂
`z (t)
∂t

=2
t=0

φ̇(z)
.
φ0 (z)

Recall that in the parametric case we viewed the score vector as a function from Rp to an
appropriate Hilbert space of random variables. Similarly, here the score function Ṡφ̇ can be
4To

get some additional intuition behind this condition, assume that the model is parameterized by (θ, φ),
where θ is real-valued, φ is infinite-dimensional, and we want to estimate a real-valued function of θ and φ,
say g(θ, φ). Suppose, in particular, that we want to estimate θ itself so that θ = g(θ, φ). Since this holds no
matter what values θ and φ take in R × Φ, we must have that θ0 + t = g(θ0 + t, φt ) =: ρ(φt ) for all t ≥ 0
for which the curve φt lies in Φ and passes through φ0 at t = 0. Differentiating this equation with respect
to t and evaluating at t = 0, it follows that only those φt are relevant for estimating θ for which the tangent
vectors satisfy ∇ρ(φ̇) = 1. Notice that since θ was unrestricted, it lives in Θ := R. Consequently, θ0 + t ∈ Θ
for all t ≥ 0. However, if Θ 6= R then, depending on the structure of Θ, it may only be possible to claim that
θ0 + t + o(t) ∈ Θ for t ≥ 0 small enough. In this case, θ0 + t + o(t) = g(θ0 + t + o(t), φt ) =: ρ(φt ) and again we
have that only those φt are relevant for estimating θ for which the tangent vectors φ̇ satisfy ∇ρ(φ̇) = 1.
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viewed as a function from the tangent space to L2 (Rd ; Lebd ) given by the mapping φ̇ 7→ 2φ̇/φ0 .
The Fisher information at t = 0 corresponding to this curve is given by
Z
Z
2
2
Ṡφ̇ (z)φ0 (z) dz = 4
φ̇2 (z) dz.
Rd

Rd

As we did in the parametric case, we can use this approach to define an inner product
and a norm on the tangent space. Namely, for any φ̇1 , φ̇2 ∈ lin T (Φ, φ0 ) let
Z
1/2
hφ̇1 , φ̇2 iF := 4
φ̇1 (z)φ̇2 (z) dz & kφ̇1 kF := hφ̇1 , φ̇1 iF .
Rd

As before, we call h·, ·iF the Fisher information inner product and k · kF the Fisher information
norm. Note that the Fisher information at t = 0 corresponding to a curve with tangent vector
φ̇ can be written as kφ̇k2F ; furthermore, this quantity can be calculated for any φ̇ ∈ lin T (Φ, φ0 ).
Using the same reasoning as in the parametric case, a lower bound to the asymptotic
variance of a regular estimator of ρ(φ) is given by 1/iF , where
iF :=

inf
{φ̇∈lin T (Φ,φ0 ):∇ρ(φ̇)=1}

(2.4)
||φ̇||2F =

kφ̇k2F
.
inf
{φ̇∈lin T (Φ,φ0 ):φ̇6=0} |∇ρ(φ̇)|2

(2.6)

Therefore,
−1/2

iF

=

|∇ρ(φ̇)|
=
sup
|∇ρ(φ̇)|.
{φ̇∈lin T (Φ,φ0 ):φ̇6=0} kφ̇kF
{φ̇∈lin T (Φ,φ0 ):kφ̇kF =1}
sup

Viewing ∇ρ is a continuous linear functional on the tangent space, we know that its (dual)
norm k∇ρk∗ is given by (Luenberger, 1969, p. 105)
k∇ρk∗ :=

|∇ρ(φ̇)|.

sup
{φ̇∈lin T (Φ,φ0 ):kφ̇kF =1}

Thus, a lower bound to the asymptotic variance of a regular estimator of θ = ρ(φ) is given by
2
i−1
F = k∇ρk∗ .

Since ∇ρ is a continuous linear functional on the tangent space and the latter is a closed
subspace of L2 (Rd ; Lebd ), it follows that (lin T (Φ, φ0 ), h·, ·iF ) is a Hilbert space. Therefore, by
the Riesz-Fréchet theorem, there exists a unique φ∗ ∈ lin T (Φ, φ0 ) such that
∇ρ(φ̇) = hφ∗ , φ̇iF

∀φ̇ ∈ lin T (Φ, φ0 )

and k∇ρk∗ = kφ∗ kF . As in the parametric case, φ∗ is called the representer of the linear
functional ∇ρ. Hence, instead of using k∇ρk∗ to compute the efficiency bound, we can use φ∗ ,
with the bound now being given by
∗ 2
i−1
F = kφ kF .
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That is, to obtain the lower bound for the asymptotic variance of regular estimators of ρ(φ0 ),
we can find the representer of ∇ρ and calculate the square of its Fisher norm.
Remarks. (i) To obtain φ∗ , we can use the following general approach. In order to
verify that ρ is pathwise differentiable the basic idea is to proceed as if the derivative exists
and obtain a formal expression for ∇ρ(φ̇). After verifying that ∇ρ satisfies the properties of
a linear functional on the tangent space, set ∇ρ(φ̇) = hφ̇, φ∗ iF for all φ̇ in the tangent space
and solve for the representer φ∗ . Provided that the solution lies in the tangent space, it is the
representer and ρ is pathwise differentiable.
(ii) An important part of the theory of efficiency bounds in semiparametric models is
that it is the tangent space, i.e., the smallest linear space containing the tangent cone, that
is relevant rather than the tangent cone itself; cf., e.g., van der Vaart (1988, Theorem 2.12)
for a statement and proof of this fact. Here we outline a simple argument, based on van der
Vaart (1988, Chapter 1), that suggests why such a result is true. Recall that, according to the
Cramér-Rao inequality, sometimes called the information inequality, the inverse of the Fisher
information provides a lower bound to the variance of an unbiased estimator; cf., e.g., Ibragimov
and Has’minskii (1981, Section 1.7). Let θ̃ denote an unbiased estimator of θ = ρ(φ) and let
φt , t ∈ [0, t0 ], denote a curve in Φ. By unbiasedness, Et (θ̃) = ρ(φt ) for all t ∈ [0, t0 ], where Et
denotes expectation with respect to the distribution with parameter φt . Differentiating with
respect to t at t = 0 yields
cov(θ̃, Ṡφ̇ ) = ∇ρ(φ̇)

(2.7)

for any φ̇ ∈ T (Φ, φ0 ). The Cauchy-Schwarz inequality shows that
var(θ̃) ≥

|∇ρ(φ̇)|2
||φ̇||2F

(2.8)

for any φ̇ ∈ T (Φ; φ0 ). However, this result can be extended to any φ̇ in the linear span of
T (Φ; φ0 ). To see this, let φ̇1 , . . . , φ̇m be elements of T (Φ; φ0 ). Apply (2.7) to each φ̇j and sum
the results. Using the linearity of φ̇ 7→ Ṡφ̇ , ∇ρ, and the covariance operator, shows that (2.8)
holds for any φ̇ ∈ lin T (Φ; φ0 ). Thus, since φ̇ 7→ |∇ρ(φ̇)|/kφ̇kF is continuous on lin T (Φ, φ0 ),
var(θ̃) ≥

|∇ρ(φ̇)|2
|∇ρ(φ̇)|2
=
sup
= i−1
F .
2
2
kφ̇kF
kφ̇kF
{φ̇∈lin T (Φ,φ0 ):φ̇6=0}
{φ̇∈lin T (Φ,φ0 ):φ̇6=0}
sup

Similar considerations apply to efficiency bounds (which do not require estimators to be unbiased), although the theory is considerably more difficult.
(iii) The efficient influence function approach to finding efficiency bounds, as described in
the previous subsection, is applied to semiparametric models in Newey (1990c, Section 3, p. 104–
106). To obtain the efficiency bound for estimating ρ(φ) (we maintain our notation), Newey
follows a two step procedure where he first finds d ∈ L2 (Z) such that ∇ρ(φ̇) = E[d(Z)Ṡφ̇ (Z)].
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Next, he calculates δ := PS (d), the orthogonal projection of d onto S, where S is the closed
linear space spanned by the scores Ṡφ̇ from one dimensional subproblems. Thus, δ is the efficient
influence function and Newey shows that the efficiency bound for estimating ρ(φ) is given by
Eδ 2 (Z). In our notation, the efficient influence function is just the score function evaluated
at the representer, i.e., δ = 2φ∗ /φ0 . The influence function based approach thus replaces the
problem of finding the representer φ∗ ∈ lin T (Φ, φ0 ) that solves ∇ρ(φ̇) = hφ̇, φ∗ iF for all φ̇ in
the tangent space, by the problem of finding d ∈ L2 (Z) that solves ∇ρ(φ̇) = E[d(Z)Ṡφ̇ (Z)]
for all φ̇ in the tangent space. Note that, in general, there are many d ∈ L2 (Z) satisfying
this condition, while φ∗ is uniquely defined. Thus, it may be easier to find d than to find φ∗ .
However, once d is found, we need to compute its projection onto S; such a step is not needed
in the representer-based approach. Both approaches are useful and for a given problem one
may be simpler than the other. Generally speaking, the relative difficulty in implementing the
two approaches in a given model depends on how difficult it is to find φ∗ .
(iv) The efficiency bounds described here give a lower bound to the asymptotic variance
1/2
of a n -consistent regular estimator of a functional ρ(φ). This theory applies only to those
functionals that satisfy the pathwise differentiability condition. It is interesting to note that this
differentiability is related to the existence of a n1/2 -consistent regular estimator. Specifically,
under mild regularity conditions, the existence of a n1/2 -consistent regular estimator implies
that the functional is differentiable (van der Vaart, 1991). Stated another way, suppose we
are interested in estimation of a functional ρ(φ) and ρ(·) does not satisfy the differentiability
requirement. Then the theory of this section does not apply and an efficiency bound based on
the methods described here is not available. However, in such cases, a n1/2 -consistent regular
estimator of ρ(φ) does not even exist.
When it does not hold, pathwise differentiability of ρ(φ) at φ = φ0 typically fails in the
sense that the derivative ∇ρ(φ̇) := limt→0+ [ρ(φt ) − ρ(φ0 )]/t, although it exists, is not bounded
on the tangent space, i.e., its operator norm k∇ρk∗ = ∞, which implies that the efficiency
bound for estimating ρ(φ0 ) is ∞. In some cases, unboundedness of ∇ρ may be easy to show.
For instance, it is well known (Bickel, Klassen, Ritov, and Wellner, 1993, Example 1, p. 48)
that the density at a point cannot be estimated by n1/2 -consistent regular estimator. For this
example, it is straightforward to demonstrate that ∇ρ exists but is unbounded on the tangent
space, cf. Lemma A.1 in the appendix. In other cases, showing the unboundedness of ∇ρ can
be fairly complicated, cf., e.g., the proof of Lemma 16.2.
(v) The fact that identifiable parameters whose efficiency bounds are infinitely large
cannot be estimated by n1/2 -consistent regular estimators has been used to demonstrate the
impossibility of n1/2 -estimability of some important models used in applied economics research.
For instance, Chamberlain (1986, Section 5) showed that the information bound for estimating
parameters in a binary choice model identified via a conditional median restriction (Manski,
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1975) is zero, implying that the efficiency bound is infinity. Hence, Chamberlain concluded
that Manski’s maximum score estimator was not n1/2 -consistent. Cosslett (1987, p. 568)
has a similar result showing that the intercept in a binary choice model identified under a
conditional median restriction is not n1/2 -estimable. These results were confirmed by Kim and
Pollard (1990, Section 6.4), who showed that the maximum score estimator converged at rate
n1/3 to a non-standard distribution.
Another illustration comes from Hahn (1994) and Ridder and Woutersen (2003), who
derive the efficiency bounds for estimating parameters in semiparametric mixed proportional
hazard models. In Section 2.2 of his paper, Hahn showed that if the baseline hazard in a single
spell mixed proportional hazard model is assumed to be Weibull, then the efficiency bound
for estimating the Weibull parameter and the regression coefficients is ∞, implying that n1/2 estimability of these parameters is impossible. In Sections 2.3 and 3 of their paper, Ridder and
Woutersen show that Hahn’s result is true not just for the Weibull specification, but for any
parametric family of integrated baseline hazards closed under a power transformation.5
Yet another example can be found in Hahn (2001), who derives the efficiency bound for
estimating parameters in dynamic panel data logit models with unobserved effects. In Section 3
of his paper, Hahn shows that in a three period panel with only time-dummies as additional
regressors, the efficiency bound for estimating the coefficient on the lagged dependent variable is
∞, implying that it is not n1/2 -estimable. Hahn uses this result to conclude that the estimator
of Honoré and Kyriazidou (2000) is not likely to be significantly bettered.
(vi) In parametric models, estimators achieving the efficiency bound exist under conditions that are essentially the same as those needed to construct the bounds. However, in semiparametric models this situation is quite different. Estimators achieving the efficiency bound
often require much stronger conditions than those needed to construct the bound. These conditions often take the form of smoothness conditions on the underlying densities. Cf. Ritov
and Bickel (1990) for further discussion.
(vii) In parametric models (where the parameter space was assumed to be an open set),
the efficiency bound for a real-valued functional is identical to the efficiency bound for that
functional corresponding to the “most difficult” one-dimensional submodel, as described in the
previous section. However, this property does not necessarily hold in semiparametric models.
5A

more positive result is in Section 3 of their paper, where Ridder and Woutersen demonstrate that if the
baseline hazard at 0 is bounded away from 0 and ∞, so that it is not closed under a power transformation,
then the efficiency bound for the parameters of the baseline hazard and the regression coefficients are finite,
suggesting that n1/2 -estimability of these parameters is possible in this setting (cf. Section 4 of their paper).
Duration models, called survival models in the statistical literature, are not discussed further in this survey.
For additional examples of efficiency bound calculations in these models, cf., e.g., Begun, Hall, Huang, and
Wellner (1983), Sasieni (1992), Bickel, Klassen, Ritov, and Wellner (1993, Section 6.7), Goto (1996), Huang
(1999), Nan, Emond, and Wellner (2004), and the references therein.
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Recall that the tangent cone is the set of all tangent vectors to curves φt ∈ Φ. Thus, any
tangent vector in the tangent cone corresponds to a one-dimensional submodel. However, the
efficiency bound is not based on the tangent cone, but rather on the tangent space, the smallest
linear space containing the tangent cone. Therefore, if the infimum in (2.6) is achieved at a
tangent vector in the tangent cone, then the efficiency bound corresponds to the efficiency
bound in a one-dimensional submodel. However, if the infimum is achieved at an element of
the tangent space that is not in the tangent cone, then the interpretation in terms of onedimensional submodels is not available. A consequence of this is that the efficient influence
function described above, which takes values in the linear space spanned by the scores for onedimensional subproblem, might not be a “genuine” score function, i.e., it might not correspond
to the score function for a one-dimensional submodel. Cf. van der Vaart (1991) for a detailed
discussion of this issue.
(viii) The efficiency bound presented in this section applies to the case of real-valued
functional ρ(φ). When ρ(φ) is vector-valued, say taking values in Rp , the efficiency bound for
estimating it can be obtained by considering the efficiency bound for estimating c0 ρ(φ), where
c ∈ Rp . Calculating such an efficiency bound for arbitrary c yields an efficiency bound for ρ(φ).
This approach will be illustrated in subsequent examples.
(ix) The approach to efficiency taken in this survey is to compare the asymptotic variance of an estimator to the efficiency bound. As discussed previously, in order to implement
this approach we need to restrict the class of estimators to those satisfying certain regularity
conditions. An alternative approach is to consider the risk function of an estimator. It can be
shown that the maximum value of the large-sample limit of the risk function of an estimator
over a local neighborhood of the true parameter value is no greater than that of an estimator
that is asymptotically normal with mean 0 and variance i−1
F . The advantage of this approach,
called the local asymptotic minimax (LAM) approach, is that it does not require any conditions
on the estimators under consideration. Although the criterion used is different, the conclusion
is essentially the same as that based on asymptotic variance comparisons – estimators that
are asymptotically normal with mean 0 and variance i−1
F are asymptotically optimal. Cf., e.g.,
Ibragimov and Has’minskii (1981, Chapter II), Chamberlain (1987, 1992), Groeneboom and
Wellner (1992, Chapter 2), Bickel, Klassen, Ritov, and Wellner (1993, Chapter 5), van der Vaart
and Wellner (1996, Chapter 3.11), and van der Vaart (1998, Chapter 8) for further discussion
of the LAM approach.
(x) The definition of asymptotic efficiency used here is sometimes referred to as “firstorder” asymptotic efficiency because it is based on a first-order approximation to the distribution of a normalized estimator. As noted above, in general, there are many first-order
asymptotically efficient estimators. In order to compare these estimators, we might consider
further terms in asymptotic expansions of their distributions. This approach leads to definitions
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of higher-order asymptotic efficiency. Cf., e.g., Gourieroux and Monfort (1995, Chapter 23)
and Ghosh (1994) for discussions of higher-order asymptotic efficiency in parametric models.
There are few, if any, general results on higher-order asymptotic efficiency in semiparametric
models; results have been obtained for specific models by Härdle and Tsybakov (1993), Hua
and Ping (1993), and Dalalyan, Golubev, and Tsybakov (2006).
(xi) Suppose that there are additional restrictions on the parameter φ. Let Φ0 ⊂ Φ
denote the parameter space in the restricted model and let Ṫ0 := lin T (Φ0 , φ0 ) be the tangent
space for the restricted model. Ṫ0 is a linear subspace of lin T (Φ, φ0 ), the tangent space for the
unrestricted model. Note that φ∗ , the representer of ∇ρ in the full model, satisfies
∇ρ(φ̇) = hφ̇, φ∗ i

∀φ̇ ∈ Ṫ0 .

However, since φ∗ is not necessarily an element of Ṫ0 , it is not the representer of ∇ρ in the
restricted model. To find the representer in the restricted model, we use the fact that
φ̇ ∈ Ṫ0 =⇒ hφ̇, φ∗ i = hPṪ0 φ̇, φ∗ i = hφ̇, PṪ0 φ∗ i,
where PṪ0 denotes the projection operator for orthogonal projection onto Ṫ0 . Since PṪ0 φ∗ is
an element of Ṫ0 , it follows that the representer of ∇ρ in the restricted model is PṪ0 φ∗ and
the efficiency bound in the restricted model is given by ||PṪ0 φ∗ ||2 . Since
||φ∗ ||2 = ||PṪ0 φ∗ ||2 + ||φ∗ − PṪ0 φ∗ ||2 = ||PṪ0 φ∗ ||2 + ||PṪ0⊥ φ∗ ||2 ,
the effect of the restriction on the tangent space is to decrease the efficiency bound by ||PṪ0⊥ φ∗ ||2 ,

the squared length of the residual obtained by projecting φ∗ onto Ṫ0 . Therefore, if restrictions
imposed on the model do not reduce the tangent space so that Ṫ0 = lin T (Φ, φ0 ), then such
restrictions do not change the efficiency bound.
(xii) Consider a restricted model in which the only unknown parameter is ρ(φ). We may
view such a model as one in which “the value of the nuisance parameter is known”. Using the
notation of the previous remark, knowledge of the value of the nuisance parameter decreases the
efficiency bound by ||φ∗ − PṪ0 φ∗ ||2 . It follows that knowledge of the nuisance parameter does
not change the efficiency bound if φ∗ = PṪ0 φ∗ , which occurs if φ∗ ∈ Ṫ0 . Thus, an estimator in
the full model can achieve the efficiency bound in the model in which the nuisance parameter
is known if it is asymptotically efficient in the full model and φ∗ ∈ Ṫ0 . Such an estimator is
said to be an adaptive estimator. However, such terminology is a bit misleading. Adaptive
estimators are only possible in models in which φ∗ ∈ Ṫ0 , which is a property of the model, not
of the estimator. That is, an adaptive estimator is simply an asymptotically efficient estimator
in a model which satisfies this additional property. Cf. Bickel (1982), Manski (1984), and
Newey (1990a) for more on adaptive estimation.
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3. Population mean
We begin with deriving the efficiency bound for the population mean of a d × 1 random
1/2
vector Z with unknown Lebesgue density pdf Z . Let φ0 := pdf Z and assume that
Z
d
d
2
φ2 (z) dz = 1}. (3.1)
φ0 ∈ Φ := {φ ∈ L2 (R ; Leb ) : φ > 0, φ is bounded and continuous,
Rd

R
We want to obtain the efficiency bound for estimating the d × 1 vector θ0 := Rd z φ20 (z) dz, the
population mean of Z. To simplify this problem so that we are looking at a real-valued feature
of interest, consider estimating the functional ρ(φ0 ) := c0 θ0 , where c ∈ Rd is arbitrary.
As described in Section 2.3, we begin by parameterizing φ0 with a one dimensional
subproblem. For some t0 > 0 let t 7→ φt be a curve from [0, t0 ] into Φ such that φt passes
through φ0 and has a tangent vector φ̇ at t = 0. Since the loglikelihood for a single observation
is log φ2t , the score for estimating t = 0 is given by (∂ log φ2t /∂t) t=0 = 2φ̇/φ0 . Therefore, the
R
Fisher information for estimating t = 0 is iF = 4 Rd φ̇2 (z) dz.
As shown in Lemma B.1, the tangent space
Z
d
d
lin T (Φ, φ0 ) = {φ̇ ∈ L2 (R ; Leb ) :
φ̇(z)φ0 (z) dz = 0}.
(3.2)
Rd

On this tangent space we can use the expression for iF to define the Fisher information inner
R
1/2
product hφ̇1 , φ̇2 iF := 4 Rd φ̇1 (z)φ̇2 (z) dz and the Fisher information norm kφ̇1 kF = hφ̇1 , φ̇1 iF
for estimating t = 0. However, as emphasized earlier, not every tangent vector can be used to
calculate the Fisher information. In particular, as we are interested in estimating the functional
R
ρ(φt ) = Rd c0 z φ2t (z) dz, only those tangent vectors may be used to calculate iF which also satisfy
Z
∇ρ(φ̇) = 2
c0 z φ̇(z)φ0 (z) dz.
Rd

Since (lin T (Φ, φ0 ), h·, ·iF ) is a Hilbert space and ∇ρ is a bounded linear functional on
the tangent space, we can use the Riesz-Fréchet theorem to see that for all φ̇ ∈ lin T (Φ, φ0 )
there exists a unique φ∗ ∈ lin T (Φ, φ0 ) such that ∇ρ(φ̇) = hφ∗ , φ̇iF . But as we already know
R
that hφ∗ , φ̇iF = 4 Rd φ∗ (z)φ̇(z) dz, this means that
Z
Z
∗
φ (z)φ̇(z) dz = 0.5
c0 zφ0 (z)φ̇(z) dz ∀ φ̇ ∈ lin T (Φ, φ0 ).
(3.3)
Rd

Rd

We use this functional identity to solve for the representer φ∗ . We claim that
φ∗ (z) = 0.5c0 (z − θ0 )φ0 (z).
To verify our claim, we have to check that φ∗ satisfies (3.3) and that it lies in the tangent space.
R
The first part is easy. Since Rd φ̇(z)φ0 (z) dz = 0 for any φ̇ ∈ lin T (Φ, φ0 ), it is straightforward
to check that φ∗ satisfies (3.3). So it only remains to verify that φ∗ also lies in the tangent
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space. But this is also straightforward since it is easily confirmed that φ∗ ∈ L2 (Rd ; Lebd ),
R
provided k var(Z)k < ∞, and that Rd φ∗ (z)φ0 (z) dz = 0.
Therefore, as in Section 2.3, the efficiency bound for estimating c0 θ0 is
Z
∗ 2
0
kφ kF = c { (z − θ0 )(z − θ0 )0 φ20 (z) dz}c = c0 var(Z)c.
Rd

However, as c is arbitrary, the efficiency bound for estimating θ0 is given by
l. b.(θ0 ) = var(Z).
The efficiency bound for the population mean is finite if and only if k var(Z)k < ∞.
Since var(Z) is the asymptotic variance of the sample mean, it follows that the sample mean
is a semiparametrically efficient estimator of the population mean.
4. Population quantiles
Let Z be a continuously distributed random variable with unknown density pdf Z . The
objective is to obtain the efficiency bound for estimating θ0 , the kth quantile of pdf Z , where
1/2
k ∈ (0, 1). Let φ0 := pdf Z . Since θ0 is a feature of φ0 , we can write it as some function of φ0 ,
say, θ0 := ρ(φ0 ), which is implicitly characterized by the equation
Z ρ(φ0 )
Pr(Z ≤ θ0 ) = k ⇐⇒
φ20 (z) dz = k.
−∞

As before, letting φt be a curve in Φ (defined in (3.1)) through φ0 , it follows that
R
the Fisher information for estimating t = 0 is iF = 4 R φ̇2 (z) dz = kφ̇k2F , and the Fisher
R
R ρ(φ )
information inner product hφ̇1 , φ̇2 iF := 4 R φ̇1 (z)φ̇2 (z) dz. Furthermore, since −∞t φ2t (z) dz =
k, differentiate both sides with respect to t and evaluate at t = 0 to obtain
Z θ0
2
φ0 (θ0 )∇ρ(φ̇) + 2
φ0 (z)φ̇(z) dz = 0.
−∞

Hence,
R θ0

R∞

R θ0
φ
(z)
φ̇(z)
dz
−
2
φ (z)φ̇(z) dz
0
−∞
−∞ 0
∇ρ(φ̇) =
,
2
φ0 (θ0 )
R∞
where the second equality follows from the fact that −∞ φ0 (z)φ̇(z) dz = 0 for all φ̇ ∈ lin T (Φ, φ0 ).
Using an indicator function, the expression for ∇ρ(φ̇) can be further simplified to get
Z ∞
{k − 1(−∞,θ0 ] (z)}φ0 (z)
∇ρ(φ̇) = 2
φ̇(z) dz = h0.5φ̃, φ̇iF ,
φ20 (θ0 )
−∞
R∞
where φ̃(z) := {k − 1(−∞,θ0 ] (z)}φ0 (z)/φ20 (θ0 ). Since −∞ φ̃(z)φ0 (z) dz = 0 is easily verified, it is
clear that φ̃ ∈ lin T (Φ, φ0 ). Therefore, ∇ρ is a bounded linear functional on the tangent space
−2

φ (z)φ̇(z) dz
2k
−∞ 0
=
2
φ0 (θ0 )
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and its representer is given by
φ∗ (z) := 0.5φ̃(z) =

{k − 1(−∞,θ0 ] (z)}φ0 (z)
.
2φ20 (θ0 )

Hence, the efficiency bound for the kth quantile of φ20 is given by
Z ∞
{k − 1(−∞,θ0 ] (z)}2 φ20 (z)
∗ 2
l. b.(θ0 ) = kφ kF =
dz
φ40 (θ0 )
−∞
k(1 − k)
k(1 − k)
= 4
=
.
φ0 (θ0 )
pdf 2Z (θ0 )
Since the asymptotic variance of the kth sample quantile is known to be k(1−k)/ pdf 2Z (θ0 ),
cf., e.g., Sen and Singer (1993, Theorem 4.3.2, p. 168), it follows that the sample quantiles are
semiparametrically efficient estimators of the population quantiles.
5. Distribution functions without auxiliary information
Let Z be a d × 1 random vector with unknown Lebesgue density pdf Z . Assume that
1/2
φ0 := pdf Z ∈ Φ with Φ defined in (3.1). We want to calculate the efficiency bound for
estimating F0 (ξ) := Pr(Z ≤ ξ), the cdf of Z evaluated at some fixed ξ ∈ Rd . As before,
in terms of a one dimensional parameterization we can think of estimating the functional
R
ρ(φt ) := Rd 1(−∞,ξ] (z)φ2t (z) dz where φt is curve in Φ through φ0 . As in the two previous
examples, the Fisher information for estimating t = 0 is given by iF = kφ̇k2F , and the Fisher
R
information inner product hφ̇1 , φ̇2 iF := 4 Rd φ̇1 (z)φ̇2 (z) dz. Differentiating ρ(φt ) with respect
to t and evaluating the derivative at t = 0 we get that
Z
∇ρ(φ̇) = 2
1(−∞,ξ] (z)φ0 (z)φ̇(z) dz.
Rd

To simplify this even further, let us write ∇ρ as
Z
Z
∇ρ(φ̇) = 2
1(−∞,ξ] (z)φ0 (z)φ̇(z) dz − 2F0 (ξ)
Rd

φ0 (z)φ̇(z) dz.

Rd

R
Here, we have used the fact that if φ̇ ∈ lin T (Φ, φ0 ) then Rd φ0 (z)φ̇(z) dz = 0. Now let
φ̃(z) := {1(−∞,ξ] (z) − F0 (ξ)}φ0 (z). Since ∇ρ is a bounded linear functional on the tangent
space, we can use the Riesz-Fréchet theorem to write
∇ρ(φ̇) = 0.5hφ̃, φ̇iF

∀ φ̇ ∈ lin T (Φ, φ0 ).

Looking at this equation we claim that the representer φ∗ (z) := φ̃(z)/2. Since
Z
φ∗ (z)φ0 (z) dz = 0 =⇒ φ∗ ∈ lin T (Φ, φ0 ),
Rd
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our claim is readily verified. Hence, the efficiency bound for n1/2 consistent regular estimators
of F0 (ξ) is given by
Z
∗ 2
l. b.(F0 (ξ)) = kφ kF =
{1(−∞,ξ] (z) − F0 (ξ)}2 φ20 (z) dz = F0 (ξ)[1 − F0 (ξ)].
Rd

P
Since the empirical distribution function ni=1 1(−∞,ξ] (Zi )/n has asymptotic variance F0 (ξ)[1 −
F0 (ξ)], it follows that the empirical distribution function is a semiparametrically efficient estimator of the population cdf.
In the next section, we generalize this example and obtain the efficiency bound for
estimating the cdf when some additional information is available.
6. Distribution functions with auxiliary information
Let (Y, Z) be continuously distributed random variables in R × SZ , where SZ ⊂ Rd . Fix
(a1 , a2 ) in R × Rd . The objective is to obtain the efficiency bound for estimating the joint cdf
F0 (a1 , a2 ) := Pr(Y ≤ a1 , Z ≤ a2 ) when we know z 7→ E(Y |Z = z) =: f0 (z) to be an element
of some set F ⊂ L2 (SZ ; PZ ). The idea here is to think of F as imposing some restrictions on
the functional form of E(Y |Z). Hopefully, these restrictions will be motivated by economic
theory although in many cases such restrictions are imposed merely for statistical convenience.
Whatever the reason, an interesting question is to examine how these restrictions affect the joint
distribution of (Y, Z) as far as estimating F0 (a1 , a2 ) is concerned. As an illustration, assume
that F is the collection of linear functions in L2 (SZ ; PZ ). This happens, for instance, whenever
we do a linear regression of Y on Z. Our results provide a precise answer to the question: “Does
knowing that z 7→ E(Y |Z = z) is linear help us in estimating F0 (a1 , a2 )?” Alternatively, one
may want to know the efficiency bound for estimating F0 (a1 , a2 ) when E(Y |Z) = 0 w.p.1, i.e.
when Z has “no effect” on Y . Indeed, by varying F one can obtain results for many interesting
cases. Some of these cases will be examined at the end of this section.
It should be possible to extend the results obtained in this section to handle some other
useful models. For example, although we do not pursue it here, one could obtain the efficiency
bound for estimating an expectation functional Eg(Y, Z) when we have a priori information
about the conditional mean function E(Y |Z) and g is known. Note that in this section we only
investigate the special case g(y, z) := 1(−∞,a1 ]×(−∞,a2 ] (y, z). By introducing some unknown finite
dimensional parameters in g, this would lead to a generalization of the result in Brown and
Newey (1998). Results obtained in this section may also be useful to readers interested in the
bootstrap methodology. To be more specific, when prior information about nonparametric or
semiparametric models is available, merely resampling the observed data to obtain an estimate
of the cdf F0 usually leads to poor inference from the bootstrap. Cf., e.g., Brown and Newey
(2002). In order to obtain an efficient bootstrapping procedure, one must resample using an
efficient estimate of the cdf, i.e. an estimate which incorporates all prior knowledge a researcher
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has about F0 . If this prior information is in the nature of a restriction on the conditional mean
function, then our results can help determine if a proposed estimator of F0 is efficient or not.
Some works which exploit the presence of auxiliary information in implementing the bootstrap
include Hall and Horowitz (1996) and Zhang (1999).
Before going any further let us set up some notation. Let pdf Z denote the unknown
1/2
marginal pdf of Z and b0 := pdf Z , where6
Z
2
b0 ∈ B := {b ∈ L2 (SZ ; Leb) : b > 0, b is bounded and continuous,
b2 (z) dz = 1}.
SZ
1/2
Furthermore, let υ0 := pdf Y |Z and assume that

υ0 ∈ Υ := {υ : R × SZ → R : υ 2 > 0,

Z

υ 2 (y|Z) dy = 1, υ is bounded and continuous,
R
Z
y 2 υ 2 (y|Z) dy is bounded w.p.1}.
and
R

For some t0 > 0, let t 7→ (υt , bt ) be a curve from [0, t0 ] into Υ × B which passes through
(υ0 , b0 ) at t = 0. The score for estimating t = 0 is 2(υ̇/υ0 ) + 2(ḃ/b0 ). Let (υ̇, ḃ) =: τ̇ ∈ Ṫ :=
lin T (Υ, υ0 ) × lin T (Φ, φ0 ), where Ṫ denotes the product tangent space. It can be shown that
Z
lin T (B, b0 ) = {ḃ ∈ L2 (SZ ; Leb) :
ḃ(z)b0 (z) dz = 0}
SZ
Z
lin T (Υ, υ0 ) = {υ̇ ∈ L2 (R × SZ ; Leb ×PZ ) :
υ̇(y|Z)υ0 (y|Z) dy = 0 w. p. 1}.
R

It is straightforward to see that the Fisher information for estimating t = 0 is
Z
Z
2
iF := 4E{ υ̇ (y|Z) dy} + 4
ḃ2 (z) dz.
R

SZ

For τ̇1 , τ̇2 ∈ Ṫ, the Fisher information inner product is then
Z
Z
hτ̇1 , τ̇2 iF := 4E{ υ̇1 (y|Z)υ̇2 (y|Z) dy} + 4
R

ḃ1 (z)ḃ2 (z) dz,

SZ

1/2
and the Fisher information norm kτ̇ kF := hτ̇ , τ̇ iF .
Now let A1 := (−∞, a1 ], A2 := (−∞, a2 ], and consider estimating the joint cdf
Z Z
ρ(υt , bt ) :=
1A1 (y)1A2 (z)υt2 (y|z)b2t (z) dy dz,
t ∈ [0, t0 ].
SZ
6For

R

convenience, we have assumed that Z has a density with respect to the Lebesgue measure. If Z has
discrete, continuous, or both, coordinates, the subsequent argument continues to hold with only changes in
notation to indicate the new dominating measure.
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Differentiating this with respect to t and evaluating at t = 0, we get
Z
∇ρ(τ̇ ) = 2E{1A2 (Z) 1A1 (y)υ̇(y|Z)υ0 (y|Z) dy}
R
Z
Z
+2
1A2 (z){ 1A1 (y)υ02 (y|z) dy}ḃ(z)b0 (z) dz.
SZ

R

Since ∇ρ is a bounded linear functional on the tangent space (Ṫ, h·, ·iF ), which itself is a Hilbert
space, we can use the Riesz-Fréchet theorem to see that for all τ̇ ∈ Ṫ there exists a unique
τ ∗ = (υ ∗ , φ∗ ) ∈ Ṫ such that ∇ρ(τ̇ ) = hτ ∗ , τ̇ iF , i.e.,
Z
Z
Z
∗
∗
b (z)ḃ(z) dz = 2E{1A2 (Z) 1A1 (y)υ̇(y|Z)υ0 (y|Z) dy}
4E{ υ (y|Z)υ̇(y|Z) dy} + 4
R
SZ
R
Z
Z
+2
1A2 (z){ 1A1 (y)υ02 (y|z) dy}ḃ(z)b0 (z) dz.
SZ

R

Moreover, as the above equality holds for all τ̇ ∈ Ṫ, we obtain
Z
Z
Z
∗
1A2 (z){ 1A1 (y)υ02 (y|z) dy}ḃ(z)b0 (z) dz
b (z)ḃ(z) dz = 0.5
SZ
R
SZ
Z
Z
E{ υ ∗ (y|Z)υ̇(y|Z) dy} = 0.5E{ 1A2 (Z)1A1 (y)υ̇(y|Z)υ0 (y|Z) dy}.
R

(6.1)
(6.2)

R

To find the representer υ ∗ , we also have to take into account the restriction that the
conditional mean is an element of F, i.e.,
Z
gt (z) :=
yυt2 (y|z) dy ∈ F.
(6.3)
R

Hence, to find the representer, we use those υ̇ ∈ lin T (Υ, υ0 ) for which7
Z
y υ̇(y|z)υ0 (y|z) dy ∈ lin T (F, f0 ).
z 7→

(6.4)

R

All that remains now is to use (6.1), (6.2), and (6.4) to find the representer τ ∗ := (b∗ , υ ∗ ).
R a1 2
Calculating b∗ is straightforward. Letting FY |Z=z (a1 ) := −∞
υ0 (y|z) dy, we claim that
b∗ (z) = 0.5{1A2 (z)FY |Z=z (a1 ) − E[1A2 (Z)FY |Z (a1 )]}b0 (z).
7To

R
see this, pick a υ̇ ∈ lin T (Υ, υ0 ) and let ġ(z) := R y υ̇(y|z)υ0 (y|z) dy. To show that ġ ∈ lin T (F, f0 ), it
suffices to show that there exists an element in lin T (F, f0 ) which is arbitrarily close to ġ in the L2 (SZ ; PZ )
norm. Begin by observing that υ̇ ∈ lin T (Υ, υ0 ) means that for each  > 0 there exists υ̃ ∈ lin T (Υ, υ0 ) such
R
Pk
that E R [υ̇(y|Z) − υ̃(y|Z)]2 dy < 2 . But since υ̃ ∈ lin T (Υ, υ0 ), we can write υ̃(y|z) =
i=1 ci υ̃i (y|z) for
R
some c1 , . . . , ck ∈ R and υ̃1 , . . . , υ̃k ∈ T (Υ, υ0 ). Let g̃i (z) := R y υ̃i (y|z)υ0 (y|z) dy. From (6.3), it is easily seen
R
that g̃i is an element of T (F, f0 ). Therefore, using the fact that R y 2 υ02 (y|z) dy is bounded, an application of
Pk
the Cauchy-Schwarz inequality shows that E{ġ(Z) − i=1 ci g̃i (Z)}2 < c2 , where c denotes a generic positive
Pk
constant. But since i=1 ci g̃i ∈ lin T (F, f0 ), we are done.
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To verify this claim, observe that
Z
Z
∗
b (z)ḃ(z) dz = 0.5
SZ

1A2 (z)FY |Z=z (a1 )ḃ(z)b0 (z) dz,

SZ

i.e., b∗ satisfies (6.1). Furthermore, since
Z
b∗ (z)b0 (z) dz = 0.5{E[1A2 (Z)FY |Z (a1 )] − E[1A2 (Z)FY |Z (a1 )]} = 0
SZ

and b∗ ∈ L2 (SZ ; Leb), b∗ lies in the tangent space lin T (Υ, υ0 ). Therefore, b∗ is indeed the right
choice.
We now show how to obtain υ ∗ . Finding υ ∗ is slightly difficult due to the presence of
the additional restriction given in (6.4). It is an awkward restriction to handle as it does not
appear in the form of an equality. Instead, it requires that a linear functional of υ ∗ lie in
the tangent space lin T (F, f0 ). How does one incorporate this restriction into the “guess and
verify” scheme we have been using so far? The key insight here is to realize that if we could
R
come up with a υ ∗ such that R yυ ∗ (y|z)υ0 (y|z) dy was a projection (using some appropriate
inner product) onto lin T (F, f0 ), then (6.4) would be automatically satisfied since a projection
onto a linear space has to be an element of that space.
σ
(g(Z)) to denote the
So let ε := Y − E(Y |Z), σ 2 (Z) := var(ε|Z) and use Plin
T (F,f )
0

orthogonal projection of g(Z) onto lin T (F, f0 ) using the “weighted” inner product hg1 , g2 iσ :=
E[g1 (Z)g2 (Z)/σ 2 (Z)]. Also define
Z
y 1A1 (y)υ02 (y|z) dy − FY |Z=z (a1 )E(Y |Z = z),
α(z) :=
R

σ
(1A2 (Z)α(Z)).
εσ (z) := 1A2 (z)α(z) − Plin
T (F,f0 )

Observe that εσ (Z) is the residual obtained when 1A2 (Z)α(Z) is projected onto lin T (F, f0 )
using the weighted inner product h·, ·iσ . We claim that
ε
υ ∗ (y|z) = 0.5{1A2 (z)1A1 (y) − 1A2 (z)FY |Z=z (a1 ) − εσ (z) 2 }υ0 (y|z).
(6.5)
σ (z)
To verify that this is indeed the right solution, all we have to do is to check that the
proposed υ ∗ lies in the tangent space lin T (Υ, υ0 ), and that it satisfies (6.2) and (6.4). Let us
first verify that υ ∗ ∈ lin T (Υ, υ0 ). Assuming that E[ε2σ (Z)/σ 2 (Z)] < ∞, it is easy to see that
υ ∗ ∈ L2 (R × SZ ; Leb ×PZ ). Furthermore, by direct calculation we get that
Z
E(ε|z)
υ ∗ (y|z)υ0 (y|z) dy = 0.5{1A2 (z)Fy|z (a1 ) − 1A2 (z)Fy|z (a1 ) − εσ (z) 2
} = 0,
σ (z)
R
since E(ε|Z) = 0 w.p.1. Therefore υ ∗ ∈ lin T (Υ, υ0 ). Next we confirm that υ ∗ satisfies (6.2).
R
So pick υ̇ ∈ lin T (Υ, υ0 ) and let ġ(z) := R y υ̇(y|z)υ0 (y|z) dy. From (6.4) we know that ġ ∈
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R
lin T (F, f0 ). Therefore, using the fact that R υ̇(y|z)υ0 (y|z) dy = 0,
Z
Z
ġ(z)
∗
υ (y|z)υ̇(y|z) dy = 0.5{ 1A2 (z)1A1 (y)υ̇(y|z)υ0 (y|z) dy − εσ (z) 2 }.
σ (z)
R
R
But since εσ (Z) is the residual from a projection onto (lin T (F, f0 ), h·, ·iσ ), it has to be orthogġ(Z)} = 0 for all ġ ∈ lin T (F, f0 ). Hence, taking expectation
onal to lin T (F, f0 ), i.e., E{ σεσ2(Z)
(Z)
on both sides of the previous equation, we have
Z
Z
∗
E{ υ (y|Z)υ̇(y|Z) dy} = 0.5E{ 1A2 (Z)1A1 (y)υ̇(y|Z)υ0 (y|Z) dy},
R

R

∗

i.e., υ satisfies (6.2). Finally, since a little algebra shows that
Z
yυ ∗ (y|Z)υ0 (y|Z) dy = 0.5{1A2 (Z)α(Z) − εσ (Z)}
R
σ
(1A2 (Z)α(Z)) ∈ lin T (F, f0 ),
= 0.5Plin
T (F,f0 )

υ ∗ also satisfies (6.4) and we can conclude that υ ∗ is indeed the desired representer.
Therefore, the efficiency bound for estimating F0 (a1 , a2 ) is given by
Z
Z
∗ 2
∗2
l. b.(F0 (a1 , a2 )) = kτ kF = 4E{ υ (y|Z) dy} + 4
b∗ 2 (z) dz.
SZ

R

But it is straightforward to show that
Z
b∗ 2 (z) dz = var E{1A2 (Z)1A1 (Y )|Z},
4
SZ
Z
4E{ υ ∗ 2 (y|Z) dy} = E{1A2 (Z)FY |Z (a1 )] − E[1A2 (Z)FY2 |Z (a1 )}
R

+ E{

εσ (Z)
ε2σ (Z)
} − 2E{1A2 (Z)α(Z) 2
},
2
σ (Z)
σ (Z)

E{1A2 (Z)FY |Z (a1 )] − E[1A2 (Z)FY2 |Z (a1 )} = E{var(1A2 (Z)1A1 (Y )|Z)},
E{1A2 (Z)α(Z)

ε2σ (Z)
εσ (Z)
}
=
E{
}.
σ 2 (Z)
σ 2 (Z)

Therefore, we obtain that
l. b.(F0 (a1 , a2 )) = F0 (a1 , a2 )[1 − F0 (a1 , a2 )] − E{

ε2σ (Z)
}.
σ 2 (Z)

(6.6)

Observe the form of the bound. From Section 5, we know that F0 (a1 , a2 )[1 − F0 (a1 , a2 )]
is the efficiency bound for estimating F0 (a1 , a2 ) when there are no additional restrictions on
the joint distribution of (Y, Z). The term E{ε2σ (Z)/σ 2 (Z)} may therefore be thought of as the
potential “gain” in estimating F0 (a1 , a2 ) due to the availability of the auxiliary information
z 7→ E(Y |Z = z) ∈ F. It is of some interest to know when this gain is positive; i.e., when does
this extra information about z 7→ E(Y |Z = z) help us estimate the joint cdf better? Clearly,
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E{ε2σ (Z)/σ 2 (Z)} > 0 when the residual εσ (Z) is non-zero with positive probability. Therefore,
the restriction f0 ∈ F will help us “do better” in estimating F0 (a1 , a2 ) provided the set F is such
that the tangent space lin T (F, f0 ) is a proper subspace of L2 (SZ ; PZ ). The following examples
present some interesting illustrations.
Example 6.1. Suppose F = L2 (SZ ; PZ ) so that lin T (F, f0 ) = L2 (SZ ; PZ ). Since z 7→
1A2 (z)α(z) belongs to L2 (SZ ; PZ ), it follows that εσ (Z) = 0. Therefore, the lower bound
for estimating F0 (a1 , a2 ) is just F0 (a1 , a2 )[1 − F0 (a1 , a2 )]. This makes sense because if f0 is
essentially unrestricted, then the best estimator of the joint cdf is the empirical cdf.

Example 6.2. Suppose that F is the set of all linear functions in L2 (SZ ; PZ ). As F is a closed
linear subspace of L2 (SZ ; PZ ), we have that lin T (F, f0 ) = F. Therefore, since F is a proper
subspace of L2 (SZ ; PZ ), εσ (Z) 6= 0 with positive probability and the lower bound for estimating
F0 (a1 , a2 ) is given by (6.6). Observe that here
σ
(1A2 (Z)α(Z)) = E{
Plin
T (F,f0 )

Z 0 1A2 (Z)α(Z)
ZZ 0 −1
}{E
} Z.
σ 2 (Z)
σ 2 (Z)



Example 6.3. Now suppose that F is the set of all additive functions in L2 (SZ ; PZ ), i.e., F
P
consists of functions of the form dj=1 hj (Zj ), where Zj denotes the jth component of Z and
each hj is square integrable with respect to the distribution of Zj . Once again, since F is a
closed linear subspace of L2 (SZ ; PZ ), lin T (F, f0 ) = F, εσ (Z) 6= 0 with positive probability, and
the lower bound for estimating F0 (a1 , a2 ) is given by (6.6). However, unlike previous examples,
σ
(1A2 (Z)α(Z)) is known.
in general no closed form solution for Plin

T (F,f )
0

Example 6.4. Next let SZ be a convex compact subset of R and C 2 (SZ ) the set of all realvalued twice continuously differentiable functions on SZ . Assume that F is set of all concave
functions in C 2 (SZ ). As shown in Tripathi (2000), lin T (F, f0 ) in this case is equal to L2 (SZ ; PZ )
and so εσ (Z) = 0 w.p.1; i.e., concavity of f0 is not helpful, at least asymptotically and in the
class of n1/2 regular estimators of F0 (a1 , a2 ), in estimating F0 (a1 , a2 ) more efficiently. A similar
result holds if we let F denote the set of all increasing functions in C(SZ ).

Example 6.5. Finally, we let SZ be a convex compact subset of Rd such that Zd , the last
component of Z ∈ SZ , is positive and bounded away from zero. F is the set of all functions in
C 2 (SZ ) which are also homogeneous of degree r ∈ R. The degree of homogeneity is assumed
known. As demonstrated in Tripathi (2000), in this case we can show that lin T (F, f0 ) is the
set of all functions in L2 (SZ ; PZ ) which are also homogeneous of degree r (cf. Proposition 8.1).
Since this is a proper subspace of L2 (SZ ; PZ ), εσ (Z) 6= 0 with positive probability and therefore
homogeneity of f0 helps in estimating F0 (a1 , a2 ) more efficiently. Letting W := ( ZZd1 , . . . , ZZd−1
),
d
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it is easy to show that in this example
E{
r

σ
Plin
(1A2 (Z)α(Z)) = Zd
T (F,f0 )

1A2 (Z)α(Z)Zdr

|W }

σ 2 (Z)
Zd2r
E{ σ2 (Z)
|W }

.



7. Functionals of conditional expectations
Consider the conditional expectation function f0 (z) := E(Y |Z = z), where Y is a
random variable with support SY ⊂ R and Z is a SZ -valued random variable with SZ ⊂ Rd .
In general, f0 cannot be estimated by a n1/2 consistent estimator. However, n1/2 estimation
of certain functionals of f0 is indeed possible. In this section, we obtain the lower bound for
R
efficient estimation of one such functional. So let θ0 := D f0 (z)ω(z) dz be the object of interest
where ω is some known “weight” function, D ⊂ SZ is a compact region of integration, and
R 2
ω (z) dz < ∞.
D
An illustration of this setup may be found in Newey and McFadden (1994), where θ0
denotes the approximate change in consumer surplus for a given price change. In their example,
Newey and McFadden assume that Y denotes the quantity demanded, Z the vector of prices,
ω = 1, and that the demand, as a function of the prices, is given by f0 (z) = E(Y |Z = z).
Let us obtain the efficiency bound for estimating θ0 . We will use this bound to show that the
estimator of θ0 in Newey and McFadden (1994) is semiparametrically efficient.
To simplify computations write
Z Z
Z
Z
yυ02 (y|z)ω(z) dy dz,
E(Y |Z = z)ω(z) dz =
f0 (z)ω(z) dz =
θ0 =
D

D

D

SY

1/2
where υ0 := pdf Y |Z and pdf Y |Z is the unknown density of Y |Z. Assume that

2

Z

υ0 ∈ Υ := {υ : SY × SZ → R : υ > 0,
SY

υ 2 (y|Z) dy = 1, υ is bounded and continuous,
Z
and
y 2 υ 2 (y|Z) is bounded w.p.1}.
SY

1/2
Furthermore, let φ0 := pdf Z , where pdf Z is the unknown density of Z, and
Z
d
2
φ0 ∈ Φ := {φ ∈ L2 (SZ ; Leb ) : φ > 0, φ is bounded and continuous,
φ2 (z) dz = 1}.
SZ

Following our usual approach, write pdf Y,Z as υ02 φ20 . For some t0 > 0, let t 7→ (υt , φt ) be
a curve from [0, t0 ] into Υ × Φ which passes through (υ0 , φ0 ) at t = 0. The score for estimating
t = 0 is given by 2(υ̇/υ0 ) + 2(φ̇/φ0 ). Let τ̇ := (υ̇, φ̇) and Ṫ := lin T (Υ, υ0 ) × lin T (Φ, φ0 ). The
elements of τ̇ are the tangent vectors to (υt , φt ) at t = 0, and Ṫ denotes the product tangent
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space. As in Lemmas B.1 and C.1, we can show that
Z
d
lin T (Φ, φ0 ) = {φ̇ ∈ L2 (SZ ; Leb ) :
φ̇(z)φ0 (z) dz = 0}
SZ
Z
lin T (Υ, υ0 ) = {υ̇ ∈ L2 (SY × SZ ; Leb ×PZ ) :
υ̇(y|Z)υ0 (y|Z) dy = 0 w. p. 1}.
SY

R

Hence, using the fact that SY υ̇(y|Z)υ0 (y|Z) dy = 0 w.p.1, it is straightforward to see
that the Fisher information for estimating t = 0 is given by
Z
υ̇(Y |Z) 2
φ̇2 (z) dz
} +4
iF = 4E{
υ0 (Y |Z)
SZ
Z Z
Z
2
2
=4
{
φ̇2 (z) dz.
υ̇ (y|z) dy}φ0 (z) dz + 4
SZ

SY

SZ

Looking at the expression for iF , we can define the Fisher information inner product as
Z
Z Z
2
υ̇1 (y|z)υ̇2 (y|z) dy}φ0 (z) dz + 4
φ̇1 (z)φ̇2 (z) dz,
τ̇1 , τ̇2 ∈ Ṫ.
{
hτ̇1 , τ̇2 iF := 4
SZ

SY

SZ

Note that (Ṫ, h·, ·iF ) is a Hilbert space.
R R
Let ρ(υt , φt ) := D SY yυt2 (y|z)ω(z) dy dz for t ∈ [0, t0 ]. Consequently, only those τ̇ ∈ Ṫ
may be used to calculate iF which also satisfy
Z Z
∇ρ(τ̇ ) = 2
yυ0 (y|z)υ̇(y|z)ω(z) dy dz.
D

SY

Since ∇ρ is a bounded linear functional on the tangent space, by the Riesz-Fréchet theorem
there exists a unique τ ∗ := (υ ∗ , φ∗ ) ∈ Ṫ such that ∇ρ(τ̇ ) = hτ ∗ , τ̇ iF for all τ̇ ∈ Ṫ, i.e.,
Z Z
Z Z
υ ∗ (y|z)υ̇(y|z) dy}φ20 (z) dz
{
yυ0 (y|z)υ̇(y|z)ω(z) dy dz = 4
2
SY
SZ
D SY
Z
+4
φ∗ (z)φ̇(z) dz
∀τ̇ ∈ Ṫ. (7.1)
SZ

Since this holds for all (υ̇, φ̇) ∈ Ṫ, we immediately get that φ∗ = 0. Hence, for all υ̇ ∈
lin T (Υ, υ0 ), (7.1) reduces to
Z Z
Z Z
∗
2
{
υ (y|z)υ̇(y|z) dy}φ0 (z) dz = 0.5 {
[y − f0 (z)]υ0 (y|z)υ̇(y|z)ω(z) dy} dz
SZ

D

SY

Z

SY

Z
{

=
SZ

SY

[y − f0 (z)]υ0 (y|z)ω(z)1D (z)
υ̇(y|z) dy}φ20 (z) dz,
2φ20 (z)
(7.2)

where the first equality follows from the fact that
Z
Z
f0 (z)υ0 (y|z)υ̇(y|z)ω(z) dy = f0 (z)ω(z)
SY

SY

υ0 (y|z)υ̇(y|z) dy = 0.
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Comparing both sides of (7.2), we claim that
υ ∗ (y|z) =

[y − f0 (z)]υ0 (y|z)ω(z)1D (z)
.
2φ20 (z)

Indeed, assuming that supz∈D var(Y |Z = z)ω 2 (z)/φ40 (z) < ∞, it is straightforward to verify
R
that υ ∗ ∈ L2 (SY × SZ ; Leb ×PZ ) and SY υ ∗ (y|z)υ0 (y|z) dy = 0. Hence, we have the right
solution, i.e., τ ∗ = (υ ∗ , 0).
Therefore, the efficiency bound for n1/2 consistent regular estimators of θ0 is given by
[Y − f0 (Z)]2 ω 2 (Z)1D (Z)
}
φ40 (Z)
var(Y |Z)ω 2 (Z)1D (Z)
}.
= E{
φ40 (Z)

l. b.(θ0 ) = kτ ∗ k2F = E{

As is easily verified, upon letting d = 1, D = [a, b], and ω = 1, this is also the asymptotic
variance of the estimator given in Newey and McFadden (1994, p. 2212). Hence, their estimator
is semiparametrically efficient.
The results in this section can be considerably generalized, cf., e.g., Section 16.
8. Partially linear models
Consider the partially linear model
Y = X 0 β0 + µ0 (Z) + ε,

(8.1)

where X is a p × 1 random vector and the unknown function µ0 ∈ L2 (Rd ; PZ ). We assume that
any constant term in X is absorbed in µ0 , so that Eε = 0 without loss of generality, and that
the objects of interest are the slope coefficients β0 ∈ Rp . The efficiency bound for estimating
β0 will be obtained under three different setups that maintain: (i) The strong assumption that
ε is independent of (X, Z). (ii) The weaker assumption that ε is mean independent of (X, Z),
i.e., E[ε|X, Z] = 0 w.p.1. (iii) Various shape restrictions on µ0 .8
8.1. Efficiency bound for β0 when ε is independent of (X, Z). The density of ε, denoted
by pdf ε , is unknown. We assume that h0 := pdf ε1/2 ∈ H, where9
Z
2
H := {h ∈ L2 (R; Leb) : h > 0,
h2 = 1, h is bounded, continuous, and differentiable with
R
Z
0
derivative h ∈ L2 (R; Leb) and
uh2 (u) du = 0}.
R
8Although

(iii) is not related to (i) and (ii), it is interesting to look at for reasons explained in Section 8.3.
population mean of ε was not assumed to be zero in Severini and Tripathi (2001, Section 8). However,
as is evident from the final result, incorporating this restriction does not change the efficiency bound for β0 .
9The
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Note the abuse of notation: h0 denotes the derivative of h and not its transpose (because h
is real-valued). The restrictions in H imply that the density of ε vanishes at infinity, i.e.,
h20 (±∞) = 0.10 This fact will be used subsequently. Let pdf X,Z be the density of (X, Z) with
1/2
respect to some dominating measure γ. We assume that w0 := pdf X,Z is unknown, with
w0 ∈ W := {w ∈ L2 (Rp × Rd ; γ) : w2 > 0, w is bounded and continuous,
Z
w2 (x, z) γ(dx, dz) = 1}.
Rp ×Rd
1/2

Let p0 (y|x, z) := pdf Y |X=x,Z=z (y). Since ε is independent of (X, Z), the joint density of (Y, X, Z)
may be written as
(8.1)

p20 (y|x, z)w02 (x, z) = h20 (y − x0 β0 − µ0 (z)) w02 (x, z).
For some t0 > 0, consider a curve t 7→ (βt , ht , wt , µt ) from [0, t0 ] into Rp × H × W × L2 (Rd ; PZ )
which passes through (β0 , h0 , w0 , µ0 ) at t = 0. Since the joint density for a single observation,
as a function of t, is given by
p2t (y|x, z)wt2 (x, z) := h2t (y − x0 βt − µt (z)) wt2 (x, z),
we can write the score for estimating t = 0 as
∂
{log p2t (y|x, z) + log wt2 (x, z)}
∂t
2ṗ(y|x, z) 2ẇ(x, z)
+
,
=
p0 (y|x, z)
w0 (x, z)

Ṡ(y, x, z) :=

t=0

where ṗ(y|x, z) := ḣ(y − x0 β0 − µ0 (z)) − h00 (y − x0 β0 − µ0 (z))[x0 β̇ + µ̇(z)] and β̇, ḣ, ẇ, µ̇ are
the tangent vectors to βt , ht , wt , µt respectively at t = 0. Let τ̇ := (β̇, ḣ, ẇ, µ̇) and denote
the product tangent space by Ṫ := Rp × lin T (H, h0 ) × lin T (W, w0 ) × L2 (Rd ; PZ ). As in
Lemmas B.1 and C.1, it can be shown that
Z
Z
lin T (H, h0 ) = {ḣ ∈ L2 (R; Leb) :
ḣ(u)h0 (u) du = 0 &
uḣ(u)h0 (u) du = 0}
R
R
Z
p
d
lin T (W, w0 ) = {ẇ ∈ L2 (R × R ; γ) :
ẇ(x, z)w0 (x, z) γ(dx, dz) = 0}.
Rp ×Rd

R u±n
h0 is differentiable on R and its derivative h00 is integrable, h0 (u ± n) − h0 (u ± m) = u±m h00 (v) dv
for all (u, m, n) ∈ R × N × N by Rudin (1974, Theorem 8.21). Therefore, integrability of h00 implies that
R u±n
limm,n→∞ |h0 (u ± n) − h0 (u ± m)| ≤ u±m |h00 (v)| dv = 0 for all u ∈ R. Hence, for all u ∈ R, (h0 (u ± n))n∈N is a
Cauchy sequence in R so that h20 (±∞) := (limn→∞ h0 (0 ± n))2 exists and is finite. Consequently, h20 (±∞) = 0
by Lemma A.2 because h20 is integrable.
10Since
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Since h20 (±∞) = 0, the Fisher information for estimating t = 0 is given by
Z

2

iF := EṠ (Y, X, Z) = 4E{

Z

2

ẇ2 (x, z) γ(dx, dz)

ṗ (y|X, Z) dy} + 4
Rp ×Rd

R

ḣ(ε) − h00 (ε)[X 0 β̇ + µ̇(Z)] 2
= 4E{
} +4
h0 (ε)

Z

ẇ2 (x, z) γ(dx, dz).

Rp ×Rd

For τ̇1 , τ̇2 ∈ Ṫ, the Fisher information inner product is thus
Z
hτ̇1 , τ̇2 iF := 4E{

Z
ṗ1 (y|X, Z)ṗ2 (y|X, Z) dy} + 4

= 4E{

ẇ1 (x, z) ẇ2 (x, z) γ(dx, dz)
Rp ×Rd

R

ḣ1 (ε) − h00 (ε)[X 0 β̇1 + µ̇1 (Z)] ḣ2 (ε) − h00 (ε)[X 0 β̇2 + µ̇2 (Z)]
}{
}
h0 (ε)
h0 (ε)
Z
+4
ẇ1 (x, z) ẇ2 (x, z) γ(dx, dz).

(8.2)

Rp ×Rd

We want to obtain the efficiency bound for estimating β0 . Since β0 is a vector, consider
estimating the functional ρ(βt , ht , wt , µt ) = c0 βt , where c ∈ Rp is arbitrary. Hence,
∇ρ(τ̇ ) = c0 β̇.

(8.3)

Let ψ(u) := d log h20 (u)/du = 2h00 (u)/h0 (u) and S := ψ(ε)[X − E(X|Z)]. It can be shown that
if the p × p matrix ESS 0 exists and is invertible, then ∇ρ is a bounded linear functional on the
product tangent space (Ṫ, h·, ·iF ). We demonstrate this as follows. First, we prove that if11
τ ∗ := (β ∗ , h∗ , w∗ , µ∗ ) := ({ESS 0 }−1 c, 0, 0, −E(X 0 |Z){ESS 0 }−1 c),

(8.4)

then
∇ρ(τ̇ ) = hτ ∗ , τ̇ iF

11Cf.

∀τ̇ ∈ Ṫ.

Severini and Tripathi (2001, Section 8) to see how the guess in (8.4) was obtained.

(8.5)
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Indeed, since X 0 β ∗ +µ∗ (Z) = [X −E(X|Z)]0 {ESS 0 }−1 c from the definition of τ ∗ , we have that12
hτ ∗ , τ̇ iF = 4E{

h∗ (ε) − h00 (ε)[X 0 β ∗ + µ∗ (Z)] ḣ(ε) − h00 (ε)[X 0 β̇ + µ̇(Z)]
}{
}
h0 (ε)
h0 (ε)
Z
+4
w∗ (x, z) ẇ(x, z) γ(dx, dz)

((8.2))

Rp ×Rd

= −E{ψ(ε)[X − E(X|Z)]0 [ESS 0 ]−1 c}{2

ḣ(ε)
− ψ(ε)[X 0 β̇ + µ̇(Z)]}
h0 (ε)

= c0 [ESS 0 ]−1 E{ψ(ε)[X − E(X|Z)]ψ(ε)X 0 }β̇

(ε ⊥
⊥ (X, Z))

= c0 [ESS 0 ]−1 E{ψ(ε)[X − E(X|Z)]ψ(ε)[X − E(X|Z)]0 }β̇
= c0 β̇

(h∗ := 0)

(iterated expectations)
(S := ψ(ε)[X − E(X|Z)])

= ∇ρ(τ̇ ),
where the last equality follows from (8.3). Hence, (8.5) holds. Consequently, by the CauchySchwarz inequality,
|∇ρ(τ̇ )| = |hτ ∗ , τ̇ iF | ≤ kτ ∗ kF kτ̇ kF .
It follows that ∇ρ is a bounded linear function on the tangent space because
Z
h∗ (ε) − h00 (ε)[X 0 β ∗ + µ∗ (Z)] 2
∗ 2
kτ kF = 4E{
} +4
w∗ 2 (x, z) γ(dx, dz)
h0 (ε)
Rp ×Rd
= c0 {ESS 0 }−1 c < ∞,

(8.6)

since ESS 0 is invertible by assumption.
Therefore, the efficiency bound for estimating ρ(β0 , h0 , w0 , µ0 ) = c0 β0 is given by k∇ρk2∗ .
Now, from (8.4), it is immediate that τ ∗ ∈ Ṫ. Hence, by (8.5), τ ∗ is the representer of ∇ρ on
the product tangent space and
(8.6)

k∇ρk2∗ = kτ ∗ k2F = c0 {ESS 0 }−1 c = c0 {Eψ 2 (ε)E var(X|Z)}−1 c.
Since c is arbitrary, the efficiency bound for estimating β0 is given by13
l. b.(β0 ) = {E var(X|Z)}−1 /Eψ 2 (ε).

(8.7)

This bound was obtained by Cuzick (1992), who also constructed an efficient estimator
that achieved the bound.
12Henceforth,

the symbol “⊥
⊥” will be used to indicate stochastic independence. For instance, “ε ⊥
⊥ (X, Z)”
is to be read as “ε is independent of (X, Z).” In contrast, the symbol ‘⊥’ denotes orthogonality, which is weaker
than stochastic independence.
13The denominator Eψ 2 (ε) is just the Fisher information corresponding to the density of ε.
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Example 8.1 (Robinson’s estimator). In a seminal paper, Robinson (1988) proposed a computationally simple two-step estimator of β0 that eliminates µ0 in the first step by a “partialling
out” procedure. Under the assumption that ε is independent of (X, Z), Robinson showed that
the asymptotic variance of his estimator is given by σ 2 {E var(X|Z)}−1 with σ 2 := Eε2 , cf. the
theorem on p. 939 of his paper. If the density of ε decays fast enough in the tails, in particular,
if pdf ε is such that limu→±∞ u pdf ε (u) exists and is finite, so that limu→±∞ u pdf ε (u) = 0 by
Lemma A.2, then 1/Eψ 2 (ε) ≤ σ 2 by (13.2). Hence,
{E var(X|Z)}−1 /Eψ 2 (ε) ≤L σ 2 {E var(X|Z)}−1 .
Therefore, Robinson’s estimator is not semiparametrically efficient. In fact, as in Example 13.1,
it can be shown that Robinson’s estimator will achieve the efficiency bound in (8.7) if and only
d
if ε = N(0, σ 2 ).

8.2. Efficiency bound for β0 when ε is mean independent of (X, Z). In this section, we
use the approach of Severini and Tripathi (2012b) to derive the efficiency bound for estimating
the finite dimensional parameters in partially linear models under conditional mean restrictions.
Specifically, in this section we derive the efficiency bound for estimating β0 in (8.1) when ε is
mean independent of (X, Z), i.e., E[ε|X, Z] = 0 w.p.1, so that β0 and µ0 are identified via the
conditional moment restriction
E[Y − X 0 β0 − µ0 (Z)|X, Z] = 0 w. p. 1 .

(8.8)

The one dimensional parametric submodel corresponding to (8.8) is
Et [Y − X 0 βt − µt (Z)|X, Z] = 0

w. p. 1,

(8.9)

where (βt , µt ) is a curve in Rp × L2 (Z) through (β0 , µ0 ) at t = 0, and Et denotes conditional
expectation with respect to a version of pdf Y |X,Z parameterized by t. Differentiating (8.9) with
respect to t and evaluating the resulting derivatives at t = 0, we have that
PL2 (X,Z) (g Ṡ) := E[g Ṡ|X, Z] = X 0 β̇ + µ̇(Z)

w. p. 1,

(8.10)

where g := g(Y, X, Z) := Y − X 0 β0 − µ0 (Z), Ṡ := Ṡ(Y, X, Z) ∈ L2 (Y, X, Z) ∩ L2 (X, Z)⊥ is
the score corresponding to pdf Y |X,Z , and β̇ ∈ Rp and µ̇ ∈ L2 (Z) are tangents to βt and µt
respectively at t = 0. Thus, the tangent space of scores is cl(Ṁ), where
Ṁ := {Ṡ ∈ L2 (Y, X, Z) ∩ L2 (X, Z)⊥ : PL2 (X,Z) (g Ṡ) ∈ span{X (1) , . . . , X (p) } + L2 (Z)}. (8.11)
Note that since span{X (1) , . . . , X (p) } is finite dimensional and L2 (Z) is complete, Ṁ is closed,
i.e., cl(Ṁ) = Ṁ.
We want the efficiency bound for estimating ρ(log pdf Y |X,Z ) := c0 β0 , where c ∈ Rp is
arbitrary. By considering one-dimensional parametric submodels satisfying ρ(log pdf Y |X,Z ) =
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c0 β0 , it follows that the pathwise derivative of ρ satisfies the condition
∇ρ(Ṡ) = c0 β̇,

Ṡ ∈ L2 (Y, X, Z) ∩ L2 (X, Z)⊥ .

(8.12)

Let us recover β̇ in terms of Ṡ. To do so, first note that (8.10) implies that
PL2 (Z)⊥ PL2 (X,Z) (g Ṡ) = PL2 (Z)⊥ (X)0 β̇,

Ṡ ∈ Ṁ,

(8.13)

where PL2 (Z)⊥ PL2 (X,Z) := PL2 (Z)⊥ ◦ PL2 (X,Z) and PL2 (Z)⊥ (X) := X − E[X|Z]. We assume that X is not perfectly predictable by Z so that PL2 (Z)⊥ (X) = 0 w.p.0. Next, let
A(X, Z) ∈ L2 (X, Z) be a r × 1 vector of functions, r ≥ p, such that the r × p matrix
B := E[A(X, Z)PL2 (Z)⊥ (X)0 ] has full column rank.14 Then, since (B + B)β̇ = β̇ because B
has full column rank, for all Ṡ ∈ Ṁ we have that
(8.13) =⇒ E[A(X, Z)PL2 (Z)⊥ PL2 (X,Z) (g Ṡ)] = E[A(X, Z)PL2 (Z)⊥ (X)0 ]β̇
=⇒ β̇ = B + E[APL2 (Z)⊥ PL2 (X,Z) (g Ṡ)],

(8.14)

where B + is the Moore-Penrose generalized inverse of B and A := A(X, Z). Hence, by (8.12)
and (8.14),
∇ρ(Ṡ) = c0 B + E[APL2 (Z)⊥ PL2 (X,Z) (g Ṡ)]

(Ṡ ∈ Ṁ)

=: hc0 B + A, PL2 (Z)⊥ PL2 (X,Z) (g Ṡ)i
= hPL2 (Z)⊥ (c0 B + A), PL2 (X,Z) (g Ṡ)i
= hPL2 (X,Z) PL2 (Z)⊥ (c0 B + A), g Ṡi
= hPL2 (Z)⊥ (c0 B + A), g Ṡi
= hgPL2 (Z)⊥ (c0 B + A), Ṡi
= hgPL2 (Z)⊥ (c0 B + A), PṀ (Ṡ)i
= hPṀ (gPL2 (Z)⊥ (c0 B + A)), Ṡi.

(8.15)

Therefore, ∇ρ is bounded on the tangent space provided E[PṀ (gPL2 (Z)⊥ (c0 B + A))]2 < ∞.
Hence, the (finite) efficiency bound for estimating ρ(log pdf Y |X,Z ) is given by the squared norm
of its pathwise derivative, i.e., by
k∇ρk2∗ :=

sup
{Ṡ∈Ṁ:Ṡ6=0}

(8.15)

|∇ρ(Ṡ)| = E[PṀ (gPL2 (Z)⊥ (c0 B + A))]2 .

So it remains to determine E[PṀ (gPL2 (Z)⊥ (c0 B + A))]2 .
14For

instance, we can let A(X, Z) := W (X, Z)PL2 (Z)⊥ (X), where W (X, Z) is a real-valued weight function
that is positive w.p.1. Then, the p × p matrix B = E[W (X, Z)PL2 (Z)⊥ (X)PL2 (Z)⊥ (X)0 ] has full rank because
X is not perfectly predictable by Z.
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Let f := f(X, Z) := 1/E[g 2 |X, Z] and P f denote orthogonal projection using the
weighted inner product ha, bif := E[fab] = hfa, bi. Then, for f ∈ L2 (Y, X, Z),
PṀ (f )

Lemma D.1

=

f − E[f |X, Z] − gf[PLf2 (Z)⊥ PL2 (X,Z) (gf ) − PLf2 (Z)⊥ (X)0 V −1 Qf ],

where PLf2 (Z)⊥ (X) denotes element by element projection of X onto L2 (Z)⊥ using the weighted
inner product h·, ·if , V := E[fPLf2 (Z)⊥ (X)PLf2 (Z)⊥ (X)0 ] exists and is invertible, and Qf :=
E[XfPLf2 (Z)⊥ PL2 (X,Z) (gf )]. We can use this result to show that
PṀ (gPL2 (Z)⊥ (c0 B + A))

Lemma D.2

=

gfPLf2 (Z)⊥ (X 0 )V −1 c.

Hence, the efficiency bound for estimating c0 β0 is given by
k∇ρk2∗ = E[PṀ (gPL2 (Z)⊥ (c0 B + A))]2
= c0 V −1 E[g 2 f2 PLf2 (Z)⊥ (X)PLf2 (Z)⊥ (X 0 )]V −1 c
= c0 V −1 E[E(g 2 |X, Z)f2 PLf2 (Z)⊥ (X)PLf2 (Z)⊥ (X 0 )]V −1 c
= c0 V −1 E[fPLf2 (Z)⊥ (X)PLf2 (Z)⊥ (X 0 )]V −1 c
= c0 V −1 c,
where the last equality follows from the definition of V .
Since c ∈ Rp is arbitrary, it follows that the efficiency bound for estimating β0 is
l. b.(β0 ) = V −1 = (E[fPLf2 (Z)⊥ (X)PLf2 (Z)⊥ (X)0 ])−1 .

(8.16)

The expression for the efficiency bound can be further simplified by noting that
PLf2 (Z) (f ) =

E[ff |Z]
.
E[f|Z]

(8.17)

Example 8.2 (Example 8.1 contd.). As noted by Chamberlain (1992b, p. 570), if ε is homoscedastic with respect to (X, Z), i.e., f = constant =: 1/σ 2 , then the efficiency bound in
(8.16) coincides with the asymptotic variance of Robinsons’s estimator even though Robinson
maintains the stronger assumption that ε is independent of (X, Z). Indeed,
(8.17)

f = 1/σ 2 =⇒ PLf2 (Z) (X) = E[X|Z]
(8.16)

=⇒ l. b.(β0 ) = σ 2 (E[(X − E[X|Z])(X − E[X|Z])0 ])−1 .



The bound in (8.16) was first obtained by Chamberlain (1992b, Eq. (1.9), p. 569) as
a special case of a conditional moment restrictions model containing both finite and infinite
dimensional (i.e., unknown functions) parameters. Chamberlain’s setup is general enough to
include, e.g., sample selection models, partially linear additive models, and panel data random
coefficient models.
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A limitation of Chamberlain (1992b) is that the unknown functions in his conditional
moment restrictions model are not allowed to take endogenous arguments. Consequently, his
setup cannot handle (8.1) when some or all components of Z, and possibly X, are correlated
with ε. Obtaining the efficiency bound for β0 in this case is technically challenging because
(8.1) is “ill-posed” in this setting, cf. Section 16. In recent work, Severini and Tripathi (2012b)
assume the existence of instrumental variables W such that E[ε|W ] = 0 w.p.1. In other words,
they identify β0 and µ0 from the conditional moment restriction E[Y − X 0 β0 − µ0 (Z)|W ] = 0
w.p.1 and show that the efficiency bound for estimating β0 is given by
l. b.(β0 )

X, Z endog.

f
f
0 −1
= (E[f(PR(H)
,
⊥ D)(PR(H)⊥ D) ])

(8.18)

where f := E[ε2 |W ], H : L2 (Z) → L2 (W ) is the conditional expectation operator (Hh)(W ) :=
E[h(Z)|W ], and D := E[X|W ]. Notice the similarity between (8.16) and (8.18). Indeed, (8.18)
reduces to (8.16) if there are no endogenous regressors, i.e., W = (X, Z). Severini and Tripathi
(2012b) also propose a “partialling out” estimator of β0 in the spirit of Robinson (1988) that
attains the efficiency bound.
Estimation of partially linear models where the unknown function takes on endogenous
arguments is also considered by Ai and Chen (2003) and Florens, Johannes, and van Bellegem
(2005). The endogenous nonparametric instrumental variables setup of Ai and Chen (2003)
and the efficiency bounds derived there are very general, subsuming Chamberlain (1992b) as
a special case, and their sieve minimum distance estimator can achieve the efficiency bound
even when it is not available in closed form. Extensions to Ai and Chen (2003) that allow for
non-smooth moment functions can be found in Chen and Pouzo (2009, 2012).
8.3. Efficiency bounds for β0 under shape restrictions. Semiparametric estimation of β0
when µ0 belongs to F, a set of functions satisfying only some smoothness properties has been
studied extensively, cf. the references in Sections 8.1 and Section 8.2. However, when dealing
with economic data, the functions in F often have to satisfy certain shape restrictions imposed
by economic theory, such as homogeneity, concavity or monotonicity, besides smoothness. As
pointed out by Matzkin (1994, p. 2525), imposing shape restrictions may lead to a reduction
in the variance of parameter estimators. Omitting shape restrictions, when economic theory
demands otherwise, can lead to inefficient estimation procedures thus reducing the power of
subsequent statistical analysis.
In this section, we obtain the efficiency bounds for estimating β0 when F is a collection
of shape restricted functions. As in Rilstone (1993), the bounds that we obtain are “local”
in nature since we specify the distribution of the error term to be gaussian. In particular,
d
throughout this section we assume that ε = N(0, σ02 ) and ε is independent of (X, Z). Imposition
of normality here is a convenient assumption that allows us to focus on the main object of our
investigation, namely, shape restrictions and their effect upon efficiency bounds. The parameter
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σ02 may be known or unknown. Since β0 is ancillary to σ02 , the efficiency bound for estimating
it remains unchanged whether σ02 is known or not (Newey, 1990c, p. 109).
Following the approach in Section 8.1, it is straightforward to show that the efficiency
bound for estimating β0 when µ0 ∈ F is given by
l. b.(β0 ) = σ02 [E(X − Plin T (F,µ0 ) (X))(X − Plin T (F,µ0 ) (X))0 ]−1 .

(8.19)

Therefore, the bound is determined by Plin T (F,µ0 ) . In subsequent sections, we show how various
shape restrictions affect this projection. It is assumed throughout that EkXk2 < ∞.
8.3.1. µ0 is homogeneous. We begin by describing the efficiency bound for estimating β0 , when
the only information we have about µ0 is that it is homogeneous of degree r, where r is known.
Recall that µ : SZ → R is said to be homogeneous of degree r ∈ R if µ(λz) = λr µ(z) for all
λ > 0 and z ∈ SZ .
Proposition 8.1. Let SZ be a convex compact subset of Rd such that the last coordinate of
Z := (Z1 , . . . , Zd )d×1 ∈ SZ is bounded away from zero.15 Also, let Fhdr ⊂ C 2 (SZ ) and Ghdr ⊂
L2 (SZ ) denote functions which are homogeneous of degree r. Then,
lin T (Fhdr , µ0 ) = lin Fhdr = Ghdr
(8.20)

Plin T (Fhdr ,µ0 ) (X) = PGhdr (X) =

(8.20)
Zdr E (XZdr | ZZd1 , . . . , ZZd−1
)
d
E (Zd2r | ZZd1 , . . . , ZZd−1
)
d

.

(8.21)

Since the efficiency bound for β0 is determined by an orthogonal projection onto a proper
subspace of L2 (SZ ), there is an efficiency gain due to homogeneity of µ0 . This is not surprising
because the efficiency bound for β0 when homogeneity is not imposed on µ0 is obtained by an
orthogonal projection onto L2 (SZ ). But what about the magnitude of this gain?
i.i.d.

d

Example 8.3. Let Y = Xβ0 + µ0 (Z) + ε, where X, Z = Uniform(1, 2), ε = N(0, 1), and µ0
is linearly homogeneous. Since µ0 is homogeneous of degree one, use d = r = 1 in (8.21) and
(8.19) to see that the efficiency bound for estimating β0 is 6.1. However, if homogeneity is not
imposed upon µ0 , the bound almost doubles to 12.

8.3.2. µ0 is concave. The efficiency bound for estimating β0 when µ0 is a concave function is
an immediate consequence of the following result.
Proposition 8.2. Let SZ be a convex compact subset of Rd and µ0 ∈ Fconcv ⊂ C 2 (SZ ), where
Fconcv denotes the set of concave functions. Then, lin T (Fconcv , µ0 ) = L2 (SZ ).
by

Hence, by (8.19), the efficiency bound for estimating β0 when µ0 is concave is given
− E(X|Z))(X − E(X|Z))0 ]−1 . But the same bound would be obtained if the only

σ02 [E(X

15Bounding

Zd away from zero ensures that the projection is well defined for r ∈ R.
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information we had about µ0 was that it belonged to L2 (SZ ). Hence, for the class of n1/2 regular estimators of β0 , concavity of µ0 does not asymptotically help in estimating β0 more
efficiently.16 However, this result leaves open the possibility that we could do better in the
presence of concavity if we looked at non-regular estimators of β0 .
8.3.3. µ0 is decreasing. Next we look at the case when µ0 is decreasing. Since monotonicity in
a multivariate setting is difficult to characterize, we confine ourselves to the one dimensional
case, i.e., d = 1. Nonetheless, the result here is very similar to Proposition 8.2.
Proposition 8.3. Let SZ be a compact interval in R and µ0 ∈ Fdecr ⊂ C 1 (SZ ), where Fdecr
denotes the set of decreasing functions. Then, lin T (Fdecr , µ0 ) = L2 (SZ ).
As in Section 8.3.2, we conclude that in the class of all n1/2 -regular estimators of β0 ,
the knowledge that µ0 is decreasing does not help us estimate β0 more efficiently, at least
asymptotically.17 The possibility that monotonicity of µ0 could help in estimating β0 more
efficiently in some class of non-regular estimators remains to be investigated.
It is useful to note that regular estimators of β0 exclude those estimators which impose
concavity, or monotonicity, upon µ0 . The intuition behind it is that such estimators would
require inequality restrictions to be imposed upon estimators of the unknown functional form
in the model, and this would destroy their regularity. This is best illustrated in parametric
models with inequality restrictions on the nuisance parameters, where an estimator of the
parameter of interest is obtained by truncating the estimator of the nuisance parameter into its
parameter space. Although this procedure destroys regularity by introducing a discontinuity in
the asymptotic distribution of the estimator sequence, it leads to improved estimators; namely,
under inequality restrictions one can construct, at least in parametric models, truncated, but
non-regular, estimator sequences that improve the performance of any regular estimator of the
parameter of interest. However, as van der Vaart (1989, p. 1492) points out, this seems to be an
unresolved problem for semiparametric models. In light of these remarks, imposing regularity
on estimators of β0 , when µ0 is concave or monotone, may be overly restrictive. On the other
hand, it is not clear how the efficiency results of van der Vaart (1989) could be extended in the
absence of a regularity requirement on estimator sequences.
In short, the issue of whether, and how, concavity and monotonicity of µ0 can, in large
samples, help in the estimation of β0 within a class of estimators distinct from the usual “n1/2 consistent and regular” estimators, remains open and merits further research.
16This
17This

conclusion does not change if “concavity” is replaced by “convexity”.
result remains unchanged if the word “decreasing” is replaced by “increasing”.
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9. Binary choice models
In this section, we obtain the efficiency bounds for estimating the slope coefficients in
a binary choice model. Let Y ∗ := X 0 β0 − ε, where β0 ∈ Rp and ε is continuously distributed
with full support on R. The response Y ∗ is latent. Instead, we observe the binary outcome


1 if Y ∗ ≥ 0
1 if ε ≤ X 0 β
0
Y :=
=
0 otherwise 0 otherwise.
In Section 9.1, we derive the efficiency bound for estimating β0 when the regressors are
exogenous and pdf ε|X (which is unknown) satisfies an index restriction. Next, in Section 9.2,
we derive the bound for β0 under alternative assumptions that allow for endogenous regressors.
9.1. Efficiency bound for β0 under an index restriction. Following Klein and Spady
(1993), we impose the index restriction that the unknown conditional density of ε|X depends
1/2
upon X only through X0 := X 0 β0 , i.e., γ0 (·|X0 ) := pdf ε|X (·) w.p.1. The latent model error ε
is not required to have mean zero, so X contains no constant term. The objective is to obtain
the efficiency bounds for estimating the slope coefficients β0 . To identify β0 , we assume that
ek , the kth quantile (0 < k < 1) of γ02 , is known,18 and that
Z

2

γ0 ∈ Γ := {γ : R × supp(X0 ) → R : γ > 0,

γ 2 (u|X0 ) du = 1, γ is bounded and continuous,
R
Z ek
γ 2 (u|X0 ) du = k w. p. 1}.
−∞

1/2
The marginal Lebesgue density of X is unknown, with b0 := pdf X and

b0 ∈ B := {b ∈ L2 (Rp ; Lebp ) : b2 > 0, b is bounded and continuous,

Z

b2 (x) dx = 1}.

Rp

Hence, the joint density for a single observation can be written as a20 (y|x)b20 (x), where
ε|X=x

ε|X=x

(x0 β0 )]y [1 − F0
(x0 β0 )]1−y ,
(y, x) ∈ {0, 1} × supp(X),
Re
ε|X=x
x0 := x0 β0 , and F0
(e) := −∞ γ02 (u|x0 ) du.19 Let t 7→ (βt , γt , bt ) be a curve into Rp × Γ × B
which passes through (β0 , γ0 , b0 ) at t = 0. As a function of t, the joint density for a single
observation is
a20 (y|x) := [F0

ε|X=x

a2t (y|x) b2t (x) := [Ft
18This
19Note

ε|X=x

(x0 βt )]y [1 − Ft

is the sense in which the regressors are exogenous.
ε|X=x
that F0
depends on x only through x0 .

(x0 βt )]1−y b2t (x),
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ε|X=x

where Ft

(x0 βt ) :=

Ṡ(y, x) :=
=

R x0 β t
−∞

γt2 (u|x0 βt ) du. The score function for estimating t = 0 is thus

∂
{log a2t (y|x) + log b2t (x)} t=0
∂t
R x0
ε|X=x
γ̇(u|x0 )γ0 (u|x0 ) du]
[y − F0
(x0 )][γ02 (x0 |x0 )x0 β̇ + 2 −∞
ε|X=x
F0
(x0 )[1

−

ε|X=x
F0
(x0 )]

+

2ḃ(x)
,
b0 (x)

where (β̇, γ̇, ḃ) are the tangents to (βt , γt , bt ) at t = 0. Let τ̇ := (β̇, γ̇, ḃ) and denote the product
tangent space by Ṫ := Rp × lin T (Γ, γ0 ) × lin T (B, b0 ). From Lemma E.1, we have
Z
lin T (Γ, γ0 ) = {γ̇ ∈ L2 (R × supp(X0 ); Leb ×PX0 ) :
R

γ̇(u|X0 )γ0 (u|X0 ) du = 0 and
Z ek
γ̇(u|X0 )γ0 (u|X0 ) du = 0 w. p. 1},
−∞

and as in Lemma B.1 it can be shown that
p

p

Z

lin T (B, b0 ) = {ḃ ∈ L2 (R ; Leb ) :

ḃ(x)b0 (x) dx = 0}.
Rp

ε|X

Using the fact that E{Y − F0 (X0 )|X} = 0 w.p.1, it is straightforward to see that the
Fisher information for estimating t = 0 is given by
R X0
Z
0
2
(X
|X
)X
β̇
+
2
γ̇(u|X0 )γ0 (u|X0 ) du 2
γ
0
0
0
−∞
2
q
} +4
ḃ2 (x) dx.
iF := EṠ (Y, X) = E{
ε|X
ε|X
Rp
F0 (X0 )[1 − F0 (X0 )]
The Fisher inner product is thus
RX
γ02 (X0 |X0 )X 0 β̇1 + 2 −∞0 γ̇1 (u|X0 )γ0 (u|X0 ) du
q
hτ̇1 , τ̇2 iF := E[{
}
ε|X
ε|X
F0 (X0 )[1 − F0 (X0 )]
RX
Z
γ02 (X0 |X0 )X 0 β̇2 + 2 −∞0 γ̇2 (u|X0 )γ0 (u|X0 ) du
q
×{
}] + 4
ḃ1 (x)ḃ2 (x) dx,
ε|X
ε|X
Rp
F0 (X0 )[1 − F0 (X0 )]

τ̇1 , τ̇2 ∈ Ṫ.

We want the efficiency bound for β0 . Since β0 is a vector, consider estimating the
functional ρ(βt , γt , bt ) = c0 βt , where c ∈ Rp is arbitrary. Hence,
∇ρ(τ̇ ) = c0 β̇.

(9.1)

It can be shown that if the p × p matrix
Ω(X0 ) :=

γ04 (X0 |X0 ) var(X|X0 )
ε|X

ε|X

F0 (X0 )[1 − F0 (X0 )]
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exists and EΩ(X0 ) is invertible,20 then ∇ρ is bounded on the tangent space. To show this, we
proceed as follows. Let21
β ∗ := [EΩ(X0 )]−1 c,

b∗ := 0,

γ ∗ (·|X0 ) := γ1∗ (·|X0 )1(ek ≤ X0 ) + γ2∗ (·|X0 )1(ek > X0 ),

(9.2)

where


0


 γ 2 (X0 |X0 )E(X 0 β ∗ |X0 )γ0 (u|X0 )
0
R
γ1∗ (u|X0 ) := −
2 eX0 γ02 (u|X0 ) du

k


 γ02 (X0 |X0R)E(X 0 β ∗ |X0 )γ0 (u|X0 )
2

γ2∗ (u|X0 ) :=

∞
X0

γ02 (u|x0 ) du

 2
γ0 (X0 |X0 )E(X 0 β ∗ |X0 )γ0 (u|X0 )

R X0 2
−


2 −∞
γ0 (u|X0 ) du
 2
0 ∗
γ0 (X0 |X0 )E(X β |X0 )γ0 (u|X0 )
Re
2 Xk γ02 (u|X0 ) du





0

if −∞ < u ≤ ek
if ek < u ≤ X0
if X0 < u < ∞
if −∞ < u ≤ X0
if X0 < u ≤ ek

0

if ek < u < ∞.

Then, we claim that
∇ρ(τ̇ ) = hτ ∗ , τ̇ iF

∀τ̇ ∈ Ṫ.

(9.3)

To show (9.3), begin by observing that

Z

X0

γ ∗ (u|X0 )γ0 (u|X0 ) du = −0.5γ02 (X0 |X0 )E(X 0 β ∗ |X0 ).

(9.4)

−∞

20Invertibility

of EΩ(X0 ) is implied by the assumption that the conditional density of X|X0 exists. Indeed,
if EΩ(X0 ) is singular, then there exists d ∈ Rp \ {0} such that EΩ(X0 )d = 0p×1 . Hence, d0 EΩ(X0 )d = 0 which
ε|X
ε|X
implies that X 0 d = E[X 0 d|X0 ] w.p.1, because γ02 /F0 [1 − F0 ] > 0. This means that, given X0 , the random
vector X puts all its mass in a proper subspace of Rp . Consequently, γ0 , the conditional density of X|X0 ,
cannot exist, which is contrary to what we have assumed.
21Cf. Severini and Tripathi (2001, Section 11) to see how the guess in (9.2) was obtained.

46

Hence, by (9.2), (9.4), and iterated expectations,
RX
γ02 (X0 |X0 )X 0 β ∗ + 2 −∞0 γ ∗ (u|X0 )γ0 (u|X0 ) du
∗
q
hτ , τ̇ iF = E[{
}
ε|X
ε|X
F0 (X0 )[1 − F0 (X0 )]
RX
Z
γ02 (X0 |X0 )X 0 β̇ + 2 −∞0 γ̇(u|X0 )γ0 (u|X0 ) du
q
×{
}] + 4
b∗ (x)ḃ(x) dx
p
ε|X
ε|X
R
F0 (X0 )[1 − F0 (X0 )]
R X0
γ02 (X0 |X0 )[X − E(X 0 |X0 )]0 β ∗ γ02 (X0 |X0 )X 0 β̇ + 2 −∞ γ̇(u|X0 )γ0 (u|X0 ) du
q
= E[{ q
}{
}]
ε|X
ε|X
ε|X
ε|X
F0 (X0 )[1 − F0 (X0 )]
F0 (X0 )[1 − F0 (X0 )]
= β ∗ 0 E[{
= β ∗ 0 E[{

γ04 (X0 |X0 )[X − E(X|X0 )]X 0

}β̇
ε|X
ε|X
F0 (X0 )[1 − F0 (X0 )]
γ04 (X0 |X0 )[X − E(X|X0 )][X − E(X|X0 )]0
ε|X

ε|X

F0 (X0 )[1 − F0 (X0 )]

}β̇

= β ∗ 0 [EΩ(X0 )]β̇
= c0 β̇
= ∇ρ(τ̇ ),
where the last equality follows by (9.1). Thus, (9.3) holds. Consequently, by Cauchy-Schwarz,
|∇ρ(τ̇ )| = |hτ ∗ , τ̇ iF | ≤ kτ ∗ kF kτ̇ kF .
It follows that ∇ρ is a bounded linear function on the tangent space because
RX
Z
(γ02 (X0 |X0 )X 0 β ∗ + 2 −∞0 γ ∗ (u|X0 )γ0 (u|X0 ) du)2
∗ 2
kτ kF = E[
]+4
b∗ 2 (x) dx
ε|X
ε|X
F0 (X0 )[1 − F0 (X0 )]
Rp
= c0 [EΩ(X0 )]−1 c < ∞,

(9.5)

since EΩ(X0 ) is invertible by assumption.
Therefore, the (finite) efficiency bound for estimating ρ(β0 , γ0 , b0 ) = c0 β0 is given by
k∇ρk2∗ . Since a direct calculation shows that
Z ∞
Z ek
∗
γ (u|X0 )γ0 (u|X0 ) du = 0 &
γ ∗ (u|X0 )γ0 (u|X0 ) du = 0 =⇒ γ ∗ ∈ lin T (Γ, γ0 ),
−∞

−∞

we conclude that τ ∗ ∈ Ṫ. Hence, by (9.3), τ ∗ is the representer of ∇ρ on the product tangent
(9.5)

space and k∇ρk2∗ = kτ ∗ k2F = c0 [EΩ(X0 )]−1 c. Since c ∈ Rp is arbitrary, it follows that the
efficiency bound for estimating β0 is given by
l. b.(β0 ) = [EΩ(X0 )]−1 .

(9.6)
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Utilizing different arguments, efficiency bounds for slope coefficients in the binary choice
model have been obtained by Chamberlain (1986, Section 5) and Cosslett (1987, Section 3)
under the assumption that ε is independent of X. If ε is independent of X, then the bound
in (9.6) reduces to that obtained by Chamberlain and Cosslett, which matches the asymptotic
variance of the estimator proposed by Klein and Spady (1993). Efficiency bounds for semiparametric multinomial choice models under independence and index restrictions can be found
in Thompson (1993) and Lee (1995), respectively. Efficient estimation in these models still
appears to be an open problem since the estimator of Lee fails to achieve the efficiency bound
due to the trimming required to implement the estimator. Coppejans (2007) has derived the
efficiency bound for semiparametric ordered response models under independence restrictions
and proposed an efficient estimator.
9.2. Efficiency bound for β0 under alternative assumptions. In this section, we describe
the efficiency bounds for estimating binary choice models under certain assumptions that allow
for endogenous regressors. These type of assumptions, introduced in the literature by Lewbel
(1998), are often referred to as “special regressor” assumptions. Cf. Lewbel (2012) for more
on their use in identifying and estimating binary choice and other latent variables models.
Lewbel (2000) considered the binary choice model
Y = 1(V + X 0 β0 − ε > 0),

(9.7)

where the explanatory variables in X are allowed to be correlated with ε, and V is a continuously
distributed “special regressor” in his terminology whose regression coefficient is normalized to
unity. Following Lewbel (2000), Magnac and Maurin (2007, Assumption L, p. 79) assumed the
existence of a vector of instrumental variables Z, containing the excluded instruments as well
as those coordinates of X that are uncorrelated with ε, such that the following conditions are
satisfied: (i) given (X, Z), the error term ε is independent of V , i.e., pdf ε|V,X,Z = pdf ε|X,Z ,22
(ii) the support of −X 0 β0 + ε is a subset of the support of V , and (iii) the instruments are
orthogonal to ε, i.e., E[Zε] = 0.
Under (i), (ii), (iii) and some additional regularity conditions, cf. Assumption R, p. 79
of their paper, Magnac and Maurin (Lemma 2) showed that β0 was identified by the unconditional moment restriction E[Z(Ỹ − X 0 β0 )] = 0, where Ỹ := (Y − 1(V > 0))/ pdf V |X,Z (V ).23
Furthermore, Magnac and Maurin (Section 4, Proposition 7) also showed that under (i), (iii),
and the regularity conditions in Assumption R of their paper, the efficiency bound for β0 based
on the unconditional moment restriction E[Z(Ỹ −X 0 β0 )] = 0 is given by (E[XZ 0 ]Vπ−1 E[ZX 0 ])−1 ,
where Vπ := E[ZZ 0 (Ỹ − E[Ỹ |V, X, Z] + E[Ỹ |X, Z] − X 0 β0 )2 ]. Magnac and Maurin used this
22Hence,

Z cannot contain V .
same identification result was obtained by Lewbel (2000, Theorem 10 , p. 154) under the assumption
that (ε, X) is independent of V given Z, which is stronger than (i) of Magnac and Maurin (2007).
23The
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result to conclude that the inverse conditional density weighted estimator of Lewbel (2000)
attained their efficiency bound. Cf. Jacho-Chávez (2009) for more on these types of results.
In recent work, Severini and Tripathi (2013) derive the efficiency bound for estimating
β0 in (9.7) under (i) and a stronger version of (iii), namely, that E[ε|Z] = 0 w.p.1, i.e., the
instruments are exogenous with respect to ε in the usual sense.24 They show that if (i) holds
and E[ε|Z] = 0 w.p.1, then the efficiency bound for estimating β0 is given by
l. b.(β0 ) = (E[(Ψ − Pcl(Ṫ) (Ψ))(Ψ − Pcl(Ṫ) (Ψ))0 ])−1 ,
where Ψ := ∆(Y, V, X, Z) pdf ε|X,Z (V0 )X, V0 := V + X 0 β0 ,
∆(Y, V, X, Z) :=

Y
Fε|X,Z (V0 )

−

1−Y
1 − Fε|X,Z (V0 )

with Fε|X,Z := cdf ε|X,Z , and
Ṫ := {∆E[Y S|X, Z] ∈ L2 (Y, V, X, Z) : S ∈ L2 (ε, X, Z) ∩ L2 (X, Z)⊥ & E[εS|Z] ∈ C}
C := {E[εg|Z] : g ∈ L2 (V, X, Z) ∩ L2 (Z)⊥ }.
Khan and Tamer (2010, Theorem 3.1) have shown that the efficiency bound for estimating parameters in the binary choice model of Lewbel (2000) can be infinite unless additional
regularity conditions are imposed. Their result implies that n1/2 -consistent estimation of the
parameters in Lewbel (2000) may not be possible without additional regularity assumptions.
10. Density weighted average derivatives
Let f0 (Z) := E(Y |Z), where Y is a random variable with support SY ⊂ R and Z is a
random vector with convex support SZ ⊂ Rd and unknown Lebesgue density pdf Z . Assume
that
Z
1/2
2
2
:=
:=
φ0
pdf Z ∈ Φ
{φ : SZ → R : φ > 0, φ (bdry(SZ )) = 0,
φ2 = 1, φ is bounded and
SZ

continuously differentiable with bounded derivatives}.
In this section, we obtain efficiency bounds for estimating the density weighted average derivatives θ0 := E{φ20 (Z)(∇z f0 )(Z)}, where ∇z f0 denotes the gradient of f0 with respect to z.
Estimation of density weighted average derivatives and their usefulness in microeconometrics is
discussed in Powell, Stock, and Stoker (1989). We will use the result obtained here to conclude
that the estimator of θ0 proposed in their paper is semiparametrically efficient.
24Cf.

Khan and Nekipelov (2008) for a similar exercise.
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Let υ0 (y|z) := pdf Y |Z=z (y) and assume that υ0 ∈ Υ, where
Z

2

Υ := {υ : SY × SZ → R : υ > 0,
SY

υ 2 (y|z) dy = 1, υ is bounded and continuous,
Z
y 2 υ 2 (y|z) dy are bounded}.
∇z υ and
R

Using this notation we can write the object of interest as
Z
Z
2
θ0 = E{φ0 (Z)(∇z f0 )(Z)} =
{∇z
yυ02 (y|z) dy}φ40 (z) dz.
SZ

SY

Since θ0 is a d × 1 vector, we obtain the efficiency bound for estimating c0 θ0 where c ∈ Rd is
arbitrary, i.e., we let
Z
Z
0
ρ(υ0 , φ0 ) :=
{c ∇z
yυ02 (y|z) dy}φ40 (z) dz
SZ

SY

denote the real-valued functional to be estimated.
As before, for some t0 > 0 let t 7→ (υt , φt ) be a curve from [0, t0 ] into Υ × Φ which passes
through (υ0 , φ0 ) at t = 0. The score for estimating t = 0 is given by 2(υ̇/υ0 ) + 2(φ̇/φ0 ). Let
τ̇ := (υ̇, φ̇) and Ṫ := lin T (Υ, υ0 ) × lin T (Φ, φ0 ). The elements of τ̇ are the tangent vectors to
(υt , φt ) at t = 0 and Ṫ denotes the product tangent space. Since it can be shown that
Z
d
lin T (Φ, φ0 ) = {φ̇ ∈ L2 (SZ ; Leb ) :
φ̇(z)φ0 (z) dz = 0}
SZ
Z
υ̇(y|Z)υ0 (y|Z) dy = 0 w. p. 1},
lin T (Υ, υ0 ) = {υ̇ ∈ L2 (SY × SZ ; Leb ×PZ ) :
SY

the Fisher information for estimating t = 0 is
Z
υ̇(Y |Z) 2
iF = 4E{
} +4
φ̇2 (z) dz
υ0 (Y |Z)
SZ
Z Z
Z
2
2
=4
{
υ̇ (y|z) dy}φ0 (z) dz + 4
SZ

SY

φ̇2 (z) dz.

SZ

Thus, for any τ̇1 , τ̇2 ∈ Ṫ, the Fisher information inner product
Z
Z Z
2
hτ̇1 , τ̇2 iF := 4
{
υ̇1 (y|z)υ̇2 (y|z) dy}φ0 (z) dz + 4
SZ

SY

φ̇1 (z)φ̇2 (z) dz.

SZ

However, as in the previous examples, not every tangent vector in Ṫ may be used to
calculate iF . In particular, since we are estimating the functional
Z
Z
0
ρ(υt , φt ) =
{c ∇z
yυt2 (y|z) dy}φ4t (z) dz,
SZ

SY
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only those τ̇ ∈ Ṫ can be used which also satisfy
Z
Z
0
{c ∇z
yυ0 (y|z)υ̇(y|z) dy}φ40 (z) dz
∇ρ(τ̇ ) = 2
SZ

SY

Z

Z

0

{c ∇z

+4
SZ

yυ02 (y|z) dy}φ30 (z)φ̇(z) dz.

SY

Since (Ṫ, h·, ·iF ) is a Hilbert space and ∇ρ is a bounded linear functional on Ṫ, by the RieszFréchet theorem there exists a unique τ ∗ := (υ ∗ , φ∗ ) ∈ Ṫ such that ∇ρ(τ̇ ) = hτ ∗ , τ̇ iF for all
τ̇ ∈ Ṫ, i.e.,
Z
Z
Z
Z
0
4
0
2
{c ∇z
yυ0 (y|z)υ̇(y|z) dy}φ0 (z) dz + 4
{c ∇z
yυ02 (y|z) dy}φ30 (z)φ̇(z) dz
SZ
SY
SZ
SY
Z Z
Z
∗
2
=4
{
υ (y|z)υ̇(y|z) dy}φ0 (z) dz + 4
φ∗ (z)φ̇(z) dz
∀(υ̇, φ̇) ∈ Ṫ.
SZ

SY

SZ

Hence, we have that
Z
Z
Z
∗
0
φ (z)φ̇(z) dz =
{c ∇z
SZ

and
Z

SZ

Z
{
SY

SZ

yυ02 (y|z) dy}φ30 (z)φ̇(z) dz

υ ∗ (y|z)υ̇(y|z) dy}φ20 (z) dz
Z
Z
0
=
{c ∇z
0.5yυ0 (y|z)υ̇(y|z) dy}φ40 (z) dz
SZ

∀φ̇ ∈ lin T (Φ, φ0 )

(10.1)

SY

∀υ̇ ∈ lin T (Υ, υ0 ). (10.2)

SY

A look at (10.1) should convince the reader that
φ∗ (z) := c0 {φ20 (z)(∇z f0 )(z) − E[φ20 (Z)(∇z f0 )(Z)]}φ0 (z)

(10.3)

is the solution to (10.1). Any doubts may be removed by verifying that the φ∗ in (10.3) solves
(10.1) and is an element of the tangent space lin T (Φ, φ0 ).
Obtaining υ ∗ requires a little more effort. First, write (10.2) as
Z Z
Z
Z
∗
2
0
0.5y(∇z υ0 (y|z))υ̇(y|z) dy}φ40 (z) dz
{
υ (y|z)υ̇(y|z) dy}φ0 (z) dz =
{c
SZ
SY
SZ
SY
Z
Z
0
+
{c
0.5yυ0 (y|z)(∇z υ̇(y|z)) dy}φ40 (z) dz. (10.4)
SZ

SY

Next, as in the proof of Lemma 2.1 of Powell, Stock, and Stoker (1989, p. 1425), use the fact
that φ20 vanishes at the boundary of SZ to see that
Z Z
Z Z
4
{
yυ0 (y|z)(∇z υ̇(y|z)) dy}φ0 (z) dz = −
{
y(∇z υ0 (y|z)φ40 (z))υ̇(y|z) dy} dz.
SZ

SY

SZ

SY
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Substituting this in (10.4) and simplifying, (10.4) reduces to
Z
Z
Z Z
∗
2
0
{
υ (y|z)υ̇(y|z) dy}φ0 (z) dz = −
{c
0.5y(∇z φ40 (z))υ0 (y|z)υ̇(y|z) dy} dz. (10.5)
SZ

SY

SZ

SY

We now claim that
υ ∗ (y|z) = −0.5(c0 ∇z φ40 (z))(y − f0 (z))υ0 (y|z)/φ20 (z).

(10.6)

This claim may be verified by checking that υ ∗ satisfies (10.5), υ ∗ ∈ L2 (SY × SZ ; Leb ×PZ ),
R
and that SY υ ∗ (y|z)υ0 (y|z) dy = 0, i.e., υ ∗ lies in the tangent space lin T (Υ, υ0 ).
Therefore, using φ∗ and υ ∗ from (10.3) and (10.6), the efficiency bound for estimating
c0 θ0 is given by
Z Z
Z
∗ 2
∗2
2
kτ kF = 4
{
υ (y|z) dy}φ0 (z) dz + 4
φ∗ 2 (z) dz
SZ
0

SY

= 4c E{var(Y

SZ
2
2 0
|Z)(∇z φ0 )(Z)(∇z φ0 ) (Z)}c

+ 4c0 var{φ20 (Z)(∇z f0 )(Z)}c.

Hence, since c ∈ Rd is arbitrary, the efficiency bound for estimating θ0 is given by
l. b.(θ0 ) = 4E{var(Y |Z)(∇z φ20 )(Z)(∇z φ20 )0 (Z)} + 4 var{φ20 (Z)(∇z f0 )(Z)}.

(10.7)

It is straightforward to verify that the asymptotic variance of the estimator in Powell,
Stock, and Stoker (1989, Theorem 3.1, p. 1412) is equal to the above bound. Consequently,
the density weighted average derivative estimator proposed by Powell, Stock and Stoker is
semiparametrically efficient.
Using a denseness argument, Samarov (1990) showed that the average derivative estimator in Härdle and Stoker (1989) was semiparametrically efficient. Samarov (1990, Remark 2,
p. 171) mentions that a similar result holds for the density weighted average derivative estimator. Newey and Stoker (1993) have obtained efficiency results for estimating weighted average
derivatives of the form E{ω(Z)(∇z f0 )(Z)} and more general multiple index models. Efficiency
bounds for single index regression models identified under conditional mean or conditional
quantile restrictions can also be found in recent work by Chen and Parker (2013).
11. Unconditional moment restriction models
Let Z be a random vector satisfying the moment condition
Eg(Z, θ0 ) = 0,

(11.1)

where g is a q×1 vector of functions known up to θ0 ∈ Rp and q ≥ p.25 Moment-based models of
the type (11.1), and (12.1) in the next section, arise naturally in microeconometrics as solutions
25Recall

that (11.1) is said to overidentify the parameter θ0 if there are more moment conditions than the
number of parameters to be estimated, i.e., q > p. Similarly, θ0 is said to be just-identified (or exactly-identified)
if there are as many moment conditions as the number of parameters, i.e., q = p.
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to the first order conditions of the stochastic optimization problems that economic agents are
assumed to solve. Hence, such models are particularly important for structural estimation.
In this section, we show how to derive the efficiency bound for estimating θ0 . The
treatment here differs from that in Severini and Tripathi (2001, Section 9). In particular, we
use the more general argument of Tripathi (2011a) to obtain the efficiency bound for θ0 .
To ensure that none of the moment conditions are redundant, we assume that the
components of g are linearly independent w.p.1. This is equivalent to assuming that the q × q
matrix Ω := E[g(Z, θ0 )g 0 (Z, θ0 )] exists and is nonsingular. We also assume that the q × p
jacobian matrix D := ∂E[g(Z, θ0 )]/∂θ exists and has full column-rank.26 This is a well known
sufficient condition for θ0 to be locally identified (Newey and McFadden, 1994, p. 2127).
Let P be the unknown probability distribution of Z and let t 7→ Pt denote a curve from
I0 := [0, t0 ], for some t0 > 0, into the set of probability distributions of Z such that Pt |t=0 = P .
Then the score function for the loglikelihood t 7→ log dPt is given by
Ṡ ∈ {h ∈ L2 (Z) : Eh(Z) = 0}.
Also, let θt be a curve through θ0 such that
Z
g(z, θt ) dPt (z) = 0

∀t ∈ I0 .

Differentiating this moment condition with respect to t and evaluating the resulting derivatives
at t = 0, we have that27
Dθ̇ + E[g Ṡ] = 0,

(11.2)

where θ̇ is the tangent vector to t 7→ θt at t = 0. Therefore, the tangent space of score functions
is given by
Ṁ := {Ṡ ∈ L2 (Z) : EṠ = 0 & E[g Ṡ] ∈ R(D)}.

(11.3)

Since the range of D is finite dimensional, it is straightforward to show that Ṁ is closed in the
norm topology, cf. Lemma F.1.
Suppose that we want to obtain the efficiency bound for estimating η(log dP ) := c0 θ0 ,
where c ∈ Rp is arbitrary. Therefore, dPt and θt are related via the requirement that
η(log dPt ) = c0 θt

∀t ∈ I0 .

It follows that, for every Ṡ ∈ Ṁ,
(11.2)

∇η(Ṡ) = c0 θ̇ = −c0 D+ E[g Ṡ] =: h−c0 D+ g, Ṡi,
26We

do not assume that g is differentiable in θ. If, however, g is differentiable in θ and the operations of
integration and differentiation can be exchanged, then D = E[∂g(Z, θ0 )/∂θ].
27For notational convenience, g := g(Z, θ ).
0
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where ∇η : Ṁ → R is the pathwise derivative of η and D+ denotes the Moore-Penrose generalized inverse of D. Now, for Ṡ ∈ Ṁ,
∇η(Ṡ) = h−c0 D+ g, PṀ (Ṡ)i = h−PṀ (c0 D+ g), Ṡi.

(11.4)

Hence, the efficiency bound for estimating the functional η(log dP ) is given by the squared
operator norm of its pathwise derivative ∇η, i.e., by28
k∇ηk2∗ := (

sup

{Ṡ∈cl(Ṁ):Ṡ6=0}

|∇η(Ṡ)|)2 = E[PṀ (λ0 D+ g)]2 .

By Lemma F.2 and Eg = 0,
PṀ (c0 D+ g) = c0 D+ g − E[c0 D+ g] − g 0 (Iq − Ω−1 D(D0 Ω−1 D)−1 D0 )Ω−1 E[gc0 D+ g]
= c0 D+ g − g 0 (Iq − Ω−1 D(D0 Ω−1 D)−1 D0 )Ω−1 E[gc0 D+ g].
0

0

Hence, since E[gc0 D+ g] = E[gg 0 ]D+ c = ΩD+ c,
PṀ (c0 D+ g) = g 0 Ω−1 D(D0 Ω−1 D)−1 (D+ D)0 c.
The operator D+ D is a projection onto the orthogonal complement of the null-space of D.29
Now D maps Rp → Rq and its null-space is empty because D has full column rank by assumption. Hence, (D+ D)0 c = c and we have that
PṀ (c0 D+ g) = g 0 Ω−1 D(D0 Ω−1 D)−1 c.

(11.5)

Therefore, the efficiency bound for estimating c0 θ0 is given by c0 (D0 Ω−1 D)−1 c. Since c is
arbitrary, it follows that the efficiency bound for estimating θ0 is given by
l. b.(θ0 ) = (D0 Ω−1 D)−1 .

(11.6)

The efficiency bound for estimating θ0 in the moment condition model (11.1) was first
derived by Chamberlain (1987), who obtained it by showing that any distribution could be
approximated arbitrarily well by a multinomial distribution. In an influential paper, Hansen
(1982) showed that the optimally weighted GMM estimator achieved the bound.
Example 11.1 (Means and quantiles). The efficiency bounds in Sections 3 and 4 are special
cases of (11.6). For instance, the population mean θ0 of a p × 1 random vector Z is defined
by the moment condition E[Z − θ0 ] = 0, i.e., here g(Z, θ) := Z − θ. Hence, D = −Ip and the
efficiency bound for estimating θ0 is given by E(Z − θ0 )(Z − θ0 )0 = var Z.
since PṀ (c0 D+ g) ∈ Ṁ, it follows from (11.4) and Riesz-Fréchet that PṀ (c0 D+ g) is the representer
of ∇η on the tangent space and that k∇ηk2∗ = hPṀ (c0 D+ g), PṀ (c0 D+ g)i.
29A well known property of generalized inverses (Engl, Hanke, and Neubauer, 2000, Proposition 2.3).
28Indeed,
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Similarly, if β0 denotes the kth quantile of a continuously distributed random variable
Z, where k ∈ (0, 1), then β0 is defined by the moment condition E[1(−∞,β0 ] (Z) − k] = 0. Here,
g(Z, β) := 1(−∞,β] (Z) − k and
Z β
d
d
E[1(−∞,β] (Z) − k] =
pdf Z (z) dz = pdf Z (β) =⇒ D = pdf Z (β0 ).
dβ
dβ −∞
Hence, the efficiency bound for estimating β0 is given by
E[1(−∞,β0 ] (Z) − k]2 / pdf 2Z (β0 ) = k(1 − k)/ pdf 2Z (β0 ).



Example 11.2 (Linear regression). Consider the regression model Y = α0 +X 0 β0 +U , where the
regressors are uncorrelated with U . Hence, the moment condition model is Eg(Z, θ0 ) = 0 with
Z := (Y, X), θ := (α, β)1+dim(X)×1 , and g(Z, θ) := X̃(Y − X̃ 0 θ), where X̃ := (1, X)1+dim(X)×1 .
In this model, D = −E[X̃ X̃ 0 ] and Ω = E[X̃ X̃ 0 U 2 ]. Hence, the efficiency bound for estimating
θ0 is given by
(E[X̃ X̃ 0 ])−1 E[X̃ X̃ 0 U 2 ](E[X̃ X̃ 0 ])−1 ,
which is attained by the ordinary least-squares (OLS) estimator.



Example 11.3 (Quantile regression). Let Y := X 0 θ0 + U . For some known k ∈ (0, 1), assume
that the kth conditional quantile of U |X is zero w.p.1, i.e.,
E[1(−∞,0] (U ) − k|X] = 0

w. p. 1 .

(11.7)

Normalizing the conditional quantile of U |X to be zero allows the intercept in θ0 to be identified.
Koenker and Bassett (1978) estimate θ0 using the unconditional moment restriction
E[X(1(−∞,0] (Y − X 0 θ0 ) − k)] = 0,
i.e., here g(Z, θ) := X(1(−∞,0] (Y − X 0 θ) − k) with Z := (Y, X). Since
∂
∂
E[X(1(−∞,0] (Y − X 0 θ) − k)] =
E[X 1(−∞,X 0 θ] (Y )]
∂θ
∂θ
Z X0θ
∂
=
E[X
pdf Y |X (y) dy]
∂θ
−∞
= E[XX 0 pdf Y |X (X 0 θ)],
it follows that D = E[XX 0 pdf Y |X (X 0 θ0 )] = E[XX 0 pdf U |X (0)]. Moreover,
Ω = E[XX 0 (1(−∞,0] (Y − X 0 θ0 ) − k)2 ] = E[XX 0 (1(−∞,0] (U ) − k)2 ]
= E[XX 0 E((1(−∞,0] (U ) − k)2 |X)]
= E[XX 0 var(1(−∞,0] (U )|X)]

(11.7)

(11.7)

= k(1 − k)E[XX 0 ].

(11.8)
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Hence, the efficiency bound for estimating θ0 in (11.8) is given by
k(1 − k)(EXX 0 pdf U |X (0))−1 (EXX 0 )(EXX 0 pdf U |X (0))−1 .
The classic quantile regression estimator of Koenker and Bassett attains this bound.



Example 11.4 (Probabilities under auxiliary information). Let A be a Borel set in Rd and
let β0 := P (Z ∈ A). Given i.i.d. observations Z1 , . . . , Zn , the empirical probability β̂ :=
Pn
d
1/2
(β̂ − β0 ) →
− N(0, β0 (1 − β0 )) as n → ∞.
j=1 1A (Zj )/n is a consistent estimator of β0 and n
Since (11.1) provides additional information about the distribution of Z, it is reasonable to
believe that an estimator of β0 can be constructed that improves upon the asymptotic variance
of β̂. To see whether this is always possible, let us derive the efficiency bound for estimating
the functional ρ(log dP ) := β0 when EP [g(Z, θ0 )] = 0 and where β0 is defined via the moment
condition EP m(Z, β0 ) = 0, with m(Z, β0 ) := 1A (Z) − β0 . As before, by considering curves
through P , θ0 and β0 , it is straightforward to see that the pathwise derivative of ρ is given by
∇ρ(Ṡ) = β̇ = E[mṠ] = hm, Ṡi

∀Ṡ ∈ Ṁ,

where m := m(Z, β0 ). Note that the tangent space remains unchanged because β0 is justidentified. Therefore, since
∇ρ(Ṡ) = hm, Ṡi = hm, PṀ (Ṡ)i = hPṀ (m), Ṡi

∀Ṡ ∈ Ṁ,

the efficiency bound for estimating ρ(log dP ) is given by k∇ρk2∗ = E[PṀ (m)]2 . Let MΩ :=
Ω−1 − Ω−1 D(D0 Ω−1 D)−1 D0 Ω−1 . Then, since Em = 0,
PṀ (m)

Lemma F.2

=

m − g 0 MΩ E[mg].

Hence, using the fact that MΩ0 ΩMΩ = MΩ , it follows that the efficiency bound for estimating
P (Z ∈ A) under (11.1) is given by
l. b.(β0 ) = var m − (Eg 0 m)MΩ (Egm)
= P (Z ∈ A)[1 − P (Z ∈ A)] − (Eg 0 [1A (Z) − β0 ])MΩ (E[1A (Z) − β0 ]g).

(11.9)

If q = p, then MΩ = 0q×q . Hence, when θ0 is exactly-identified, β̂ is the best possible estimator.
Therefore, it is possible to do better than β̂ only if θ0 is overidentified.This result justifies the
often made statement that moment conditions that exactly identify a parameter do not restrict
the underlying distribution.30
Fix z ∈ Rd . If we let A := (−∞, z] and F (z) := P (Z ∈ (−∞, z]) denote the cdf of Z
evaluated at z, then (11.9) reduces to
F (z)[1 − F (z)] − (Eg 0 [1(−∞,z] (Z) − F (z)])MΩ (E[1(−∞,z] (Z) − F (z)]g),
30Apart

from imposing conditions, such as the existence of moments of unbounded random variables, that
may be necessary for the moment conditions to be well defined.
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which is the efficiency bound for estimating F (z) under (11.1). This result was originally
obtained by Brown and Newey (1998).

12. Conditional moment restriction models
Suppose that the random vectors Z and X satisfy the conditional moment restriction
E[g(Z, θ0 )|X] = 0

w. p. 1,

(12.1)

where θ0 ∈ Rp and g is a q × 1 vector of functions known up to θ0 . Unlike the previous section,
q is not assumed to be bounded from below by p. In particular, q < p is allowed in this setup.
The random vectors Z and X can have elements in common but Law(Z|X) is not degenerate,
i.e., Z is not a function of X. The objective is to obtain the efficiency bound for estimating
θ0 . We use the argument in Severini and Tripathi (2012b) to obtain the bound. This is more
general than the earlier treatment in Severini and Tripathi (2001, Section 10).
To ensure that each component of g provides non-redundant information about β0 , we
again require that the q × q matrix Ω(X) := E[g(Z, θ0 )g 0 (Z, θ0 )|X] exists and is nonsingular
w.p.1. We also assume that the q × p jacobian matrix D(X) := ∂E[g(Z, θ0 )|X]/∂θ exists and
that EkD(X)k2 < ∞.31 A sufficient condition for local identification of θ0 in this setup is that
the columns of D(X) are linearly independent w.p.1.
Let pdf Z|X be the unknown density of Z|X with respect to some dominating measure
1/2
and v0 := pdf Z|X . Let vt a real-valued function on I0 := [0, t0 ], for some t0 > 0, such that
vt |t=0 = v0 and, suppressing the dominating measure to avoid introducing additional notation,
Z
w.p.1
vt2 (z|X) = 1
∀t ∈ I0 .
supp(Z)

Hence, the score corresponding to v̇, the tangent vector to vt at t = 0, is Ṡv̇ := 2v̇/v0 ∈ L2 (X)⊥ .
Let θt be a curve from I0 into Rp passing through θ0 at t = 0 and suppose that θt satisfies the
moment condition
Z
w.p.1
Et [g(Z, θt )|X] :=
g(z, θt )vt2 (z|X) = 0
∀t ∈ I0 .
supp(Z)

Hence, differentiating with respect to t and evaluating at t = 0, we have that32
D(X)θ̇ + E[g Ṡv̇ |X] = 0

w. p. 1 .

(12.2)

The tangent space of score functions is thus
Ṁ := {Ṡv̇ ∈ L2 (Z, X) ∩ L2 (X)⊥ : E[g Ṡv̇ |X] ∈ R(D(X)) w. p. 1},
31As

(12.3)

in Section 11, we do not assume that g is differentiable in θ. But if g happens to be differentiable in θ
and the operations of integration and differentiation can be exchanged, then D(X) = E[∂g(Z, θ0 )/∂θ|X].
32As before, g := g(Z, θ ) for notational convenience.
0
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which is closed in the norm topology because the range of D(X) : Rp → Rq is finite dimensional.
From (12.1) it is clear that θ0 is a feature of the conditional distribution of Z|X. So
suppose that we want to obtain the efficiency bound for η(log v02 ) := c0 θ0 , where c ∈ Rp is
arbitrary. Therefore, since vt2 and θt are related via the requirement that η(log vt2 ) = c0 θt for all
t ∈ I0 , it follows that ∇η(Ṡv̇ ) = c0 θ̇ for Ṡv̇ ∈ Ṁ, where ∇η : Ṁ → R is the pathwise derivative
of η. Now let A(X) be a r × q matrix with r ≥ p such that B := E[A(X)D(X)] has full column
rank p,33 and let B + denote the generalized inverse of B. Then,
(12.2) =⇒ θ̇ = −B + E[A(X)g Ṡv̇ ].
Hence, for Ṡv̇ ∈ Ṁ,
∇η(Ṡv̇ ) = −c0 B + E[A(X)g Ṡv̇ ] =: h−c0 B + A(X)g, Ṡv̇ i
= h−c0 B + A(X)g, PṀ (Ṡv̇ )i
= h−PṀ (c0 B + A(X)g), Ṡv̇ i.
The efficiency bound for estimating η(v0 ) is given by the squared operator norm of its pathwise
derivative, i.e., by k∇ηk2∗ = E[PṀ (c0 B + A(X)g)]2 .
Let V := E[D0 (X)Ω−1 (X)D(X)] exist and be invertible. Then,
PṀ (c0 B + A(X)g)

Lemma G.1

=

c0 B + A(X)g − E[c0 B + A(X)g|X]

− g 0 Ω−1 (X)(E[gc0 B + A(X)g|X] − D(X)V −1 E[D0 (X)Ω−1 (X)E[gc0 B + A(X)g|X]]).
But, since E[g|X] = 0 w.p.1 and Ω(X) := E[gg 0 |X],
w.p.1

PṀ (c0 B + A(X)g) = g 0 A0 (X)(B + )0 c − g 0 Ω−1 (X)(Ω(X)A0 (X)
− D(X)V −1 E[D0 (X)Ω−1 (X)E[gg 0 |X]A0 (X)])(B + )0 c.
That is, upon recalling that B := E[A(X)D(X)],
w.p.1

PṀ (c0 B + A(X)g) = g 0 Ω−1 (X)D(X)V −1 E[D0 (X)A0 (X)])(B + )0 c
= g 0 Ω−1 (X)D(X)V −1 (B + B)0 c.
Since B was assumed to be full column rank, (B + B)0 c = c. It follows that
w.p.1

PṀ (c0 B + A(X)g) = g 0 Ω−1 (X)D(X)V −1 c.
Therefore, the efficiency bound for estimating c0 θ0 is given by
E[PṀ (c0 B + A(X)g)]2 = c0 V −1 c = c0 (E[D0 (X)Ω−1 (X)D(X)])−1 c.
33For

instance, let A(X) := D0 (X)W (X), where W (X) is a q × q matrix that is positive definite w.p.1. Since
the columns of D(X) are linearly independent w.p.1, so are the columns of the p × p matrix D0 (X)W (X)D(X).
Hence, E[A(X)D(X)] has full column rank.
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Since c is arbitrary, the efficiency bound for estimating θ0 is given by
l. b.(θ0 ) = (E[D0 (X)Ω−1 (X)D(X)])−1 .

(12.4)

The efficiency bound for estimating θ0 in (12.1) was obtained originally by Chamberlain
(1987) using the multinomial argument mentioned earlier. Chamberlain also demonstrated
that the bound is sharp. Efficient estimators of θ0 in (12.1) have also been proposed by Newey
(1990b, 1993), and Kitamura, Tripathi, and Ahn (2004).
A conditional moment restriction is more informative than an unconditional moment
restriction because the former implies an infinite number of unconditional moment restrictions.
In particular, since
E[g(Z, θ0 )|X] = 0 w. p. 1 =⇒ E[g(Z, θ0 )h(X)] = 0 ∀h ∈ L2 (X),
it follows that (12.1) contains more information than (11.1). It is therefore reasonable to expect
the efficiency bound for estimating θ0 in (12.1) to be smaller, or at least no larger, than the
efficiency bound for estimating θ0 in (11.1). Indeed, this can be shown explicitly by recalling
the matrix version of the Cauchy-Schwarz inequality (Tripathi, 1999), i.e., for random vectors
G and H such that EGH 0 and EHH 0 exist and the latter is invertible, we have
(EGH 0 )(EHH 0 )−1 (EHG0 ) ≤L EGG0 .

(12.5)

Hence, letting G := c0 D0 (X)Ω−1/2 (X) and H := Ω1/2 (X) with c ∈ Rp chosen arbitrarily, we get
that
(12.5)

c0 (ED0 (X))(EΩ(X))−1 (ED(X))c ≤ c0 E[D0 (X)Ω−1 (X)D(X)]c

∀c ∈ Rp ,

which, since D := ED(X) and Ω := EΩ(X), is equivalent to D0 Ω−1 D ≤L E[D0 (X)Ω−1 (X)D(X)]
which in turn is equivalent to
(E[D0 (X)Ω−1 (X)D(X)])−1 ≤L (D0 Ω−1 D)−1 .

(12.6)

Hence, the efficiency bound for estimating θ0 defined via (12.1) is no larger (in the Löwner
sense) than the efficiency bound for θ0 defined in (11.1).
Example 12.1 (Linear regression with exogenous regressors). Consider the regression model
introduced in Example 11.2, but now assume that the regressors are exogenous with respect
to the model error instead of just being uncorrelated with it. That is, let Y = α0 + X 0 β0 + U
with E[U |X] = 0 w.p.1. Hence, the conditional moment model is E[g(Z, θ0 )|X] = 0 w.p.1,
where g(Z, θ) := Y − X̃ 0 θ and Z := (Y, X). Since here D(X) = −X̃ 0 and Ω(X) = E[U 2 |X], the
efficiency bound for estimating θ0 is given by (E[X̃ X̃ 0 /Ω(X)])−1 . As the asymptotic variance
of the OLS estimator, given in Example 11.2, does not match the efficiency bound, it follows
that the OLS estimator is not efficient in this setup (Chamberlain, 1987). Instead, Robinson
(1987) proposed an estimator of θ0 that achieved this bound.
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Example 12.2 (Quantile regression with exogenous regressors). In Example 11.3, the identifying conditional moment restriction (11.7) can be directly used to estimate θ0 . Hence, an
efficient estimator based on (11.7) will have smaller asymptotic variance than the estimator
of Koenker and Bassett (1978). Since (11.7) can be written as E[g(Z, θ0 )|X] = 0 w.p.1 with
Z := (Y, X) and g(Z, θ) := 1(−∞,0] (Y − X 0 θ) − k,
∂
∂
∂
E[g(Z, θ)|X] =
E[1(−∞,0] (Y − X 0 θ)|X] =
E[1(−∞,X 0 θ] (Y )|X]
∂θ
∂θ
∂θ
Z X0θ
∂
=
pdf Y |X (y) dy
∂θ −∞
= X 0 pdf Y |X (X 0 θ).
Hence, D(X) = X 0 pdf Y |X (X 0 θ0 ) = X 0 pdf U |X (0). Moreover,
Ω(X) = E[(1(−∞,0] (Y − X 0 θ0 ) − k)2 |X] = E[(1(−∞,0] (U ) − k)2 |X]
= var(1(−∞,0] (U )|X)

(11.7)

(11.7)

= k(1 − k).

Therefore, the efficiency bound for estimating θ0 in (11.7) is given by
k(1 − k)(EXX 0 pdf 2U |X (0))−1 .
The estimator proposed by Newey and Powell (1990) achieves this bound.



Example 12.3 (Probabilities under auxiliary information). Let P denote the joint distribution
of (Z, X) and let A1 , A2 be Borel sets in Rdim(Z) × Rdim(X) .34 In this example, we derive the
efficiency bound for estimating
β0 := P (Z ∈ A1 , X ∈ A2 ) ⇐⇒ EP [1A1 ×A2 (Z, X) − β0 ] = 0
under the conditional moment restriction (12.1).
Let m(Z, X, β0 ) := 1A1 ×A2 (Z, X) − β0 . It is clear that β0 is a function of the distribution
of (Z, X). Since the density of (Z, X) with respect to some (unspecified) dominating measure
1/2
is given by dP := v02 b20 , where b0 := pdf X , we can write β0 as some functional of log dP , say,
ρ(log v02 + log b20 ) := β0 . Now let (vt , bt , βt ) be curves through (v0 , b0 , β0 ) such that
ρ(log vt2 + log b2t ) = βt
34For

& Evt2 b2t [m(Z, X, βt )] = 0

∀t ∈ I0 .

ease of notation, the distinct coordinates of Z and X are written simply as (Z, X).
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Differentiating the above equations with respect to t and evaluating the derivatives at t = 0,
we have that
∇ρ(Ṡv̇ + Ṡḃ ) = β̇

(12.7)

−β̇ + EP [mṠv̇ ] + EP [mṠḃ ] = 0,

(12.8)

where m := m(Z, X, β0 ) and the score for the density of X is denoted by Ṡḃ := 2ḃ/b0 . Using
(12.8), it is easy to see that Ṡḃ ∈ Ḃ, where the tangent space
Ḃ := {Ṡḃ ∈ L2 (X) : EṠḃ = 0 & EP [mṠḃ ] + EP [mṠv̇ ] ∈ R ∀Ṡv̇ ∈ Ṁ}
= {Ṡḃ ∈ L2 (X) : EṠḃ = 0},
because EP [mṠḃ ] and EP [mṠv̇ ] are real-valued for all (Ṡḃ , Ṡv̇ ) ∈ L2 (X) × Ṁ. Hence, by (12.7)
and (12.8), the pathwise derivative of ρ at log v02 + log b20 is given by
∇ρ(Ṡv̇ + Ṡḃ ) = EP [mṠv̇ ] + EP [mṠḃ ] =: hm, Ṡv̇ iP + hm, Ṡḃ iP

∀(Ṡv̇ , Ṡḃ ) ∈ Ṁ × Ḃ.

Therefore, for all (Ṡv̇ , Ṡḃ ) ∈ Ṁ × Ḃ,
∇ρ(Ṡv̇ + Ṡḃ ) = hm, Ṡv̇ iP + hm, Ṡḃ iP
= hm, PṀ (Ṡv̇ )iP + hm, PḂ (Ṡḃ )iP
= hPṀ (m), Ṡv̇ iP + hPḂ (m), Ṡḃ iP
= hPṀ (m) + PḂ (m), Ṡv̇ + Ṡḃ iP ,

(12.9)

where the last equality is due to the fact that Ṁ ⊥ Ḃ. From (12.9) it is clear that Ṡv̇ + Ṡḃ 7→
∇ρ(Ṡv̇ + Ṡḃ ) is a bounded linear functional on Ṁ + Ḃ. Moreover, Ṁ + Ḃ is closed and, hence,
a Hilbert space, because Ṁ and Ḃ are both closed linear spaces and Ṁ ⊥ Ḃ. Hence, by (12.9)
and Riesz-Fréchet, it follows that
k∇ρk2∗ = E[PṀ (m) + PḂ (m)]2 = E[PṀ (m)]2 + E[PḂ (m)]2
because Ṁ ⊥ Ḃ. Next, since
PṀ (m)

Lemma G.1

=

m − E[m|X] − g 0 Ω−1 (X)(Σgm (X) − D(X)V −1 E[D0 (X)Ω−1 (X)Σgm (X)]),

where Σgm (X) := E[gm|X], some algebra shows that
E[PṀ (m)]2 = var(m − E[m|X]) − E[Σ0gm (X)Ω−1 (X)Σgm (X)]
+ E[Σ0gm (X)Ω−1 (X)D(X)]V −1 E[D0 (X)Ω−1 (X)Σgm (X)].
It is easy to see that PḂ (m) = E[m|X] − Em. Hence,
E[PḂ (m)]2 = var(E[m|X]).
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Hence, since var(m − E[m|X]) = var m − var(E[m|X]), it follows that
k∇ρk2∗ = var m − E[Σ0gm (X)Ω−1 (X)Σgm (X)]
+ E[Σ0gm (X)Ω−1 (X)D(X)]V −1 E[D0 (X)Ω−1 (X)Σgm (X)].
Therefore, the efficiency bound for estimating P (Z ∈ A1 , X ∈ A2 ) under (12.1) is given by
l. b.(β0 ) = P (Z ∈ A1 , X ∈ A2 )[1 − P (Z ∈ A1 , X ∈ A2 )] − E[Σ0gm (X)Ω−1 (X)Σgm (X)]
+ E[Σ0gm (X)Ω−1 (X)D(X)]V −1 E[D0 (X)Ω−1 (X)Σgm (X)]. (12.10)
It is clear from the form of the bound that the sample analog of P (Z ∈ A1 , X ∈ A2 ) is asymptotically inefficient. Hence, irrespective of the relationship between q and p, (12.1) imposes
substantive restrictions on the joint distribution of Z and X that can be used to obtain an
efficient estimator. For instance, the smoothed empirical likelihood approach of Kitamura,
Tripathi, and Ahn (2004) can be easily used to construct an asymptotically efficient estimator
of P (Z ∈ A1 , X ∈ A2 ). Of course, if there is no conditioning variable present, then the bound
in (12.10) reduces to the one given in (11.9).35

The results in this section have been extended in several directions. For instance, Ai
and Chen (2003) generalize (12.1) by allowing θ0 to consist of finite and infinite dimensional
components. Chamberlain (1992a) has derived efficiency bounds for parameters identified via
sequential moment restrictions, namely, a panel data model of the form E[g1 (Z, θ0 )|X1 ] = 0,
. . . , E[gT (Z, θ0 )|XT ] = 0, where dim(X1 ) ≤ . . . ≤ dim(XT ) and T < ∞, i.e., information is
accumulating over a finite time-period. Such moment conditions can arise in dynamic panel
data models.36 Efficient estimation of sequential moment condition models is considered in
Hahn (1997). Ai and Chen (2012) extend the setup of Chamberlain and Hahn by including
unknown functions in the moment conditions that can take endogenous arguments.
13. Linear models
Consider the linear model Y = α0 + X 0 β0 + U . In practical applications, it is the slope
coefficients that are typically the main objects of interest due to their interpretation as marginal
effects. Hence, in this section, we describe the efficiency bounds for estimating β0 under various
assumptions on the joint distribution of U and X.
Example 13.1 (X is independent of U ). This case can be handled using the results obtained
earlier in Section 8.1. To see this, simply note that if we set Z := 0 in (8.1), it reduces to a
35To

see this, let X := constant and A2 := Rdim(X) in (12.1) and (12.10).
36Efficiency bounds for dynamic panel data models under various assumptions, and construction of efficient
estimators, are investigated, e.g., in Arellano and Bond (1991), Arellano and Bover (1995), Ahn and Schmidt
(1995), Park, Sickles, and Simar (2003, 2007), and the references therein.
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linear model with α0 := µ0 (0). Hence, from (8.7), the efficiency bound for estimating β0 when
X is independent of U is given by
l. b.(U ⊥
⊥ X) := (var X)−1 /Eψ 2 (U ),

(13.1)

where ψ(u) := d log pdf U (u)/du is the score function for the density of U .
This result is due to Bickel (1982), who proved that this bound is adaptive, i.e., same
as when the density of U is known, and also showed how to construct an efficient estimator.
Let σ 2 := EU 2 < ∞ and assume that limu→±∞ u pdf U (u) exists and is finite, so that
limu→±∞ u pdf U (u) = 0 by Lemma A.2. Then, since
Z
Z
E[U ψ(U )] =
uψ(u) pdf U (u) du =
u d pdf U (u)
(definition of ψ)
R
R
Z
∞
= u pdf U (u) −∞ − pdf U (u) du (integration by parts)
R

= −1,
it follows by Cauchy-Schwarz that (−1)2 = (EU ψ(U ))2 ≤ σ 2 Eψ 2 (U ), i.e.,
σ 2 Eψ 2 (U ) ≥ 1.

(13.2)

Therefore, by (13.1) and (13.2), we have that
l. b.(U ⊥
⊥ X) ≤L σ 2 (var X)−1 .

(13.3)

But σ 2 (var X)−1 is the asymptotic variance of the OLS estimator of β0 when U is independent
of X, cf. Example 13.3. Hence, we can conclude that the OLS estimator is not efficient when U
is independent of X. In fact, since the equality in (13.2) is attained if and only if the underlying
distribution is gaussian, cf. Kagan, Linnik, and Rao (1973, Theorem 13.1.1, p. 406), it follows
that the OLS estimator will achieve the efficiency bound in (13.1), i.e., equality will hold in
d
(13.3), if and only if U = N(0, σ 2 ).

Example 13.2 (X is exogenous with respect to U ). Let E[U |X] = 0 w.p.1. Then, from Example 12.1, the efficiency bound for estimating (α0 , β0 ) is given by (E[X̃ X̃ 0 /σ 2 (X)])−1 , where
X̃ := (1, X)1+dim(X)×1 and σ 2 (X) := E[U 2 |X]. Hence, using the well known formula for partitioned matrix inverses, cf., e.g., Harville (1997, Theorem 8.5.11), it is easy to see that the
efficiency bound for estimating β0 is given by
!−1
0
(E σ2X(X) )(E σ2X(X) )
XX 0
l. b.(U ⊥ L2 (X)) := (E 2
)−
.

1
σ (X)
(E σ2 (X)
)
Example 13.3 (X is uncorrelated with U ). Now assume that EU = 0 and E[XU ] = 0.
Since these moments conditions just-identify (α0 , β0 ), we can use Example 11.2 to see that
the efficiency bound for estimating (α0 , β0 ) is given by (E[X̃ X̃ 0 ])−1 E[X̃ X̃ 0 σ 2 (X)](E[X̃ X̃ 0 ])−1 .
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Hence, using the partitioned inverse formula once again, some tedious algebra shows that the
efficiency bound for estimating β0 is given by
l. b.(U ⊥ X) := (var X)−1 E[(X − EX)(X − EX)σ 2 (X)](var X)−1 .



From (12.6), it is clear that l. b.(U ⊥ L2 (X)) ≤L l. b.(U ⊥ X). Moreover, since
U⊥
⊥ X =⇒ σ 2 (X) = σ 2 =⇒ l. b.(U ⊥ L2 (X)) = l. b.(U ⊥ X) = σ 2 (var X)−1 ,
it follows from (13.3) that if U is independent of X, then l. b.(U ⊥
⊥ X) is smaller in the Löwner
sense than both l. b.(U ⊥ L2 (X)) and l. b.(U ⊥ X). This makes sense because independence
of U and X imposes the most restrictions on their joint distributions.
14. Moment condition models and stratified sampling
The process of doing applied research in economics and other social sciences can be
divided into three distinct yet equally important steps. First, a model is written in terms of
the target population for which inference is to be made. Next, data is collected. Finally, the
resulting data is used to draw inference about the target population.
If data is collected by simple random sampling, so that observations from the target
population have the same chance of being represented in the sample, then there is no distinction
between the target and observed data distributions and statistical inference is straightforward.
However, for administrative convenience or to increase statistical precision by oversampling
rare but informative outcomes, in many applications data is collected by stratified sampling so
that observations from the target population have unequal chances of being selected. Hence,
the sampling scheme used to collect the data induces a probability distribution on the observed
sample that differs from the target or underlying distribution for which inference is to be made.
Subsequent inference can, therefore, be seriously biased if this effect is not taken into account.
In this section, we show how to obtain efficiency bounds for estimating parameters
defined via unconditional moment restrictions when data from the target population is collected
by three widely used sampling schemes: variable probability sampling, multinomial sampling,
and standard stratified sampling. The treatment is general enough to allow for different sources
of stratification. For instance, in models where an observation from the target population can be
decomposed into endogenous and exogenous components, the approach taken here can handle
stratification based only on the endogenous variables, or on the exogenous variables alone, or
stratification that is based on a subset of these variables, in a straightforward manner. The
stratifying variable(s) can be discrete or continuously distributed, or both.
14.1. Unconditional moment restrictions. Let Z ∗ be a d × 1 random vector that denotes
an observation from the population of interest, henceforth called the “target” population, and
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suppose there exists a parameter θ∗ ∈ Rp satisfying the moment condition
EP ∗ [g(Z ∗ , θ∗ )] = 0.

(14.1)

The moment function g is a q × 1 vector of functions known up to θ∗ such that q ≥ p,
i.e., overidentification is allowed, and P ∗ is the unknown probability distribution of Z ∗ . The
components of Z ∗ can be discrete, continuous, or a mixture of both, and the notation EP ∗
indicates that expectation is with respect to P ∗ . To ensure that θ∗ is at least locally identified,
we assume that the q × p matrix ∂EP ∗ [g(Z ∗ , θ∗ )]/∂θ has full column rank.37
A familiar example of (14.1) is the linear model Y ∗ = X ∗ 0 θ∗ + ε∗ , where EP ∗ {X ∗ ε∗ } = 0;
here, g(Z ∗ , θ∗ ) := X ∗ (Y ∗ − X ∗ 0 θ∗ ) and Z ∗ := (Y ∗ , X ∗ )(p+1)×1 . Extensions include nonlinear
regression or simultaneous equations models. We can also handle conditional moment restrictions in an IV framework. For instance, if EPZ∗ ∗ |X ∗ {g̃(Z ∗ , θ∗ )|X ∗ } = 0 w.p.1, where g̃ is a vector
of functions known up to θ∗ and PZ∗ ∗ |X ∗ denotes the conditional distribution of Z ∗ |X ∗ , then
(14.1) holds with g(Z ∗ , θ∗ ) := A(X ∗ )g̃(Z ∗ , θ∗ ) for a conformable matrix of instruments A(X ∗ ).
Since it is possible to improve upon IV estimators, because conditional moment restrictions
are stronger than unconditional ones, we will examine models based on conditional moment
restrictions in Section 14.3.
If data is collected by random sampling, so that observations from the target population
have the same chance of being represented in the realized sample, then it is well known how
to efficiently estimate θ∗ using the generalized method of moments (GMM); cf. Newey and
McFadden (1994). However, as with many large datasets, if data is collected by stratified
sampling so that units from the target population have unequal chances of being selected,
then the realized sample consists of observations drawn from the distribution induced by the
sampling scheme rather than the target distribution P ∗ , and in general the two distributions
are not the same. Therefore, since the parameter of interest θ∗ is a function of P ∗ , cf. (14.1),
and not the distribution induced by the sampling scheme, statistical procedures that do not
account for the consequences of stratification are not guaranteed to produce reliable inference
about θ∗ .
Example 14.1. For instance, letting Z1 , . . . , Zn denote the stratified sample, the sample avP
erage nj=1 Zj /n will in general not be a consistent estimator of θ∗ := EP ∗ [Z ∗ ], the mean of
P
the target population, because plimn→∞ n−1 nj=1 Zj = EP [Z] by a weak law of large numbers, where P denotes the distribution induced by the sampling scheme, but EP [Z] 6= EP ∗ [Z ∗ ]
because P 6= P ∗ .

37Again,

we do not assume that g is differentiable in θ. Of course, if g is differentiable in θ and the operations
of integration and differentiation can be exchanged, then ∂EP ∗ [g(Z ∗ , θ∗ )]/∂θ = E[∂g(Z, θ∗ )/∂θ].
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14.2. Three commonly used sampling schemes. Let the support of Z ∗ be partitioned into
L nonempty disjoint strata C1 , . . . , CL . Depending on how the observations are actually drawn
from the strata, we study three general sampling schemes: variable probability (VP) sampling
(also referred to as Bernoulli sampling), multinomial (MN) sampling, and standard stratified
(SS) sampling. Good descriptions of these stratified sampling schemes can be found in Jewell
(1985), Cosslett (1993), Imbens and Lancaster (1996), and Wooldridge (1999).
14.2.1. Variable probability sampling. In VP sampling, typically used when data is collected by
telephone surveys, an observation is first drawn randomly from the target population. If it lies
in stratum Cl it is retained with known probability pl > 0. If it is discarded, all information
about the observation is lost. Hence, instead of observing a random variable Z ∗ drawn from
the target distribution P ∗ , we observe a random variable Z drawn from the distribution38
Z
L
X
pl
P (Z ∈ B) :=
1Cl (z) dP ∗ (z),
(14.2)
∗
b
B
l=1
PL
∗
∗
∗
∗
where B is any Borel subset of Rd , b∗ :=
l=1 pl Ql , and Ql := P (Z ∈ Cl ) denotes the
probability that a randomly chosen observation from the target population lies in the lth
stratum, i.e., the “demand” for the lth stratum. The Q∗l ’s, popularly called “aggregate shares”,
are unknown parameters of interest to be estimated along with the structural parameter θ∗ .
The coordinates of the aggregate shares vector Q∗ := (Q∗1 , . . . , Q∗L )L×1 add up to one, i.e.,
PL
∗
∗
l=1 Ql = 1. The parameter b also has a practical interpretation, namely, it is the probability
that an observation from the target population is ultimately retained in the sample.
It is immediate from (14.2) that the density of P with respect to any Borel measure on
d
R that dominates P ∗ is given by
dP (z) :=

L
X
pl
l=1

where b(z) :=

PL

l=1

b∗

1Cl (z)dP ∗ (z) =

b(z) ∗
dP (z),
b∗

z ∈ Rd ,

(14.3)

pl 1Cl (z).

Example 14.2 (Linear regression under VP sampling). Let Y ∗ = X ∗ 0 θ∗ + ε∗ . Assume that the
regressors are uncorrelated with the model error in the target population, i.e., EP ∗ [X ∗ ε∗ ] = 0.
Instead of observing Z ∗ := (Y ∗ , X ∗ ) drawn from the target density dP ∗ , we observe Z := (Y, X)
drawn from dP , the density induced by the VP sampling scheme, given in (14.3). The OLS
P
P
estimator that ignores stratification, θ̂LS := ( nj=1 Xj Xj0 )−1 nj=1 Xj Yj , is not a consistent
estimator of θ∗ . To see this, observe that
(14.3)

plimn→∞ (θ̂LS ) = (EP XX 0 )−1 (EP XY ) = θ∗ + (EP XX 0 )−1 EP ∗ {b(Z ∗ )X ∗ ε∗ }/b∗ .
38Short

proofs of (14.2), (14.8) and (14.10) are in the appendix.
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But since EP ∗ {X ∗ ε∗ } = 0 does not imply EP ∗ {b(Z ∗ )X ∗ ε∗ } = 0, it follows that θ̂LS is not necessarily consistent for θ∗ . Furthermore, since the asymptotic bias depends upon the distribution
of Z ∗ and the retention probabilities, the decision to ignore stratification can only be made
on a case by case basis, cf., e.g., Imbens and Lancaster (1996). The least-squares estimator
remains inconsistent even if stratification is based only upon X ∗ . However, as pointed out by
Wooldridge (1999, 2001) and Tripathi (2008), if the identifying assumption EP ∗ {X ∗ ε∗ } = 0 is
replaced by the stronger condition EY ∗ |X ∗ {ε∗ |X ∗ } = 0 w.p.1, then ignoring stratification based
on the explanatory variables does not affect the consistency of θ̂LS although it will still affect
its asymptotic variance, cf. Examples 14.12 and 14.13.


Example 14.3 (Biased sampling models). The phenomenon where the realized measure P is
different from the target measure P ∗ is generally referred to as “selection”. For instance, it is
acceptable to say that the LS estimator in Example 14.2 is inconsistent because of “selection
due to stratification”. It is useful to note that the class of problems that can be handled when
selection is modeled using (14.3) includes more than just those involving stratified sampling.
For instance, consider the so called “length biased sampling” problem where the probability of
observing a random variable is proportional to its “size”. E.g., economists are more likely to
observe longer unemployment spells if they are sampled at a randomly chosen time. Similarly,
as Owen (2001, p. 127) points out, if internet log files are sampled randomly then longer
sessions are likely to be over-represented. For more on length bias sampling cf., e.g., Vardi
(1982), Bickel, Klassen, Ritov, and Wellner (1993, Section 4.4), Qin (1993), El-Barmi and
Rothmann (1998), Owen (2001, Chapter 6), and the references therein. Since in length biased
R
sampling we have dP (z) := kzk dP ∗ (z)/ Rd kzk dP ∗ (z), it fits the formulation in (14.3) with
R
b(z) := kzk and b∗ := Rd kzk dP ∗ (z). Hence, the efficiency bounds obtained in this section can
be extended to length biased sampling models as well with only minor notational changes. 

Since we use dP to do inference on dP ∗ , before proceeding any further we first have
to investigate whether dP ∗ can be recovered in terms of dP . If there is no way of going from
the stratified sample density (loosely speaking, the “reduced form”) to the target density (the
“structural form”), then moment based inference about dP ∗ is impossible. In other words,
we first have to examine whether dP ∗ is identified. The density dP is of course identified by
definition since it generates the data.
Fortunately, there are no identification issues for VP sampling. As discussed later in
Section 14.2.2, this is in sharp contrast to SS sampling where ignorance of Q∗ leads to serious
identification problems. All parameters of interest associated with VP sampling are identifiable
from the stratified sample alone. In particular, b∗ , Q∗ , and dP ∗ are identified because they can
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all be explicitly written in terms of P as follows:
Q∗l = EP {1(Z ∈ Cl )/b(Z)}/EP {1/b(Z)},

b∗ = 1/EP {1/b(Z)},

dP ∗ (z) = dP (z)/[b(z)EP {b−1 (Z)}],

l = 1, . . . , L,

z ∈ Rd .

Let ρ1 (Z, θ) := g(Z, θ)/b(Z). From (14.3), it is clear that
(14.1) ⇐⇒ EP [ρ1 (Z, θ∗ )] = 0.
Hence, since ρ1 is known up to θ∗ , the following result is immediate from (11.6).
Proposition 14.1. The efficiency bound for estimating θ∗ is given by (D0 V1−1 D)−1 , where
D := ∂EP {ρ1 (Z, θ∗ )}/∂θ and V1 := EP {ρ1 (Z, θ∗ )ρ01 (Z, θ∗ )}.
Note that
D :=

g(Z, θ∗ ) (14.3) 1 ∂
∂
EP {
} = ∗ EP ∗ [g(Z, θ∗ )]
∂θ
b(Z)
b ∂θ

and
V1 := EP {

g(Z, θ∗ )g 0 (Z, θ∗ ) (14.3) 1
g(Z, θ∗ )g 0 (Z, θ∗ )
∗
}
=
E
{
}
P
b2 (Z)
b∗
b(Z)

(14.4)

L
1 X1
= ∗
EP ∗ {g(Z, θ∗ )g 0 (Z, θ∗ )1Cl (Z)}
b l=1 pl

=

L
1 X1
EP ∗ {g(Z, θ∗ )g 0 (Z, θ∗ )|Z ∈ Cl }P ∗ (Z ∈ Cl )
∗
b l=1 pl

L
1 X Q∗l 2
EP ∗ {g(Z, θ∗ )g 0 (Z, θ∗ )|Z ∈ Cl },
= ∗2
b l=1 rl∗

(14.5)

where rl∗ := pl Q∗l /b∗ denotes the probability that an observation chosen by VP sampling lies in
the lth stratum, cf. (H.1) in the appendix. Hence, letting g := g(Z, θ∗ ), the efficiency bound
for estimating θ∗ can also be written as
(14.4)

(D0 V1−1 D)−1 = b∗ [(

∂
gg 0 −1 ∂
EP ∗ [g(Z, θ∗ )])0 (EP ∗ {
}) ( EP ∗ [g(Z, θ∗ )])]−1
∂θ
b(Z)
∂θ

(14.6)

L
X
∂
Q∗l 2
∂
∗
0
∗
= [( EP [g(Z, θ )]) (
EP ∗ {gg 0 |Z ∈ Cl })−1 ( EP ∗ [g(Z, θ∗ )])]−1 .
∗
∂θ
rl
∂θ
l=1

(14.5)

(14.7)
Since the aggregate shares add up to one, it suffices to determine the efficiency bound
for estimating Q∗−L := (Q∗1 , . . . , Q∗L−1 )(L−1)×1 . Note that the aggregate shares are identified in
the stratified sample through the moment condition
EP [(s(Z) − Q∗−L )/b(Z)] = 0,
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where s(Z) := (1C1 (Z), . . . , 1CL−1 (Z))(L−1)×1 is the vector of stratum indicators. For notational
convenience, let ρ1 := ρ1 (Z, θ∗ ) and MV1 := V1−1 − V1−1 D(D0 V1−1 D)−1 D0 V1−1 . The following
result is shown in the appendix.
Proposition 14.2. The efficiency bound for estimating Q∗−L is given by b∗ 2 (V2 − Σ012 MV1 Σ12 ),
where V2 := EP {ρ2 ρ02 }, ρ2 := (s(Z) − Q∗−L )/b(Z), and Σ12 := EP {ρ1 ρ02 }.
Similarly, b∗ is identified via the moment condition EP [(b(Z) − b∗ )/b(Z)] = 0. Hence,
the efficiency bound for b∗ follows immediately from Proposition 14.2 on replacing ρ2 by ρ3 :=
(b(Z) − b∗ )/b(Z). That is, we have the following result.
Proposition 14.3. The efficiency bound for estimating b∗ is given by b∗ 2 (V3 − Σ013 MV1 Σ13 ),
where V3 := EP {ρ23 } and Σ13 := EP {ρ1 ρ3 }.
Efficient estimation of θ∗ , Q∗−L , and b∗ is discussed in Tripathi (2011b), who also shows
that if θ∗ is the only parameter of interest then it is not necessary to jointly estimate Q∗ in order
to obtain an efficient estimator of θ∗ . If b(Z) is constant, so that stratification disappears, then
(D0 V1−1 D)−1 becomes the well known asymptotic variance for estimating θ∗ in the absence
of stratification, cf. Section 11. Similarly, if there is no auxiliary information, e.g., if g is
identically zero or if there are no overidentifying restrictions, then the efficiency bound of Q∗−L
reduces to b∗ 2 V2 . Therefore, imposing the overidentified model leads to an efficiency gain in
estimating the aggregate shares.
Example 14.4 (Example 14.2 contd.). The efficiency bound for estimating θ∗ is given by
{EP XX 0 /b(Z)}−1 EP {XX 0 (Y − X 0 β ∗ )2 /b2 (Z)}{EP XX 0 /b(Z)}−1 ,
which resembles the Eicker-White heteroscedasticity consistent asymptotic variance with a
correction for stratification. In this example, the efficiency bound for estimating each aggregate
P

share is given by b∗ {Q∗l − 2Q∗l 2 + k̄pl Q∗l 2 }/pl , where k̄ := Ll=1 (Q∗l /pl ).
In addition to the aggregate shares, other unconditional probabilities can also be of interest in applied work. E.g., descriptive statistics for the target population, typically reported
unconditionally, can include probabilities, say for instance, estimating the proportion of individuals in the target population with 11 or fewer years of education. Hence, we also obtain the
efficiency bound for estimating the cdf F ∗ (z) := P ∗ (Z ∗ ≤ z) evaluated at some fixed z ∈ Rd .
Cf. Efromovich (2004) for some additional cross-disciplinary examples where estimation of F ∗
may be of interest. As mentioned previously in Section 6, efficient estimation of F ∗ may also be
relevant if one wants to bootstrap from the target population. When prior information about
the target population is available, merely using a consistent estimator of F ∗ can lead to poor
inference from the bootstrap. Hence, Brown and Newey (2002) suggest that resampling be
done using F̂ ∗ , an estimator of F ∗ that incorporates the stochastic restrictions imposed by the
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model (14.1). For the sake of completeness, we also obtain the efficiency bound for estimating
F (z) := P (Z ≤ z). Contrasting F̂ ∗ and F̂ (the estimator of F ), a useful diagnostic tool, can
reveal the extent of stratification; F̂ ∗ can also be compared with the empirical distribution but
since F̂ takes the model into account, it is more precise.
To obtain the efficiency bound for F ∗ (z), it suffices to note that F ∗ (z) is identified in
the stratified sample by the moment condition EP [(1(Z ≤ z) − F ∗ (z))/b(Z)] = 0. Hence,
the efficiency bound for estimating F ∗ (z) follows from Proposition 14.3 on replacing ρ2 by
ρ4 (z) := (1(Z ≤ z) − F ∗ (z))/b(Z), i.e.,
Proposition 14.4. The efficiency bound for estimating F ∗ (z) is given by
b∗ 2 (V4 (z) − Σ014 (z)MV1 Σ14 (z)),
where V4 (z) := EP {ρ24 (z)} and Σ14 (z) := EP {ρ1 ρ4 (z)}.
Similarly, F (z) is identified by the moment condition EP [1(Z ≤ z) − F (z)] = 0, and the
bound for F (z) follows from Proposition 14.4 by letting b(Z) := 1 =⇒ b∗ = 1, i.e.,
Proposition 14.5. The efficiency bound for estimating F (z) is given by F (z)[1 − F (z)] −
EP {[1(Z ≤ z) − F (z)]ρ01 }MV1 EP {[1(Z ≤ z) − F (z)]ρ1 }.
If there is no stratification, i.e., P ∗ = P , then the bounds in Propositions 14.4 and 14.5
simplify to
F (z)[1 − F (z)] − E{[1(Z ≤ z) − F (z)]g 0 }MV E{[1(Z ≤ z) − F (z)]g},
where g := g(Z, θ∗ ), MV := V −1 − V −1 D(D0 V −1 D)−1 D0 V −1 , D := ∂E{g(Z, θ∗ )}/∂θ, and
V := E{gg 0 }, which is just the efficiency bound for estimating F (z) under (14.1) in the absence
of stratification, cf. Example 11.4.
Example 14.5 (Auxiliary information). Suppose we know a priori that EP ∗ g(Z) = 0, where g
is a vector of known functions. These types of auxiliary information models, which are a special
case (14.1), have been investigated by Imbens and Lancaster (1994), Hellerstein and Imbens
(1999), and Nevo (2003). The efficiency bounds for Q∗ , b∗ , F ∗ (z), and F (z) then follow from
Propositions 14.2, 14.3, 14.4, and 14.5, respectively, by replacing g(Z, θ∗ )/b(Z) with g(Z)/b(Z)
and setting D = 0.

14.2.2. Multinomial and standard stratified sampling with known aggregate shares. In MN sampling, the researcher first selects a stratum, say Cl , with known probability K̃l so that K̃1 +
. . . + K̃L = 1. Then, an observation Z is drawn randomly from the selected stratum. The
distribution induced by the MN sampling scheme is
Z
L
X
K̃l
P (Z ∈ B) :=
1Cl (z) dP ∗ (z).
(14.8)
∗
Q
B
l
l=1
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Hence, the density of P is given by
L
X
K̃l
1 (z)dP ∗ (z),
dP (z) :=
∗ Cl
Q
l
l=1

z ∈ Rd .

(14.9)

In SS sampling, used for most large datasets, the number of observations drawn from each
stratum is fixed in advance and data is sampled randomly within each stratum. In particular,
P
suppose that n observations Z1 , . . . , Zn are collected by SS sampling with nl := nj=1 1(Zj ∈
Cl ) defined to be the predetermined number of observations drawn from the lth stratum,
l = 1, . . . , L, so that the “sampling fractions” nl /n’s sum to one, i.e., (n1 /n) + . . . + (nL /n) = 1.
The distribution induced by the SS sampling scheme, denoted by Pn , is then given by
Z
L
X
(nl /n)
Pn (Z ∈ B) :=
1Cl (z) dP ∗ (z),
(14.10)
∗
Q
B
l
l=1
with corresponding density
dPn (z) :=

L
X
(nl /n)
l=1

Q∗l

1Cl (z)dP ∗ (z),

z ∈ Rd .

As noted by Wooldridge (2001, p. 453), the aggregate shares being unconditional probabilities can often be estimated easily and extremely precisely from large surveys such as the
census. So it is not very surprising that researchers working with stratified datasets often disregard the estimation uncertainty that comes from estimating the aggregate shares and simply
assume that they are known. Therefore, in this section we also maintain the assumption that
the Q∗l ’s are known. By contrast, severe identification problems arise if the aggregate shares
are unknown. This case is considered in Section 14.2.3.
Unlike MN sampling, observations collected by SS sampling are independently but not
identically distributed because in SS sampling the nl ’s are treated as nonstochastic constants
whereas in MN sampling they are random variables. This complicates the problem of calculating
the efficiency bounds under SS sampling because the bounds are much easier to obtain in
an i.i.d. setting. Fortunately, this technical hurdle can be circumvented by noting that the
MN and SS sampling densities are observationally equivalent conditional on the number of
observations in each stratum. Consequently, efficient inference is identical for the two sampling
schemes provided we condition on the observed values of the nl ’s (Imbens and Lancaster,
0
:=
1996, p. 297). This can be achieved in a simple manner by the following trick: Let K−L
P
L−1
0
(K10 , . . . , KL−1
)(L−1)×1 ∈ (0, 1)L−1 and KL0 := 1 − l=1 Kl0 , and assume, counterfactually, that
observations collected by SS sampling are i.i.d. draws from the density
dP (z) :=

L
X
K 0 1C (z)
l

l=1

l

Q∗l

0
dP ∗ (z) := bQ∗ (z, K−L
)dP ∗ (z),

(14.11)
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P
0
where bQ∗ (z, K−L
) := Ll=1 (Kl0 /Q∗l )1Cl (z). Of course, (14.11) is observationally equivalent to
the density of a MN sampling scheme in which the lth stratum is chosen with probability Kl0 .
In Tripathi (2011a) it is shown that estimating K 0 , which can be thought of as the vector
of “limiting” sampling fractions, jointly and efficiently with θ∗ leads to asymptotic inference
that is conditional on the observed values of the nl ’s. In other words, treating the sampling
fractions as unknown parameters to be estimated (even though they are known!) has the effect
of asymptotically conditioning on the number of observations lying in each stratum of the
stratified sample. Hence, the efficiency bounds obtained in this section are valid under the
i.n.i.d. framework even though they are derived in an artificially created i.i.d. environment.
Therefore, without loss of generality, henceforth we only consider SS sampling.
Wooldridge (2001) examines asymptotic properties of M -estimators when data is collected by SS sampling and his approach can be used to handle models where parametric assumptions are made about the conditional density of variables in the target population, linear
and nonlinear regression models, etc., that have been studied previously in the literature on
SS sampling; cf., e.g., Manski and Lerman (1977), Cosslett (1981a, 1981b, 1993), Hausman
and Wise (1981), Manski and McFadden (1981), Jewell (1985), Quesenberry and Jewell (1986),
Imbens (1992), Imbens and Lancaster (1996), and the references therein. However, the parameters of interest in Wooldridge’s model are exactly-identified whereas (14.1) allows θ∗ to be
overidentified. Therefore, (14.1) nests his setup as a special case.39
0
)(p+L−1)×1 and
Let β0 := (θ∗ , K−L
"
#
"
#
ρ1 (Z, β)
g(Z, θ)/bQ∗ (Z, K−L )
:=
.
ρ2 (Z, K−L )
s(Z) − K−L
The known aggregate shares satisfy the moment condition
0
EP [(s(Z) − Q∗−L )/bQ∗ (Z, K−L
)] = 0,

where Q∗−L := (Q∗1 , . . . , Q∗L−1 )(L−1)×1 . Similarly, because dP ∗ (z)
density,
0
EP [1/bQ∗ (Z, K−L
) − 1] = 0.

(14.11)

=

0
dP (z)/bQ∗ (z, K−L
) is a

However, since
0
0
0
0
) & ρ4 (Z, K−L
) := 1/bQ∗ (Z, K−L
)−1
ρ3 (Z, K−L
) := (s(Z) − Q∗−L )/bQ∗ (Z, K−L
0
are linear transformations of ρ2 (Z, K−L
), cf. (H.6) in the appendix, these moment conditions
0
are automatically satisfied because EP [ρ1 (Z, β0 )] = 0 and EP [ρ2 (Z, K−L
)] = 0.
39Recall

that the moment conditions that identify parameters in M -estimation problems are the first order
conditions necessary for maximizing or minimizing an objective function at the population level. E.g., the
moment condition for conditional maximum likelihood is that the mean of the conditional score in the target
population is zero.
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Let ε denote the residual that results when ρ1 (Z, β0 ) is orthogonally projected onto the
0
space spanned by the coordinates of ρ2 (Z, K−L
), i.e.,
0
),
ε := ρ1 (Z, β0 ) − Σ12 V2−1 ρ2 (Z, K−L
0
0
0
where Σ12 = EP [ρ1 (Z, β0 )ρ02 (Z, K−L
)] and V2 := EP [ρ2 (Z, K−L
)ρ02 (Z, K−L
)].

Proposition 14.6. The efficiency bound for estimating θ∗ is given by (D0 Ω−1 D)−1 , where D :=
∂EP [ρ1 (Z, β0 )]/∂θ and Ω := EP [εε0 ] = V1 − Σ12 V2−1 Σ012 , where V1 := EP [ρ1 (Z, β0 )ρ01 (Z, β0 )].
Efficient GMM estimators of θ∗ have been proposed by Tripathi (2011a).
Example 14.6 (Population mean). Let θ∗ denote the mean of the target population, i.e.,
EP ∗ [Z ∗ − θ∗ ] = 0 =⇒ g(Z ∗ , θ∗ ) := Z ∗ − θ∗ . Therefore, since θ∗ is just-identified and D = −Ip ,
the efficiency bound for estimating θ∗ is given by Ω.

Example 14.7 (Linear instrumental variables). Suppose that Y ∗ = X ∗ 0 θ∗ + U ∗ and some of
the regressors are endogenous. Assume there exists a q × 1 vector of instrumental variables W ∗
satisfying EP ∗ [u∗ |W ∗ ] = 0 w.p.1. This leads to an IV model of the form
EP ∗ [W ∗ (Y ∗ − X ∗ 0 θ∗ )] = 0 =⇒ g(Z ∗ , θ∗ ) := W ∗ (Y ∗ − X ∗ 0 θ∗ ),
0
)], the efficiency
where Z ∗ := (Y ∗ , X ∗ , W ∗ )(1+p+q)×1 . Since here D = −EP [W X 0 /bQ∗ (Z, K−L
0
0
XW
WX
∗
−1
−1
bound for estimating θ is given by (EP [ b ∗ (Z,K 0 ) ]Ω EP [ b ∗ (Z,K 0 ) ]) . This example implicQ
Q
−L
−L
itly assumes that Y ∗ , X ∗ , W ∗ were all collected by SS sampling. But if stratification is based
only on Y ∗ (models where stratification is based only on the response variable are often said
to be “endogenously” stratified), then the efficiency bound can be obtained by simply letting
∗
∗
Cl := CYl × supp(X ∗ ) × supp(W ∗ ), where CYl denotes the lth stratum of the support of Y ∗ ,
P
∗
0
i.e., with bQ∗ (Z, K−L
) := Ll=1 (Kl0 /Q∗l )1(Yj ∈ CYl ). Similarly, for stratification based only
P
∗
∗
∗
∗
0
) := Ll=1 (Kl0 /Q∗l )1((Y, X) ∈ CYl ×X ) with CYl ×X now the lth
on (Y ∗ , X ∗ ) use bQ∗ (Z, K−L
stratum of the support of Y ∗ × X ∗ . Modifications to bQ∗ needed to account for other sources
of stratification follow mutatis mutandis.


Example 14.8 (Efficiency of M -estimators). Proposition 14.6 implies that the M -estimators
in Wooldridge (2001) are asymptotically efficient within their class. To see this, suppose that θ∗
is just-identified, i.e., q = p. Then, the efficiency bound for estimating θ∗ reduces to D−1 ΩD0 −1 .
But, as shown in the appendix,
D=

L
X

Q∗l

l=1

Ω=

∂
∂
EP ∗ [g(Z ∗ , θ∗ )|Z ∗ ∈ Cl ] =
EP ∗ [g(Z ∗ , θ∗ )]
∂θ
∂θ

L
X
Q∗ 2
l

l=1

Kl0

(14.12)
varP ∗ [g(Z ∗ , θ∗ )|Z ∗ ∈ Cl ].
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Therefore, comparing (14.12) with equations (3.2), (3.7), and (3.8) in Wooldridge (2001) reveals
that D−1 ΩD0 −1 matches the asymptotic variance in Theorem 3.2 of Wooldridge’s paper. Hence,
the M -estimators proposed there are asymptotically efficient.

Example 14.9 (VP sampling with known aggregate shares). In Proposition 14.1, we had
derived the efficiency bound for estimating θ∗ under VP sampling without assuming that the
aggregate shares were known. It is useful to note that Proposition 14.6 can be used to obtain
the efficiency bound for estimating θ∗ under VP sampling when the aggregate shares are known.
This can be seen as follows. Begin by observing that (14.3) can be written as
L
L
X
X
pl Q∗l 1
rl∗
∗
dP (z) =
1
(z)dP
(z)
=
1 (z)dP ∗ (z),
C
l
∗ Cl
∗ Q∗
b
Q
l
l
l=1
l=1

z ∈ Rd ,

(14.13)

with rl∗ as defined earlier in Section 14.2.1. Since EP [1Cl (Z)] = rl∗ , it is clear that rl∗ is the
probability that an observation chosen by VP sampling lies in stratum l. The same interpretation follows from (H.1) in the appendix. A comparison with (14.9) reveals that (14.13) is
just the MN density where the lth stratum is chosen with probability rl∗ . From the definiP
tion of b∗ it is clear that Ll=1 rl∗ = 1. Moreover, each rl∗ is also known when the aggregate
shares are known. In other words, the VP and MN densities are observationally equivalent
whenever the aggregate shares are known. Hence, from Proposition 14.6 and (14.12), the
∂
efficiency bound for estimating θ∗ is given by (D0 Ω−1 D)−1 with D = ∂θ
EP ∗ [g(Z ∗ , θ∗ )] and
P Q∗ 2
Ω = Ll=1 rl∗ varP ∗ [g(Z ∗ , θ∗ )|Z ∗ ∈ Cl ]. That is, when the aggregate shares are known, the
l
efficiency bound for estimating θ∗ under VP sampling is given by
L
X
∂
Q∗l 2
∂
∗
0
∗
(D Ω D) = [( EP [g(Z, θ )]) (
varP ∗ [g(Z, θ∗ )|Z ∈ Cl ])−1 ( EP ∗ [g(Z, θ∗ )])]−1 .
∗
∂θ
rl
∂θ
l=1
(14.14)
0 −1
For the special case of M -estimators, the efficiency bound in (14.14) reduces to (D ) ΩD−1 ,
which matches the asymptotic variance in Wooldridge (2001, Theorem 7.1).
The bound in (14.14) is smaller (in the Löwner sense) than the one in (14.7), reflecting
the gain in information due to the knowledge of the aggregate shares. Indeed, since
0

−1

−1

varP ∗ [g(Z, θ∗ )|Z ∈ Cl ] ≤L EP ∗ [g(Z, θ∗ )g 0 (Z, θ∗ )|Z ∈ Cl ]
for each l, we have that
L
X
Q∗ 2
l=1

l
rl∗

varP ∗ [g(Z, θ∗ )|Z ∈ Cl ] ≤L

L
X
Q∗ 2
l=1

l
rl∗

EP ∗ [g(Z, θ∗ )g 0 (Z, θ∗ )|Z ∈ Cl ].

(14.15)

Hence, (D0 Ω−1 D)−1 ≤L (D0 V1−1 D)−1 by (14.7), (14.14) and (14.15); i.e., the efficiency bound
for θ∗ improves when the aggregate shares are assumed to be known.
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Example 14.10 (Proportional allocation). This special case of SS sampling is often encountered in applied work. It refers to the situation when the predetermined sampling fractions are
chosen to be equal to the known aggregate shares, i.e., when nl := nQ∗l for each l and n. The
0
−1
efficiency bound for estimating θ∗ under proportional allocation is given by (DPA
Ω−1
PA DPA ) ,
where DPA := D|K 0 =Q∗ = ∂EP [g(Z, θ∗ )]/∂θ and ΩPA := Ω|K 0 =Q∗ . In particular, by (14.12),
DPA =

L
X
l=1

ΩPA =

L
X

Q∗l

∂
EP ∗ [g(Z ∗ , θ∗ )|Z ∗ ∈ Cl ]
∂θ

Q∗l varP ∗ [g(Z ∗ , θ∗ )|Z ∗ ∈ Cl ].

l=1

Note that since DPA = ∂EP ∗ [g(Z, θ∗ )]/∂θ and ΩPA −EP ∗ [g(Z ∗ , θ∗ )g 0 (Z ∗ , θ∗ )] is negative definite,
cf. Lemma H.2, proportional allocation leads to a more efficient GMM estimator than random
sampling. This result, well known in the context of estimating population means (Cochran,
1963, Theorem 5.8, p. 98), is often cited as the raison d´être for proportional allocation.

14.2.3. Standard stratified sampling with unknown aggregate shares. We begin by making a
slight change of notation to reflect the fact that in this section the aggregate shares are unknown.
P
0
) := Ll=1 (Kl0 /Q∗l )1Cl (z). The density induced by the SS sampling scheme,
So let b(z, Q∗−L , K−L
i.e., (14.11), can then be written as
0
dP (z) = b(z, Q∗−L , K−L
) dP ∗ (z),

z ∈ Rd .

(14.16)

0
) by (14.16), we cannot recover dP ∗ in terms of dP
Although dP ∗ (z) = dP (z)/b(z, Q∗−L , K−L
alone because, unlike VP sampling, data collected by SS sampling cannot identify the aggregate shares Q∗ .40 Therefore, the target density is also unidentified. To overcome this lack of
identification, suppose that in addition to the stratified sample we also have some additional
observations that were collected by random sampling. Since the second sample is not stratified,
we can use it to recover the aggregate shares and, as shown later, combining the stratified and
random samples allows us to completely recover dP ∗ .
The existence of such additional random samples should not be regarded as being an
overly restrictive requirement. For instance, Manski and Lerman (1977) suggest carrying out
a small random survey to gather a supplementary sample in order to estimate the aggregate
shares. Indeed, some widely used stratified datasets such as the Panel Study of Income Dynamics (PSID) and the National Longitudinal Survey (NLS) automatically provide an additional
random sample that can be used for this purpose.
As in Devereux and Tripathi (2009), the process of combining the stratified and random
samples is modeled as follows. Let Z denote an observation from the combined sample. Along

(14.16), we have EP {1Cl (Z)} = Kl0 for each l. Hence, with SS sampling we can only recover the
sampling fractions, not the aggregate shares, from the stratified sample.
40By
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with Z, we observe a dummy variable R that indicates whether Z comes from the random or
the stratified sample; i.e., R = 1 if Z is from the random sample and R = 0 if Z belongs to the
stratified sample. Hence, for r ∈ {0, 1}, the conditional density of Z|R = r is given by
pdf Z|R=r (z) := dP ∗ (z)r + dP (z)(1 − r),

(14.17)
d

where dP is defined in (14.16). Next, since R is a binary random variable, assume that R =
Bernoulli(κ0 ), where κ0 ∈ (0, 1) is an unknown nuisance parameter that will be estimated along
with the parameters of interest. Therefore, by (14.17), the joint density of Z and R is
dPe (z, r) := κ0 dP ∗ (z)r + (1 − κ0 )dP (z)(1 − r),

(z, r) ∈ Rd × {0, 1}.

(14.18)

Henceforth, we refer to dPe as the density of an observation from the “enriched” sample, i.e.,
the random and stratified samples combined together. It is clear that dPe is a density with
respect to the dominating measure µ×c̄, where µ is a dominating measure for the target density
dP ∗ and c̄ denotes the counting measure on {0, 1}. We let Pe denote the probability measure
corresponding to dPe .
To see how combining the datasets identifies dP ∗ , note that by (14.16) and (14.18) we
have
R
dPe (z, r) dc̄(r)
r∈{0,1}
dP ∗ (z) =
,
z ∈ Rd .
(14.19)
∗
0
κ0 + (1 − κ0 )b(z, Q−L , K−L )
But, the aggregate shares are identified from the random sample by the moment conditions
Q∗l = EPe {1(Z ∈ Cl )|R = 1} ⇐⇒ EPe {1(Z ∈ Cl ) − Q∗l }R = 0

(14.20)

for each l. Similarly, the Kl0 ’s, which were also assumed to be unknown in (14.16), are identified
from the stratified sample via the moment conditions
Kl0 = EPe {1(Z ∈ Cl )|R = 0} ⇐⇒ EPe {1(Z ∈ Cl ) − Kl0 }(1 − R) = 0,

(14.21)

and κ0 , which can be loosely described as the probability of randomly sampling from the target
population, is identified via the moment condition
κ0 = EPe {R} ⇐⇒ EPe {R − κ0 } = 0.

(14.22)

Since (14.20)–(14.22) imply that (14.19) can be written in terms of dPe alone, it follows that
the target density can be fully recovered from the enriched density and is, therefore, identified.
Recalling that the aggregate shares and the Kl0 ’s sum to one, by (14.19) we can express
(14.1) in terms of the enriched density as
0
, κ0 )} = 0,
EPe {g(Z, θ∗ )/c(Z, Q∗−L , K−L
0
0
where c(Z, Q∗−L , K−L
, κ0 ) := κ0 + (1 − κ0 )b(Z, Q∗−L , K−L
).

(14.23)
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0
To estimate β ∗ := (θ∗ , Q∗−L , K−L
, κ0 )(p+2L−1)×1 , use (14.20)–(14.23) to define the (q +
2L − 1) × 1 moment function




ρ1 (Z, β)
g(Z, θ)/c(Z, Q−L , K−L , κ)
ρ (Z, R, Q )


{s(Z) − Q−L }R
 2


−L 
(14.24)

 := 
,
ρ3 (Z, R, K−L )
 {s(Z) − K−L }(1 − R) 
ρ4 (R, κ)
R−κ

where the stratum indicators s(Z) were defined earlier in Section 14.2.1. Let ε be the residual
0
from projecting ρ1 (Z, β ∗ ) onto span{1, ρ2 (Z, R, Q∗−L ), ρ3 (Z, R, K−L
), ρ4 (R, κ0 )} using the inner
0
∗
0
product ha, biPe := EPe {a b}. Since ρ2 (Z, R, Q−L ), ρ3 (Z, R, K−L ), and ρ4 (R, κ0 ) are mean zero
and mutually orthogonal under Pe , it is easy to see that
0
ε = ρ1 (Z, β ∗ ) − Σ12 V2−1 ρ2 (Z, R, Q∗−L ) − Σ13 V3−1 ρ3 (Z, R, K−L
) − Σ14 ρ4 (R, κ0 )/V4 ,

where
Σ12 := EPe {ρ1 (Z, β ∗ )ρ02 (Z, R, Q∗−L )},
Σ14 := EPe {ρ1 (Z, β ∗ )ρ4 (R, κ0 )},

0
)},
Σ13 := EPe {ρ1 (Z, β ∗ )ρ03 (Z, R, K−L

V2 := EPe {ρ2 (Z, R, Q∗−L )ρ02 (Z, R, Q∗−L )},

0
0
)ρ03 (Z, R, K−L
)},
V3 := EPe {ρ3 (Z, R, K−L

V4 := EPe {ρ24 (R, κ0 )}.

Also, let v := ε + Jρ2 (Z, R, Q∗−L ) with J := Σ12 V2−1 + (1/κ0 )EPe {∂ρ1 (Z, β ∗ )/∂Q−L }.
The following results are proved in the appendix.
Proposition 14.7. The efficiency bound for estimating θ∗ is given by (D0 V −1 D)−1 , where
D := ∂EPe {ρ1 (Z, β ∗ )}/∂θ and V := EPe {vv 0 }.
From the definitions of v and ε it is immediate that V = Ω + JV2 J 0 , where
Ω := EPe {εε0 } = V1 − Σ12 V2−1 Σ012 − Σ13 V3−1 Σ013 − Σ14 Σ014 /V4
and V1 := EPe {ρ1 (Z, β ∗ )ρ01 (Z, β ∗ )}.
Example 14.11 (Linear regression). For the model in Example 14.2, assume that Z and R
are drawn from the enriched density dPe defined in (14.18). By Proposition 14.7, the efficiency
bound for estimating θ∗ , which here is just-identified, is given by
0
0
{EPe XX 0 /c(Z, Q∗−L , K−L
, κ0 )}−1 V EPe {XX 0 /c(Z, Q∗−L , K−L
, κ0 )}.



Proposition 14.8. The efficiency bound for estimating Q∗−L is given by (V2 − V2 J 0 MV JV2 )/κ20 ,
where MV = V −1 − V −1 D(D0 V −1 D)−1 D0 V −1 .
Proposition 14.9. Fix z ∈ Rd . The efficiency bound for estimating F ∗ (z) is given by
EPe {w2 } − EPe {v 0 w}MV EPe {wv},
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where w := u + J˜0 ρ2 (Z, R, Q∗−L ), u denotes the residual from projecting Ic (Z, z) := {1(Z ≤
0
0
z) − F ∗ (z)}/c(Z, Q∗−L , K−L
, κ0 ) onto span{1, ρ2 (Z, R, Q∗−L ), ρ3 (Z, R, K−L
), ρ4 (R, κ0 )} using the
−1
∗
0
0 :=
˜
EPe {Ic (Z, z)ρ2 (Z, R, Q−L )}V2 + (1/κ0 )EPe {∂Ic (Z, z)/∂Q−L }.
inner product h·, ·iPe , and J
Proposition 14.10. Fix z ∈ Rd . The efficiency bound for estimating Fe (z) is given by
Fe (z)[1 − Fe (z)] − EPe {v 0 [1(Z ≤ z) − Fe (z)]}MV EPe {[1(Z ≤ z) − Fe (z)]v}.
Efficient estimators that achieve the bounds in Propositions 14.7–14.10 have been proposed by Tripathi (2011b).
14.3. Conditional moment restrictions. In this section, we present some efficiency bounds
for estimating parameters defined via conditional moment restrictions. So suppose there exists
a finite dimensional parameter θ∗ such that
EPZ∗ ∗ |X ∗ [g(Z ∗ , θ∗ )|X ∗ ] = 0

w. p. 1,

(14.25)

where g is a vector of functions known up to θ∗ . The conditional distribution of Z ∗ |X ∗ and the
marginal distribution of X ∗ are completely unknown.
To minimize the proliferation of symbols, the list of variables containing X ∗ and the
coordinates of Z ∗ that are distinct from X ∗ will be written simply as (Z ∗ , X ∗ ). Consequently,
a reference to the distribution or density of (Z ∗ , X ∗ ) is really a reference to the joint distribution
or density of the distinct coordinates of Z ∗ and X ∗ . Similarly, PZ∗ ∗ |X ∗ := Law(Z ∗ |X ∗ ) means
the conditional distribution of the coordinates of Z ∗ that are distinct from X ∗ . The same
notation applies to the realized observations as well.
Earlier papers in the literature on estimating models with conditioning variables assume that PZ∗ ∗ |X ∗ is known up to a finite dimensional parameter. Only PX∗ ∗ is left completely
unspecified. For example, Manski and Lerman (1977) estimate discrete choice models using
MN sampling when stratification is based on a set of finite response variables (choice based
sampling). Manski and McFadden (1981) allow for stratification on exogenous variables as
well. Cosslett (1981a, 1981b, 1991, 1993) and Imbens (1992) describe efficient estimation techniques for these models using choice based samples. In particular, Cosslett looks at maximum
likelihood whereas Imbens proposes a Chamberlain (1987) type method of moments approach.
Imbens and Lancaster (1996) extend the latter to allow for SS and VP sampling, mixed response variables, and stratification on exogenous covariates. A well known application of SS
and VP sampling can be found in Hausman and Wise (1981).
Regression under stratified sampling and a parametric PZ∗ ∗ |X ∗ has also been well investigated. For example, under SS sampling, DeMets and Halperin (1977) and Holt, Smith, and
Winter (1980) estimate linear models under normality, while Scott and Wild (1986) look at
logistic regression. For efficiency bounds relating to this literature, cf., e.g., Hirose (2007) and
Hirose and Lee (2008). Butler (2000) considers linear and nonlinear regression models with
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MN sampling weights when the error density is known. Bickel and Ritov (1991) also use MN
sampling but they do not impose normality. However, they assume independence between the
error term and the regressors (all of which have to be discrete). Jewell (1985) and Quesenberry
and Jewell (1986) propose iterative estimators of regression coefficients under SS and VP sampling without imposing normality or independence, but they do not provide any asymptotic
theory for their estimators.
All the papers described above impose strong conditions on the distribution of Z ∗ |X ∗ .
An exception is Wooldridge (1999, 2001), who leaves PZ∗ ∗ |X ∗ and PX∗ ∗ completely unspecified
and provides asymptotic theory for M -estimation under VP, SS, and MN sampling. However,
the major difference between (14.25) and Wooldridge’s papers is that Wooldridge’s model is
defined in terms of a set of just-identified unconditional moment conditions. Therefore, (14.25),
indeed even (14.1), nests his moment conditions as a special case. Butler (2000) also relaxes
the parametric assumption on PZ∗ ∗ |X ∗ when doing unconditional GMM on overidentified models
with MN sampling weights and known aggregate shares.
14.3.1. Variable probability sampling. Instead of observing (Z ∗ , X ∗ ) directly from the target
population, we possess a random vector (Z, X) that is collected by VP sampling. Hence, the
relationship between the distribution induced by the sampling scheme P := Law(Z, X) and
the target distribution P ∗ := Law(Z ∗ , X ∗ ) is given by (14.3) with a slight change in notation
to accommodate the conditioning variables, namely,
b(z, x) ∗
dP (z, x),
b∗
P
P
where b(z, x) := Ll=1 pl 1Cl (z, x) and b∗ := Ll=1 pl Q∗l with Q∗l := P ∗ ((Z ∗ , X ∗ ) ∈ Cl ). It is
therefore straightforward to see that the marginal distribution of X is given by
Z
Z
b(z, x)
dPX (x) := dP (z, x) =
dP ∗ (z, x)
∗
b
z
Zz
b(z, x)
=
dPZ∗ ∗ |X ∗ =x (z) dPX∗ ∗ (x)
∗
b
z
γ ∗ (x)
=
dPX∗ ∗ (x),
(14.26)
∗
b
dP (z, x) :=

where γ ∗ (x) := EPZ∗ ∗ |X ∗ [b(Z ∗ , X ∗ )|X ∗ = x]. Similarly, the conditional distribution of Z|X is
(b(z, x)/b∗ ) dPZ∗ ∗ |X ∗ =x (z) dPX∗ ∗ (x)
dP (z, x)
dPZ|X=x (z) :=
=
dPX (x)
(γ ∗ (x)/b∗ ) dPX∗ ∗ (x)
b(z, x)
= ∗
dPZ∗ ∗ |X ∗ =x (z).
γ (x)

(14.27)
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In many applications, Z ∗ can be partitioned into endogenous components Y ∗ and exogenous components X ∗ . In such situations, stratification may be based only on Y ∗ (i.e., endogenous stratification), only on X ∗ (i.e., exogenous stratification), or both; cf. Example 14.7.
Results under endogenous stratification can be quite different from those under exogenous
stratification. Consider, for instance, the following example.
Example 14.12 (Example 14.2 contd.). Assume that the regressors in Example 14.2 are
exogenous with respect to the model error in the target population, i.e., EPε∗∗ |X ∗ [ε∗ |X ∗ ] = 0
w.p.1. Note that in this example Z ∗ := (Y ∗ , X ∗ ) and g(Z ∗ , θ∗ ) := Y ∗ − X ∗ 0 θ∗ . If we ignore
stratification and simply regress the observed Y on the observed X, then in general θ∗ cannot
be consistently estimated by the OLS estimator. To see this, observe that
(14.27)

EPY |X [Y |X = x] = EPY∗ ∗ |X ∗ [Y ∗
=

1
γ ∗ (x)

b(Y ∗ , x) ∗
|X = x]
γ ∗ (x)

EPZ∗ ∗ |X ∗ [(X ∗ 0 θ∗ + ε∗ )b(Y ∗ , x)|X ∗ = x]

= x0 θ ∗ +

1
γ ∗ (x)

EPZ∗ ∗ |X ∗ [ε∗ b(Y ∗ , x)|X ∗ = x],

(14.28)

because in this example γ ∗ (x) = EPY∗ ∗ |X ∗ [b(Y ∗ , x)|X ∗ = x]. But since
EPε∗∗ |X ∗ [ε∗ |X ∗ = x] = 0 =⇒
/

EPZ∗ ∗ |X ∗ [ε∗ b(Y ∗ , x)|X ∗ = x] = 0,

it follows that regressing Y on X will not yield a consistent estimator of θ∗ . Of course, if the
stratification is purely exogenous, i.e., b(Y ∗ , X ∗ ) := b(X ∗ ), then
EPZ∗ ∗ |X ∗ [ε∗ b(Y ∗ , x)|X ∗ = x] = b(x)EPZ∗ ∗ |X ∗ [ε∗ |X ∗ = x] = 0
(14.28)

=⇒ EPY |X [Y |X = x] = x0 θ∗ .

(14.29)

Hence, unlike the unconditional moment restrictions model in Example 14.2, ignoring exogenous
stratification does not affect the consistency of the OLS estimator because
plimn→∞ θ̂LS

n
n
X
X
0 −1
= plimn→∞ (
Xj X j )
Xj Yj
j=1

j=1

0 −1

= (EP XX ) (EP XY )
(14.29)

= (EPX XX 0 )−1 (EPX [XEPY |X (Y |X)]) = θ∗ .



Let ρ1 (Z, X, θ) := g(Z, θ)/b(Z, X) and assume that γ ∗ (X) > 0 w.p.1.41 Then, by (14.27),
(14.25) ⇐⇒ EPZ|X [ρ1 (Z, X, θ∗ )|X] = 0
41This

is reasonable because γ ∗ (X) := EPZ∗∗ |X ∗ [b(Z ∗ , X ∗ )|X ∗ ] =

if and only if P ∗ Z ∗ |X ∗ ((Z ∗ , X ∗ ) ∈ Cl |X ∗ ) = 0 for each l.

PL

l=1

w. p. 1 .
pl P ∗ Z ∗ |X ∗ ((Z ∗ , X ∗ ) ∈ Cl |X ∗ ) is zero
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Therefore, the efficiency bound for estimating θ∗ in (14.25) follows directly from (12.4).
Proposition 14.11. The efficiency bound for estimating θ∗ is given by
l. b.(θ∗ ) = (EPX D0 (X)V1−1 (X)D(X))−1 ,

(14.30)

where D(X) := ∂EPZ|X [ρ1 (Z, X, θ∗ )|X]/∂θ and V1 (X) := EPZ|X [ρ1 (Z, X, θ∗ )ρ01 (Z, X, θ∗ )|X].
Efficient estimation of θ∗ is considered in Tripathi (2008) who showed that a smoothed
empirical likelihood based estimator of θ∗ can achieve the bound in Proposition 14.30. These
results answer the open question posed in Wooldridge (1999, p. 1402) by providing efficiency
bounds for models with conditional moment restrictions under VP sampling and showing that
these bounds are attainable.
The expression for the efficiency bound in (14.30) can be further simplified. In particular,
from (14.27) it is straightforward to see that
∂
g(Z, θ∗ )
1 ∂
EPZ|X [
|X = x] = ∗
EPZ∗ ∗ |X ∗ [g(Z ∗ , θ∗ )|X ∗ = x]
∂θ
b(Z, X)
γ (x) ∂θ
(14.31)
∗ 0
∗
1
g(Z ∗ , θ∗ )g 0 (Z ∗ , θ∗ ) ∗
g(Z, θ )g (Z, θ )
|X = x] = ∗ EPZ∗ ∗ |X ∗ [
|X = x].
V1 (x) := EPZ|X [
b2 (Z, X)
γ (x)
b(Z ∗ , x)
D(x) :=

Hence, by (14.26) and (14.31), the efficiency bound for estimating θ∗ can also be written as
∂
EP ∗
[g(Z ∗ , θ∗ )|X ∗ ])0
∂θ Z ∗ |X ∗
g(Z ∗ , θ∗ )g 0 (Z ∗ , θ∗ ) ∗ −1 ∂
|X ]) ( EPZ∗ ∗ |X ∗ [g(Z ∗ , θ∗ )|X ∗ ]))−1 . (14.32)
× (EPZ∗ ∗ |X ∗ [
b(Z ∗ , X ∗ )
∂θ

(EPX D0 (X)V1−1 (X)D(X))−1 = b∗ (EPX∗ ∗ (

Therefore, if there is no stratification, so that b(Z ∗ , X ∗ ) = b∗ = 1 and P ∗ = P , then (14.32)
becomes (12.4) which is just the efficiency bound in Chamberlain (1987) for estimating θ∗ in
the absence of any selection. Similarly, if there is no conditioning, i.e., X ∗ := constant, then
(14.32) reduces to (14.6) as expected.
The efficiency bound under exogenous stratification can be obtained from (14.30) upon
replacing b(Z, X) with b(X) or, equivalently, from (14.32) by replacing b(Z ∗ , X ∗ ) with b(X ∗ ).
Example 14.13 (Example 14.12 contd.). Since Z ∗ = (Y ∗ , X ∗ ) and g(Z ∗ , θ) = Y ∗ − X ∗ 0 θ in
Example 14.12, from (14.32) the efficiency bound for estimating θ∗ is given by

−1
X ∗X ∗0
∗
∗
,
l. b.(θ in Example 14.12) := b EPX∗ ∗ ∗ ∗
Vb (X )
where Vb∗ (X ∗ ) := EPZ∗ ∗ |X ∗ [ε∗ 2 /b(Z ∗ , X ∗ )|X ∗ ]. Next, suppose that stratification is purely exogenous, i.e., based only on the conditioning variables X ∗ so that b(Z ∗ , X ∗ ) := b(X ∗ ) = γ ∗ (X ∗ ).
In this case, the OLS estimator θ̂LS consistently estimates θ∗ , cf. Example 14.12, and it is
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straightforward to show that n1/2 (θ̂LS − θ∗ ) converges in distribution, as n → ∞, to a normal
random vector with mean zero and variance
VLS := (EPX XX 0 )−1 (EP XX 0 (Y − X 0 θ∗ )2 )(EPX XX 0 )−1

−1 

−1
b(X ∗ )X ∗ X ∗ 0
b(X ∗ )X ∗ X ∗ 0 ε∗ 2
b(X ∗ )X ∗ X ∗ 0
= EPX∗ ∗
EP ∗
EPX∗ ∗
b∗
b∗
b∗

−1 

−1
∗
∗
∗ ∗0
∗
∗ ∗0 ∗2
∗
∗
∗ ∗0
∗
∗
∗
= b EPX ∗ b(X )X X
EPX ∗ b(X )X X σ (X ) EPX ∗ b(X )X X
,
where σ ∗ 2 (X ∗ ) := EPε∗∗ |X ∗ [ε∗ 2 |X ∗ ] and the second equality follows from (14.26) and (14.27).
However,
−1

b(X ∗ )X ∗ X ∗ 0
∗
∗
≤L VLS ,
l. b.(θ in Example 14.12) exog. strat. = b EPX∗ ∗
σ ∗ 2 (X ∗ )
where the inequality follows by letting G := b1/2 (X ∗ )X ∗ /σ ∗ (X ∗ ), H := b1/2 (X ∗ )X ∗ σ ∗ (X ∗ ), and
applying (12.5) under EPX∗ ∗ . Under exogenous stratification, the OLS estimator is therefore
consistent but not asymptotically efficient.

Efficiency bounds for other functionals of P ∗ under (14.25) can be obtained as in Section 14.2.1. For instance, note that the aggregate shares are identified in the stratified sample
by the moment condition
EP [(s(Z, X) − Q∗−L )/b(Z, X)] = 0,
where s(Z, X) := (1C1 (Z, X), . . . , 1CL−1 (Z, X))(L−1)×1 . Let ρ1 := ρ1 (Z, X, θ∗ ) and ∆ :=
EPX [D0 (X)V1−1 (X)D(X)]. The following result is shown in the appendix.
Proposition 14.12. The efficiency bound for estimating Q∗−L is given by
b∗ 2 (varP (ρ2 ) − EPX [Σ012 (X)V1−1 (X)Σ12 (X)]
+ EPX [Σ012 (X)V1−1 (X)D(X)]∆−1 EPX [D0 (X)V1−1 (X)Σ12 (X)]),
where ρ2 := (s(Z, X) − Q∗−L )/b(Z, X) and Σ12 (X) := EPZ|X [ρ1 ρ02 |X].
The argument behind Propositions 14.2–14.5 can be applied to Proposition 14.12 to
obtain the efficiency bounds for estimating b∗ , F ∗ (z, x) := P ∗ (Z ∗ ≤ z, X ∗ ≤ x), and F (z, x) :=
P (Z ≤ z, X ≤ x), where z and x are fixed.
Proposition 14.13. The efficiency bound for estimating b∗ is given by
b∗ 2 (varP (ρ3 ) − EPX [Σ013 (X)V1−1 (X)Σ13 (X)]
+ EPX [Σ013 (X)V1−1 (X)D(X)]∆−1 EPX [D0 (X)V1−1 (X)Σ13 (X)]),
where ρ3 := (b(Z, X) − b∗ )/b(Z, X) and Σ13 (X) := EPZ|X [ρ1 ρ3 |X].
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Proposition 14.14. The efficiency bound for estimating F ∗ (z, x) is given by
b∗ 2 (varP (ρ4 (z, x)) − EPX [Σ014 (X, z, x)V1−1 (X)Σ14 (X, z, x)]
+ EPX [Σ014 (X, z, x)V1−1 (X)D(X)]∆−1 EPX [D0 (X)V1−1 (X)Σ14 (X, z, x)]),
where ρ4 (z, x) := (1(Z ≤ z, X ≤ x)−F ∗ (z, x))/b(Z, X) and Σ14 (X, z, x) := EPZ|X [ρ1 ρ4 (z, x)|X].
Proposition 14.15. The efficiency bound for estimating F (z, x) is given by
varP (ρ5 (z, x)) − EPX [Σ015 (X, z, x)V1−1 (X)Σ15 (X, z, x)]
+ EPX [Σ015 (X, z, x)V1−1 (X)D(X)]∆−1 EPX [D0 (X)V1−1 (X)Σ15 (X, z, x)],
where ρ5 (z, x) := 1(Z ≤ z, X ≤ x) − F (z, x) and Σ15 (X, z, x) := EPZ|X [ρ1 ρ5 (z, x)|X].
14.3.2. Standard stratified sampling. Not many results are available here. This is probably due
to the fact mentioned earlier that observations collected by SS sampling are i.n.i.d which makes
the task of obtaining the bounds technically challenging. One exception is the recent paper
by Cosslett (2012), who considers the problem of efficiently estimating the regression model
Y ∗ = X ∗ 0 β ∗ + ε∗ when ε∗ is independent of X ∗ and the observed sample is stratified on Y ∗ .
The marginal densities of ε∗ and X ∗ are unknown. Cosslett restricts attention to the case when
Y ∗ is sampled from two strata in order to get closed form solutions and considers both SS and
VP sampling. For each sampling scheme, efficiency bounds are obtained for the cases when the
population shares are known as well as unknown.
In the case of SS sampling, Cosslett states that the efficiency bound for estimating β ∗
is given by (cf. Appendix A.6 of his paper)

(A + BB 0 ) if the aggregate shares are known
DQ
∗
l. b.(β ) =
BB
(A − 0 ) if the aggregate shares are unknown,
DS

where (in Cosslett’s notation)
Z
d
f (u) 2
A := ( log(
)) H̄0 (−u)(Ē[X ∗ X ∗ 0 |u] − Ē[X ∗ |u]Ē[X ∗ 0 |u])f (u) du,
du
F̄0 (u)
Z
Z
d f (u)
f (u)
∗
B := (
)Ē[X |u] du, DV :=
du, DS := (λ1 λ2 )−1 − DV ,
2
du F̄0 (u)
F̄0 (u)H̄0 (−u)
DQ := DV − (λ1 λ2 )−1 (λ21 Q∗1 + λ22 Q∗2 )−1 ,

f := pdf ε∗ ,

λl := Kl0 /Q∗l ,

F := cdf ε∗ , F̄0 := λ1 (1 − F ) + λ2 F , H := cdf X ∗ 0 β ∗ , H̄0 := λ1 (1 − H) + λ2 H, and Ē[X ∗ |u] :=
(H̄0 (−u))−1 (λ1 (1 − H(−u))EPX∗ ∗ [X ∗ |X ∗ 0 β ∗ > −u] + λ2 H(−u)EPX∗ ∗ [X ∗ |X ∗ 0 β ∗ < −u]).
To estimate β ∗ , Cosslett uses a smoothed maximum likelihood approach where the
loglikelihood of the sample is first kernel-smoothed and then the unknown density of ε∗ concentrated out by functional maximization. Kernel smoothing in the first step ensures that the
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functional maximization step has a non-trivial solution. The concentrated loglikelihood is then
maximized with respect to β ∗ to obtain an estimator that Cosslett shows is asymptotically
normal and attains the efficiency bound.
15. Censored models
In this section, we derive the efficiency bound for estimating parameters in censored
models. In Section 15.1, we look at the classical semiparametric censored linear regression
model where the model error in the latent model, whose distribution is unknown, is independent
of the regressors. In Section 15.2, we consider a moment condition model that is to be optimally
estimated using two samples: a censored (resp. truncated) sample and an uncensored (resp.
non-truncated) sample.
15.1. Semiparametric censored linear regression. Consider the linear regression model
Y ∗ := X 0 θ∗ + ε∗ , where the outcome Y ∗ is latent, the model error ε∗ is continuously distributed
with full support on R, and the distribution of ε∗ is unknown. Instead of observing Y ∗ , we
observe its left-censored version

Y ∗ if Y ∗ > c
Y :=
c
otherwise,
where c is a known constant. Note that supp(Y ) = [c, ∞) with a mass-point at c. As in
Cosslett (1987, Section 4), we assume that ε∗ is independent of X and that there is no location
restriction on ε∗ . Hence, X contains no intercept. We derive the efficiency bound for estimating
the slope coefficients θ∗ ∈ Rp .
Let pdf Y |X denote the conditional density of Y given X with respect to the measure
µ := Leb ×δc , where δc is the Dirac (point-mass) measure at c, i.e., µ is a mixture of the
1/2
1/2
Lebesgue and Dirac measures. Define a0 (y|x) := pdf Y |X=x (y), h0 := pdf ε∗ , and assume that42
h0 ∈ H := {h ∈ L2 (R; Leb) : h > 0,
2

Z

h2 = 1, h is bounded, continuous, and

R

differentiable with derivative h0 ∈ L2 (R; Leb)}.
Since ε∗ is independent of X,
a20 (y|x) := pdf Y ∗ |X=x (y)1(y > c) + Prob(Y ∗ ≤ c|X = x)1(y = c)
Z c−x0 θ∗
0 ∗
2
= h0 (y − x θ )1(y > c) + 1(y = c)
h20 (u) du.
−∞

42As

in Section 8.1, note the abuse of notation whereby h00 denotes the derivative of h0 and not its transpose.
Also, note that the restrictions in H imply that h20 (±∞) = 0.
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Let pdf X denote the density of X with respect to a dominating measure γ.43 Assume that
1/2
φ0 := pdf X ∈ Φ, where
Z
2
Φ := {φ ∈ L2 (supp(X); γ) : φ > 0, φ is bounded, continuous, and
φ2 dγ = 1}.
supp(X)

Then, with ht , φt , θt denoting curves passing through h0 , φ0 , θ∗ , respectively, at t = 0,
Z c−x0 θt
2
2
0
h2t (u) du
at (y|x) := ht (y − x θt )1(y > c) + 1(y = c)
−∞

is a curve through

a20

satisfying the condition
Z
a2t (y|x) µ(dy) = 1

∀x ∈ supp(X).

[c,∞)

Consequently, the score function for estimating t, evaluated at t = 0, is given by
Ṡ(y, x) := Ṡ(y|x) + Ṡ(x) := 2
:=

ȧ(y|x)
φ̇(x)
+2
a0 (y|x)
φ0 (x)

2[ḣ(y − x0 θ∗ ) − h00 (y − x0 θ∗ )x0 θ̇]
1(y > c)
h0 (y − x0 θ∗ )
R c−x0 θ∗
[2 −∞ ḣ(u)h0 (u) du − h20 (c − x0 θ∗ )x0 θ̇]
φ̇(x)
−
1
(y
=
c)
+
2
,
F0 (c − x0 θ∗ )
φ0 (x)

where ȧ, ḣ, φ̇, θ̇ are the tangents to at , ht , φt , θt , respectively, at t = 0, and F0 := cdf ε∗ . As in
Lemma B.1 and C.1, it can be shown that
Z
h̃(u)h0 (u) du = 0}
ḣ ∈ lin T (H, h0 ) := {h̃ ∈ L2 (R; Leb) :
R
Z
φ̇ ∈ lin T (Φ, φ0 ) := {φ̃ ∈ L2 (supp(X); γ) :
φ̃(x)φ0 (x) γ(dx) = 0}.
supp(X)
∗

0 ∗

Letting X := X θ and using the fact that
Z
ȧ(y|x)a0 (y|x) µ(dy) = 0 ∀x ∈ supp(X) =⇒ EṠ(Y |X)Ṡ(X) = 0,
[0,∞)

it follows that
EṠ 2 (Y, X) = EṠ 2 (Y |X) + EṠ 2 (X)
(ḣ(Y − X ∗ ) − h00 (Y − X ∗ )X 0 θ̇)2
1(Y > c)]
h20 (Y − X ∗ )
R c−X ∗
Z
(2 −∞ ḣ(u)h0 (u) du − h20 (c − X ∗ )X 0 θ̇)2
+ E[
1(Y = c)] + 4
φ̇2 (x) γ(dx).
F02 (c − X ∗ )
supp(X)

= 4E[

43If

X has continuous and discrete coordinates, then γ is a mixture of the Lebesgue and counting measures.
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Now, since {Y > c} = {Y = Y ∗ } ∩ {Y ∗ > c} = {Y ∗ > c},
E[

(ḣ(Y − X ∗ ) − h00 (Y − X ∗ )X 0 θ̇)2
1(Y > c)]
h20 (Y − X ∗ )
= E[

(ḣ(Y ∗ − X ∗ ) − h00 (Y ∗ − X ∗ )X 0 θ̇)2
1(Y ∗ > c)]
h20 (Y ∗ − X ∗ )

(ḣ(ε∗ ) − h00 (ε∗ )X 0 θ̇)2
1(ε∗ > c − X ∗ )]
h20 (ε∗ )
Z ∞
= E[
(ḣ(u) − h00 (u)X 0 θ̇)2 du],

= E[

c−X ∗

where the last equality follows because ε∗ ⊥
⊥ X. Similarly, {Y = c} = {Y = Y ∗ } ∩ {Y ∗ ≤ c} =
{Y ∗ ≤ c} and ε∗ ⊥
⊥ X imply that
(2

R c−X ∗

E[

−∞

ḣ(u)h0 (u) du − h20 (c − X ∗ )X 0 θ̇)2
1(Y = c)]
F02 (c − X ∗ )
R c−X ∗
(2 −∞ ḣ(u)h0 (u) du − h20 (c − X ∗ )X 0 θ̇)2
= E[
].
F0 (c − X ∗ )

Hence,
Z

2

EṠ (Y, X) = 4E[

∞

c−X ∗

(ḣ(u) − h00 (u)X 0 θ̇)2 du]

+ E[

(2

R c−X ∗
−∞

ḣ(u)h0 (u) du − h20 (c − X ∗ )X 0 θ̇)2
]+4
F0 (c − X ∗ )

Z

φ̇2 (x) γ(dx).

supp(X)

Therefore, the Fisher inner product
Z ∞
h(ḣ1 , θ̇1 , φ̇1 ), (ḣ2 , θ̇2 , φ̇2 )iF := 4E[
(ḣ1 (u) − h00 (u)X 0 θ̇1 )(ḣ2 (u) − h00 (u)X 0 θ̇2 ) du]
c−X ∗

+ E[

(2

R c−X ∗
−∞

R c−X ∗
ḣ1 (u)h0 (u) du − h20 (c − X ∗ )X 0 θ̇1 )(2 −∞ ḣ2 (u)h0 (u) du − h20 (c − X ∗ )X 0 θ̇2 )
]
F0 (c − X ∗ )
Z
+4
φ̇1 (x)φ̇2 (x) γ(dx) (15.1)
supp(X)

can be defined on the product tangent space lin T (H, h0 ) × Rp × lin T (Φ, φ0 ).
We want the efficiency bound for estimating θ∗ . Since θ∗ is a vector, let us obtain the
efficiency bound for estimating the functional ρ(h0 , θ∗ , φ0 ) := λ0 θ∗ , where λ ∈ Rp is arbitrary.
Hence, since the curves ht , θt , φt have to satisfy ρ(ht , θt , φt ) = λ0 θt for all small enough t ≥ 0,
it follows that
∇ρ(ḣ, θ̇, φ̇) = λ0 θ̇

∀(ḣ, θ̇, φ̇) ∈ lin T (H, h0 ) × Rp × lin T (Φ, φ0 ).

(15.2)
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Henceforth, let ψ(u) := d log h20 (u)/du = 2h00 (u)/h0 (u) and
Z ∞
h4 (c − X ∗ )
∗
Ω(X )p×p := [
ψ 2 (u)h20 (u) du + 0
] var(X|X ∗ ).
F0 (c − X ∗ )
c−X ∗

(15.3)

Under the assumption that EΩ(X ∗ ) exists and is invertible, it can be shown that ∇ρ is a
bounded linear functional on the tangent space lin T (H, h0 ) × Rp × lin T (Φ, φ0 ). In order to
prove this, we first show that if
h† (u) := h00 (u)E[X 0 θ† |X ∗ ],

u ∈ R,

(15.4)

θ† := [EΩ(X ∗ )]−1 λ

(15.5)

φ† := 0,

(15.6)

then
h(h† , θ† , φ† ), (ḣ, θ̇, φ̇)iF = λ0 θ̇

∀(ḣ, θ̇, φ̇) ∈ lin T (H, h0 ) × Rp × lin T (Φ, φ0 ).

(15.7)

To show (15.7), we proceed as follows. By (15.4), note that
h† (u) − h00 (u)X 0 θ† = −h00 (u)(X 0 θ† − E[X 0 θ† |X ∗ ])
(15.8)
Z c−X ∗
Z c−X ∗
h00 (u)h0 (u) du E[X 0 θ† |X ∗ ] = 0.5h20 (c − X ∗ )E[X 0 θ† |X ∗ ] (15.9)
h† (u)h0 (u) du =
−∞

−∞

because h0 (±∞) = 0. Hence, for all ḣ ∈ lin T (H, h0 ),
Z ∞
Z ∞
(15.8)
†
0
0 †
h00 (u)ḣ(u) du (X 0 θ† − E[X 0 θ† |X ∗ ])]
(h (u) − h0 (u)X θ )ḣ(u) du = −E[
E[
c−X ∗

c−X ∗

=0

(15.10)

by iterated expectations. Moreover, for all θ̇ ∈ Rp ,
Z ∞
E[
(h† (u) − h00 (u)X 0 θ† )h00 (u) du X 0 θ̇]
c−X ∗
Z ∞
(15.8)
†0
= −θ E[
(h00 (u))2 du (XX 0 − E[X|X ∗ ]X 0 )]θ̇
c−X ∗
Z ∞
†0
= −0.25θ E[
ψ 2 (u)h20 (u) du var(X|X ∗ )]θ̇.

(15.11)

c−X ∗

Similarly, by repeated use of iterated expectations, we have that for all ḣ ∈ lin T (H, h0 ),
R c−X ∗
R c−X ∗
( −∞ h† (u)h0 (u) du − 0.5h20 (c − X ∗ )X 0 θ† ) −∞ ḣ(u)h0 (u) du (15.9)
E[
] = 0
(15.12)
F0 (c − X ∗ )
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and, for all θ̇ ∈ Rp ,
R c−X ∗
[2 −∞ h† (u)h0 (u) du − h20 (c − X ∗ )X 0 θ† ]h20 (c − X ∗ )X 0 θ̇
]
E[
F0 (c − X ∗ )
h4 (c − X ∗ )
(15.9)
0
= −θ† E[ 0
var(X|X ∗ )]θ̇. (15.13)
F0 (c − X ∗ )
Therefore, by (15.6) and (15.10)–(15.13), it follows that
Z ∞
(15.1)
† †
†
h(h , θ , φ ), (ḣ, θ̇, φ̇)iF = 4E[
(h† (u) − h00 (u)X 0 θ† )(ḣ(u) − h00 (u)X 0 θ̇) du]
c−X ∗

+ E[

(2

R c−X ∗
−∞

R c−X ∗
h† (u)h0 (u) du − h20 (c − X ∗ )X 0 θ† )(2 −∞ ḣ(u)h0 (u) du − h20 (c − X ∗ )X 0 θ̇)
]
F0 (c − X ∗ )

Z
+4

φ† (x)φ̇(x) γ(dx) = λ0 θ̇

∀(ḣ, θ̇, φ̇) ∈ lin T (H, h0 ) × Rp × lin T (Φ, φ0 ).

supp(X)

That is, we have shown that (15.7) holds. Hence, by (15.2) and (15.7), we have that
∇ρ(ḣ, θ̇, φ̇) = h(h† , θ† , φ† ), (ḣ, θ̇, φ̇)iF

∀(ḣ, θ̇, φ̇) ∈ lin T (H, h0 ) × Rp × lin T (Φ, φ0 ). (15.14)

By Cauchy-Schwarz,
|h(h† , θ† , φ† ), (ḣ, θ̇, φ̇)iF | ≤ k(h† , θ† , φ† )kF k(ḣ, θ̇, φ̇)kF =⇒ k∇ρk∗ ≤ k(h† , θ† , φ† )kF .
Moreover, since [EΩ(X ∗ )]−1 exists by assumption,
(15.1)

0

(15.5)

k(h† , θ† , φ† )k2F := h(h† , θ† , φ† ), (h† , θ† , φ† )iF = θ† [EΩ(X ∗ )]θ† = λ0 [EΩ(X ∗ )]−1 λ < ∞.
Consequently, ∇ρ is a bounded linear functional on the tangent space.
Therefore, the (finite) efficiency bound for estimating ρ(h0 , θ∗ , φ0 ) := λ0 θ∗ is given by
k∇ρk2∗ . To calculate the operator norm of ∇ρ, it is sufficient to note that44
(h† , θ† , φ† ) ∈ lin T (H, h0 ) × Rp × lin T (Φ, φ0 ).
Hence, by (15.14), (h† , θ† , φ† ) is the representer of ∇ρ on the tangent space. Thus,
k∇ρk∗ = k(h† , θ† , φ† )kF = (λ0 [EΩ(X ∗ )]−1 λ)1/2 .
Since λ is arbitrary, it follows that the efficiency bound for estimating θ∗ is given by
l. b.(θ∗ ) = [EΩ(X ∗ )]−1 .

(15.15)

The expression for EΩ(X ∗ ) can be further simplified. To see this, first note that
Z ∞
Z ∞
d h40 (u)
h40 (c − X ∗ )
2
2
2
2
ψ (u)h0 (u) du +
=
[ψ (u)h0 (u) −
] du.
(15.16)
F0 (c − X ∗ )
du F0 (u)
c−X ∗
c−X ∗
44Because

h0 (±∞) = 0 =⇒ h† ∈ lin T (H, h0 ) and (θ† , φ† ) ∈ Rp × lin T (Φ, φ0 ) by definition.

88

Next, let g0 := h20 so that ψ(u) = d log g0 (u)/du = g00 (u)/g0 (u) and
ψ 2 (u)h20 (u) −

d h40 (u)
(g 0 (u))2
d g02 (u)
= 0
−
du F0 (u)
g0 (u)
du F0 (u)
0
2
(g (u))
2F0 (u)g0 (u)g00 (u) − g03 (u)
= 0
−
(F00 = h20 = g0 )
g0 (u)
F02 (u)
F 2 (u) (g00 (u))2 2F0 (u)g02 (u)g00 (u) − g04 (u)
= 0
−
]
[
g0 (u) F02 (u)
F04 (u)
F 2 (u) g00 (u)F0 (u) − g02 (u) 2
= 0
]
[
g0 (u)
F02 (u)
F 2 (u) d g0 (u) 2
= 0
[
]
(F00 = h20 = g0 )
g0 (u) du F0 (u)
F 2 (u) d h20 (u) 2
= 02
[
].
(15.17)
h0 (u) du F0 (u)

Therefore, by (15.3), (15.16), and (15.17),
Z ∞
Z ∞
F02 (u) d h20 (u) 2
∗
EΩ(X ) =
(
[
] du) var(X|X ∗ = x∗ ) PX ∗ (dx∗ )
2
x∗ =−∞ u=c−x∗ h0 (u) du F0 (u)
Z ∞
Z
F02 (u) d h20 (u) 2 ∞
=
[
](
var(X|X ∗ = x∗ ) PX ∗ (dx∗ )) du
2
h
(u)
du
F
(u)
∗
0
u=−∞ 0
x =c−u
Z ∞
2
2
F0 (u) d h0 (u) 2
[
=
] E[var(X|X ∗ )1(X ∗ > c − u)] du
2
u=−∞ h0 (u) du F0 (u)
Z ∞
F02 (u) d h20 (u) 2
=
[
] var(X|X ∗ > c − u)PX ∗ (X ∗ > c − u) du,
2
h
(u)
du
F
(u)
0
u=−∞ 0
where the second equality follows upon changing the order of integration, and the last from the
fact that
var(A|B ∈ S) := E[(A − E[A|B])2 |B ∈ S]
E[(A − E[A|B])2 1(B ∈ S)]
Pr(B ∈ S)
E[var(A|B)1(B ∈ S)]
=
,
Pr(B ∈ S)
=

by iterated expectations.
Hence, (15.15) can be rewritten as
Z ∞
F02 (u) d h20 (u) 2
∗
l. b.(θ ) = [
[
] var(X|X ∗ > c − u)PX ∗ (X ∗ > c − u) du]−1 .
2
u=−∞ h0 (u) du F0 (u)

(15.18)

The result in (15.18), notational differences aside, is due to Cosslett (1987, Eq. (4.11), p. 573).
Footnote 3 of Cosslett’s paper credits an unpublished 1984 manuscript of Y. Ritov as having
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independently obtained the same result. The difference in notation between (15.18) and Equation (4.11) in Cosslett’s paper arises because Cosslett lets c := 0 and writes the latent regression
model as Y ∗ = −X 0 θ∗ + ε∗ , cf. his Equation (4.2), whereas we specify it as Y ∗ = X 0 θ∗ + ε∗ .
An efficient estimator of θ∗ was proposed by Ritov (1990). More recently, Cosslett
(2004) has shown how θ∗ can be efficiently estimated by using a kernel-smoothed version of the
self-consistent estimator of cdf ε∗ . Cf. Bickel, Klassen, Ritov, and Wellner (1993, Section 4.6)
and Cosslett’s paper for additional references regarding semiparametric estimation of singleequation censored regression models. The results in this section can be extended to deal
with bivariate models of censoring. For instance, Chamberlain (1986) has derived the efficiency
bounds for estimating parameters in selection models, specifically, type 2 censored tobit models
in the terminology of Amemiya (1984). Efficient estimators for these models have been proposed
by Ai (1997).
The efficiency bound in (15.15) is derived under the assumption that ε∗ is independent
of X. However, as shown by Powell (1984, 1986a, 1986b), censored regression models can be
identified and estimated by requiring only some quantile of Law(ε∗ |X) to be independent of X
(which is weaker than assuming ε∗ to be stochastically independent of X), or assuming that
the conditional distribution of ε∗ given X is symmetric about the origin. Efficiency bounds for
estimating parameters in censored regression models under conditional quantile or conditional
symmetry assumptions, and construction of estimators that achieve these bounds, can be found
in Newey (1988) and Newey and Powell (1990). The paper by Newey (2001) characterizes all
moment conditions of Law(ε∗ |X) that lead to n1/2 -consistent estimators of θ∗ . Newey (2004,
Section 4) shows how these (countably many) moment restrictions can be combined so that
the resulting estimator attains the efficiency bound in (15.15).
In this section, we have focused on linear regression models where only the response
variable is censored. Next, in Section 15.2, we look at nonlinear models and multiple censored
variables. Following Devereux and Tripathi (2009), we demonstrate how efficiently combining
two datasets allows standard moment based inference with censored data to go through without
imposing parametric, independence, symmetry, quantile, or “special regressor” restrictions and
without doing any nonparametric smoothing. Data combination has been explored earlier in
other contexts, cf., e.g., Angrist and Kreuger (1992), Arellano and Meghir (1992), Hirano,
Imbens, Ridder, and Rubin (2001), Chen, Hong, and Tamer (2005), Ichimura and MartinezSanchis (2005), Chen, Hong, and Tarozzi (2006), Ridder and Moffitt (2007), Hu and Ridder
(2012), and the references therein.
Although we do not pursue it in this survey, it is worth mentioning that there exists as
well a large literature on calculating semiparametric efficiency bounds for models where data
is fully missing. For instance, regression models with missing covariates are investigated by
Robins, Rotnitzky, and Zhao (1994) and Robins and Rotnitzky (1995), who assume that the
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distribution of the model error is unknown, and by Robins, Hsieh, and Newey (1995), who
specify that it belongs to a parametric family. Hahn (1998) derives the efficiency bounds for
estimating the average treatment effect, and the average treatment effect on the treated, using program evaluation data.45 Chen, Hong, and Tarozzi (2006) consider moment condition
models where data is missing, and derive efficiency bounds under a conditional independence
assumption and the existence of an auxiliary dataset that provides identification. More recently, Graham (2011) has shown that in the presence of missing data, the efficiency bound
for parameters in unconditional moment restriction models coincides with the bound for the
original model augmented with a set of conditional moment restrictions. Graham uses this
equivalence result to provide insight into several paradoxes that seem to arise in the missing
data literature on efficient estimation.
15.2. Censoring and truncation in moment conditions: A data combination approach. Sometimes, researchers have access to two datasets that they can use for estimating
and testing their models but one set of data suffers from censoring (or truncation). If the
censored sample happens to be larger as compared to the uncensored one, it is not uncommon
for the researchers use it alone and attempt to deal with the problem of partial observation in
some manner, cf., e.g., the surveys by Amemiya (1984), Blundell and Smith (1993), and Powell
(1994). Alternatively, they simply use the uncensored sample and ignore the censored one so
as to avoid biases. It is rare that researchers utilize both datasets. Instead, they have to choose
between the two mainly because they lack guidance about how to combine them optimally.
In this section, we derive the efficiency bound for estimating parameters in moment
condition models using both the censored and uncensored samples, henceforth referred to as the
“master” and “refreshment” samples, respectively. Assuming that a refreshment sample can be
found,46 this approach has several advantages. For instance, unlike quantile restriction models,
there is no need to restrict attention to applications where only scalar-valued continuously
distributed random variables are censored, or use any nonparametric smoothing procedures to
estimate asymptotic variances. Extension to the case where more than one random variable
is censored is straightforward and the usual analogy principle that delivers standard errors for
GMM works here as well. The data combination approach is general enough to handle censoring
of some or all coordinates of both endogenous and exogenous variables and our results are
applicable to a large class of models which nest linear regression as a special case; e.g., the ability
to handle instrumental variables (IV) models permits semiparametric inference in Box-Cox type
45Khan

and Tamer (2010, Theorem 4.1) show that the efficiency bounds derived by Hahn can be infinite
unless the propensity score is bounded away from 0 and 1.
46
The existence of refreshment samples should not be regarded as being an overly restrictive requirement.
As shown in Devereux and Tripathi (2009, Section 5), they can often be constructed by creatively combining
existing datasets.
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models using censored samples without imposing parametric or quantile restrictions. Access
to the refreshment sample also means that incompleteness of the data does not complicate
identification conditions.
Let the triple (Z ∗ , f ∗ , µ∗ ) describe the “target” population, i.e., the population for which
inference is to be drawn, where Z ∗ is a random vector in Rd that denotes an observation from
the target population, and f ∗ is the unknown density of Z ∗ with respect to some dominating
measure µ∗ := ×di=1 µ∗i ; since Z ∗ can have discrete components, the µ∗i ’s need not all be Lebesgue
measures. Similarly, (Z, f, µ) represents the “realized” population, i.e., the observed data, with
Z the resulting observation and f its density with respect to a dominating measure µ := ×di=1 µi .
In this section, f is different from f ∗ because some or all coordinates of Z ∗ are censored or
truncated.
The econometric models we consider can be expressed as unconditional moment conditions in the target population. Following the notation introduced in Section 14, let
Ef ∗ {g(Z ∗ , θ∗ )} = 0

(15.19)

for some θ∗ ∈ Rp , where g is a q × 1 vector of known functions with q ≥ p and Ef ∗ denotes
expectation with respect to f ∗ . The objective is to obtain the efficiency bound for θ∗ .
15.2.1. Censoring. If Z ∗ is fully observed, then (15.19) is easily handled, e.g., by the generalized
method of moments (Hansen, 1982) or variants of the empirical likelihood approach (Smith,
1997). In many cases, however, Z ∗ cannot be fully observed. For instance, variables often get
censored due to administrative reasons; e.g., government agencies routinely “top-code” income
data before releasing it for public use or studies investigating the length of unemployment
spells can terminate prematurely due to financial constraints before all subjects have found
employment. So suppose that all coordinates of Z ∗ are right-censored, i.e., instead of observing
Z ∗ := (Z ∗ (1) , . . . , Z ∗ (d) )d×1 we observe the random vector Z := (Z (1) , . . . , Z (d) )d×1 , where47

Z ∗ (i) if Z ∗ (i) < c(i)
(i)
Z :=
i = 1, . . . , d,
(15.20)
c(i)
otherwise,
47There

seems to be some disagreement in the econometrics literature about the terminology used to describe
the variables in (15.20). For instance, when d = 1, Heckman (1985, p. 289) calls Z ∗ a truncated random variable
whereas Hajivassiliou and Ruud (1994, p. 2387) say that it is a censored random variable. Both papers, however,
refer to the observed Z’s as a censored sample. It is also not uncommon, cf., e.g., Powell (1986b, p. 1437),
to apply the adjective “censored” if the regressors are always observed (irrespective of the value taken by the
dependent variable), and “truncated” if all information about the regressors and the dependent variable is lost
whenever the latter gets curtailed. Since we allow multiple coordinates of the random vector Z ∗ to be censored
at the same time, we feel that it is less confusing to use the Hajivassiliou and Ruud terminology and simply say
that the coordinates of Z ∗ are right censored and that the collection of observed random vectors Z1 , . . . , Zn is
a censored sample.
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and c := (c(1) , . . . , c(d) ) is a d × 1 vector of known constants.
We allow for the possibility that some components of Z ∗ may not be censored. If, say,
the ith coordinate of Z ∗ is not subject to censoring, simply set c(i) = ∞; if the ith and jth
coordinates of Z ∗ , denoted by Z ∗ (i,j) , are not subject to censoring, then set c(i,j) = (∞, ∞);
etc.. Hence, in applications where the target variable Z ∗ can be decomposed into endogenous
and exogenous parts as (Y ∗ , X ∗ ), we can handle situations where only Y ∗ is censored (pure
endogenous censoring), or only X ∗ is censored (pure exogenous censoring), or only some coordinates of either variables are censored. Left censoring of, say, the ith, jth, and kth coordinates
can also be accommodated by replacing Z ∗ (i,j,k) with −Z ∗ (i,j,k) and c(i,j,k) with −c(i,j,k) ; e.g.,
if Z ∗ (i) is left censored by c(i) , then simply redefine the corresponding realization to be −Z ∗ (i)
if −Z ∗ (i) < −c(i) , and −c(i) otherwise. The case we do not cover is that of interval censoring,
where the same coordinate is subject to left and right censoring simultaneously.
Let S ∗ (c) := Prf ∗ (Z ∗ (1) > c(1) , . . . , Z ∗ (d) > c(d) ) denote the probability that all coordinates of Z ∗ are censored. To keep matters simple, we assume that µ∗ does not place any
mass at c. This assumption is weaker than requiring µ∗ to be a Lebesgue measure, the usual
assumption made for censored regression models.
If d = 1, the density of Z with respect to the dominating measure µ := µ∗ + δc is
f (z) := f ∗ (z)1(z < c) + S ∗ (c)1(z = c).

(15.21)

The density of Z when it is vector valued is also straightforward to derive but requires some
additional notation. So let Z ∗ −(i,j,k) denote coordinates of Z ∗ that remain after the ith, jth, and
∗
∗
the conditional
the joint density of Z ∗ −(i,j,k) , and fi,j,k|−(i,j,k)
kth ones have been deleted, f−(i,j,k)
∗
(c(i,j,k) ) denote the conditional probdensity of Z ∗ (i,j,k) given Z ∗ −(i,j,k) . Then, letting Si,j,k|−(i,j,k)
ability that Z ∗ (i,j,k) are censored given Z ∗ −(i,j,k) , it is easy to show that for d > 1 the density
of Z with respect to µ := ×di=1 µi , where µi := µ∗i + δc(i) , is given by
d−1 d−r+1
X
X d−r+2
X
f (z) := f (z)1(z < c)+
...
∗

elt

r=1 i1 =1 i2 =i1 +1

d
X

∗
Si∗1 ,...,ir |−(i1 ,...,ir ) (c(i1 ,...,ir ) )f−(i
(z −(i1 ,...,ir ) )
1 ,...,ir )

ir =ir−1 +1
elt

× 1(z (i1 ,...,ir ) = c(i1 ,...,ir ) , z −(i1 ,...,ir ) < c−(i1 ,...,ir ) ) + S ∗ (c)1(z = c), (15.22)
Q
elt
elt
where < denotes element-by-element strict inequality, i.e., 1(z < c) := di=1 1(z (i) < c(i) ), and
Q
z = c is element-by-element equality, i.e., 1(z = c) = di=1 1(z (i) = c(i) ). Note that the realized
density f has support (−∞, c(1) ] × . . . × (−∞, c(d) ] with a mass point at c.
As in Section 14.2.3, we model the data combination process as follows. Let Z denote
an observation from the combined sample. Along with Z we observe a dummy variable R that
indicates whether Z comes from the refreshment or the master sample; i.e., R = 1 if Z is from
the refreshment sample and R = 0 if Z belongs to the master sample. Hence, for r ∈ {0, 1},
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the conditional density of Z|R = r is given by48
elt

fZ|R=r (z) := f ∗ (z)1(z 6= c)r + f (z)(1 − r),
elt

where 1(z 6= c) :=

Qd

i=1

(15.23)

1(z (i) 6= c(i) ) and f is given by (15.21) or (15.22). Note that fZ|R=r
d

is a conditional density with respect to µ and has a mass point at c. Let R = Bernoulli(K0 ),
where K0 ∈ (0, 1) is an unknown nuisance parameter that will be estimated along with the
parameters of interest. Therefore, using (15.23), the joint density of Z and R is given by
elt

fe (z, r) := K0 f ∗ (z)1(z 6= c)r + (1 − K0 )f (z)(1 − r).

(15.24)

Let n denote the size of the “enriched” sample, i.e., the master and refreshment samples
combined together. Observations (Z1 , R1 ), . . . , (Zn , Rn ) from the enriched dataset are regarded
as i.i.d. draws from fe , a density with respect to µ × κ, where κ is the counting measure on
{0, 1}, and all limits are taken as n → ∞.49
The marginal density of Z in the enriched sample is, by (15.24),
Z
elt
fe (z, r) dκ = K0 f ∗ (z)1(z 6= c) + (1 − K0 )f (z).
r∈{0,1}
elt

Hence, letting a(z, K0 ) := K0 + (1 − K0 )1(z < c), by (15.21) and (15.22) it follows that
Z
elt
elt
∗
fe (z, r)1(z 6= c) dκ/a(z, K0 ).
(15.25)
f (z)1(z 6= c) =
r∈{0,1}
elt

Therefore, since Ef ∗ {g(Z ∗ , θ∗ )} = 0 ⇐⇒ Ef ∗ {g(Z ∗ , θ∗ )1(Z ∗ 6= c)} = 0,
elt

(15.19) ⇐⇒ Efe {g(Z, θ∗ )1(Z 6= c)/a(Z, K0 )} = 0

(15.26)

by (15.25). However, (15.25) also implies that (cf. Devereux and Tripathi (2009, p. 20))
elt

elt

elt

elt

Efe {1(Z 6= c)/a(Z, K0 )} = 1 ⇐⇒ Efe {1(Z 6= c)1(Z < c){ − K0 1(Z < c){ } = 0,
elt

(15.27)

the density f ∗ is only identified up to sets of µ∗ -measure zero, f ∗ (z)1(z 6= c) is a µ∗ -version of f ∗ .
49Introducing the refreshment dummy R allows the combined sample to be treated as a collection of i.i.d.
draws from the enriched density fe , which greatly simplifies the mathematical treatment because an i.i.d. setting
Pn
makes it easier to calculate the efficiency bounds, although it makes the refreshment sample size j=1 Rj a
random variable. However, as shown in Devereux and Tripathi (2009, Section 4, p. 21), inference about θ∗ is
Pn
actually conditional on the observed value of j=1 Rj because we estimate θ∗ jointly and efficiently with K0 .
Therefore, the results in this section coincide with those obtained in a setting where the size of the refreshment
sample is nonstochastic and observations from the combined sample are regarded as being independent but not
identically distributed.
48Since
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where A{ denotes the set-complement of the event A. Furthermore, since
Efe {R − K0 } = 0,

(15.28)

efficient estimation of θ∗ must account for this restriction as well.
Let β := (θ, K)(p+1)×1 , β ∗ := (θ∗ , K0 ), and




elt
g(Z, θ)1(Z 6= c)/a(Z, K)
ρ1 (Z, β)




elt

elt
elt
ρ(Z, R, β) := 
.
{
{
1(Z 6= c)1(Z < c) − K 1(Z < c)  =:  ρ2 (Z, K) 
ρ3 (R, K) (q+2)×1
R−K
Assume that the q × p matrix D := ∂Efe {ρ1 (Z, β ∗ )}/∂θ is full rank and that the q × q matrix
Ω := Efe {εε0 } is invertible, where ε denotes the residual from the linear projection (under fe )
of ρ1 (Z, β ∗ ) onto the span of {1, ρ2 (Z, K0 ), ρ3 (R, K0 )}. Then, as shown in the appendix,
Proposition 15.1. The efficiency bound for estimating θ∗ is given by (D0 Ω−1 D)−1 .
Devereux and Tripathi (2009) show that the GMM estimator of θ∗ based on the moment
condition Efe {ρ(Z, R, β ∗ )} = 0 attains the above efficiency bound. Moreover, in Theorem 4.3
of their paper, they show that (D0 Ω−1 D)−1 is strictly smaller (in the Löwner sense) than the
asymptotic variance of the GMM estimator obtained by using the refreshment sample alone.
Hence, efficiency gains from combining censored and uncensored datasets do not come from
the latter alone, and it makes sense to use both the master and the refreshment samples for
estimating θ∗ .
To get some intuition about why transforming the moment condition leads to an efficient
elt

elt

elt

estimator, note that since K0 = Efe {1(Z 6= c)1(Z < c){ }/Efe {1(Z < c){ } by (15.27),
elt

elt

Efe {ρ1 (Z, β ∗ )} = Efe {g(Z, θ∗ )|Z < c}Prfe (Z < c)
elt

elt

elt

+ Efe {g(Z, θ∗ )|(Z 6= c) ∩ (Z < c){ }Prfe (Z < c){ .
Therefore, the moment function in (15.26) can be expressed as a weighted sum of the best
predictors of g(Z ∗ , θ∗ )|(Z ∗ is uncensored) and g(Z ∗ , θ∗ )|(Z ∗ is censored), with the weights being equal to the probability that Z ∗ is uncensored or censored, respectively. The estimators
proposed by Devereux and Tripathi use the enriched sample to automatically replace g(Z ∗ , θ∗ )
with its best predictor when observations are censored and then consistently and efficiently
estimate these best predictors and weights; cf. Example 15.1 for a nice illustration.
Example 15.1 (Censored mean). Suppose we want to estimate θ∗ := Ef ∗ {Z ∗ }, the mean of
elt

the target population. Hence, since ρ1 (Z, β) = (Z − θ)1(Z 6= c)/a(Z, K) and D = −Ip×p by
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(15.27), Proposition 15.1 implies that the efficiency bound for estimating θ∗ is given by Ω.
When d = 1, it can be shown that the bound is achieved by the estimator
Pn
Pn
n
n
X
X
Zj 1(Zj > c)
j=1 Zj 1(Zj < c)
−1
−1
1(Zj < c) × Pn
θ̂ := n
1(Zj ≥ c) × Pj=1
+n
.
n
1
(Z
<
c)
1
(Z
>
c)
j
j
j=1
j=1
j=1
j=1
The form of θ̂ makes intuitive sense. Indeed, θ̂ is a convex combination of the sample means
of uncensored and censored observations in the enriched dataset, with the weights being the
fraction of uncensored and censored observations in the enriched sample.

Example 15.2 (Censored linear regression). Let Y ∗ = X ∗ 0 θ∗ + ε∗ , where Ef ∗ {X ∗ ε∗ } = 0.
Suppose both Y ∗ and X ∗ are censored so that instead of observing Z ∗ := (Y ∗ , X ∗ )(p+1)×1 from
the target density f ∗ , we observe Z := (Y, X) from the realized density f defined in (15.22). In
elt

elt

this case, ρ1 (Z, β) = X(Y − X 0 θ)1(Z 6= c)/a(Z, K) and D = −Efe {XX 0 1(Z 6= c)/a(Z, K0 )}.
If censoring is purely endogenous or purely exogenous, then a(Z, K) = K + (1 − K)1(Yj < c(1) )
elt

or a(Z, K) = K + (1 − K)1(Xj < c−(1) ), respectively, and the expression for the efficiency
bound simplifies accordingly.

Example 15.3 (Endogenous censored regression). Let Y ∗ = X ∗ 0 θ∗ + ε∗ such that some or
all of the regressors are correlated with ε∗ . Let W ∗ be a vector of instrumental such that
elt

Ef ∗ {W ∗ ε∗ } = 0. Hence, g(Z ∗ , θ∗ ) = W ∗ (Y ∗ − X ∗ 0 θ∗ ) and ρ1 (Z, β) = W (Y − X 0 θ)1(Z 6=
c)/a(Z, K). Endogenous tobit, where X ∗ is endogenous and only Y ∗ is censored, is important
for applications and follows by letting ρ1 (Z, β) = W (Y − X 0 θ)1(Y 6= c(1) )/a(Y, K), where
a(Y, K) = K + (1 − K)1(Y < c(1) ).

Example 15.4 (Simultaneous equations). Let Y1∗ = X1∗ 0 θ1∗ + ε∗1 and Y2∗ = hX2∗ 0 θ2∗ + ε∗2i, where
Y ∗ −X ∗ 0 θ∗
ε∗1 and ε∗2 are mean independent of X ∗ := (X1∗ , X2∗ ). Hence, Ef ∗ {A(X ∗ ) Y1∗ −X1∗ 0 θ1∗ } = 0,
2
2 2
where A(X ∗ ) is a conformable matrix of functions of X ∗ such that θ1∗ and θ2∗ are identified.
This model has been studied earlier, cf., e.g., Blundell and Smith (1993), though the setup
here is more general because we do not assume that ε∗1 and ε∗2 are Gaussian and allow for
the possibility that other variables besides Y1∗ and hY2∗ may ialso be censored. Censoring of
0
1 θ1
Y ∗ := (Y1∗ , Y2∗ ) alone implies that ρ1 (Z, β) = A(X) YY12 −X
1(Y1 6= c(1) , Y2 6= c(2) )/a(Y, K),
−X2 0 θ2
where a(Y, K) = K + (1 − K)1(Y1 < c(1) , Y2 < c(2) ).



Example 15.5 (Auxiliary information). As mentioned earlier in Example 14.5, sometimes we
may possess information about a feature of the target density. E.g., we may know beforehand
that the mean of the target population is zero. In general, suppose it is known a priori that
Ef ∗ {m(Z ∗ )} = 0, where m is a vector of known functions. Moment based auxiliary information
about f ∗ can be easily incorporated in our framework by stacking g(Z ∗ , θ∗ ) and m(Z ∗ ).
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15.2.2. Truncation. Sometimes censoring is so severe that the target variable is completely
unobserved outside a certain region. This phenomenon is called truncation. E.g., in many
job training programs, subjects are allowed entry only if their household income falls below a
certain level. If Z ∗ is a truncated random variable, then instead of Z ∗ we observe

Z ∗
if Z ∗ ∈ T
Z :=
unobserved otherwise,
where T is a known region in Rd such that Z ∗ ∈ T with positive probability. In this case, the
density of Z with respect to µ∗ is given by
f ∗ (z)1(z ∈ T )
.
f (z) := R ∗
f (z) dµ∗
T

(15.29)

Note that f has support T . We allow for the possibility that some coordinates of Z ∗ may not
be truncated: In typical applications, T will be a rectangle of the form I1 × . . . × Id , where the
Ij ’s are known intervals. If, say, Z ∗ (i,j,k) are not truncated, then simply let Ii = Ij = Ik = R.
R
Let b∗ := T f ∗ (z) dµ∗ ∈ (0, 1) denote the probability that Z ∗ is observed. Although b∗
is unknown, the refreshment sample identifies it via the moment condition
b∗ = Efe {1(Z ∈ T )|R = 1} ⇐⇒ Efe {[1(Z ∈ T ) − b∗ ]R} = 0.
Next, (15.24) and (15.29) imply that
Z
∗
f (z) =

fe (z, r) dκ/a(z, b∗ , K0 ),

r∈{0,1}

where a(z, b∗ , K0 ) := K0 + (1 − K0 )1(z ∈ T )/b∗ and
of Z in the enriched sample. Hence,

R
r∈{0,1}

fe (z, r) dκ is the marginal density

(15.19) ⇐⇒ Efe {g(Z, θ∗ )/a(Z, b∗ , K0 )} = 0.
Finally, as before, we have that
Efe {R − K0 } = 0.
Let β := (θ, b, K)(p+2)×1 and β ∗ := (θ∗ , b∗ , K0 ).50




g(Z, θ)/a(Z, b, K)
ρ1 (Z, β)




ρ(Z, R, β) :=  [1(Z ∈ T ) − b]R  =: ρ2 (Z, R, b)
.
R−K
ρ3 (R, K) (q+2)×1
50Using the fact that 1(Z

6 T )(1−R) = 0, it is easy to show that ρ3 (R, K0 )(1−b∗ )−ρ2 (Z, R, b∗ ) = [K0 α∗ /(1−
∈
K0 )]{1/a(Z, b , K0 ) − 1}. Thus 1/a(Z, b∗ , K0 ) − 1 can be written as a linear combination of ρ2 (Z, R, b∗ ) and
ρ3 (R, K0 ). Hence, the moment condition Efe {1/a(Z, b∗ , K0 )} = 1 is automatically satisfied.
∗
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Also, let α∗ := K0 b∗ + 1 − K0 and v := ε + (α∗ /b∗ )Pspan{1,ρ2 (Z,R,b∗ )} (ρ1 (Z, β ∗ )), where ε is the
residual from the projection of ρ1 (Z, β ∗ ) onto the linear span of {1, ρ2 (Z, R, b∗ ), ρ3 (R, K0 )} and
both projections are under fe . The following result is shown in the appendix.
Proposition 15.2. The efficiency bound for estimating θ∗ and b∗ is given by (D0 V −1 D)−1 and
V2 /K02 − (α∗ /K0 b∗ )2 Σ012 MV Σ12 , respectively, where D := ∂Efe {ρ1 (Z, β ∗ )}/∂θ, V := Efe {vv 0 },
Σ12 := Efe {ρ1 (Z, β ∗ )ρ2 (Z, R, b∗ )}, and MV := V −1 − V −1 D(D0 V −1 D)−1 D0 V −1 .
In the working paper version of Devereux and Tripathi (2009), it is shown that the GMM
estimators of θ∗ and b∗ based on the moment condition Efe {ρ(Z, R, β ∗ )} = 0 attain the bounds
in Proposition 15.2. As in the case of censoring, it can be shown that efficiency gains do not
come solely from the refreshment sample, i.e., truncated datasets also possess information that
can be exploited to increase efficiency.
To get some intuition about why transforming the moment condition leads to an efficient
estimator, note that since Prfe (Z ∈ T ) = K0 b∗ + 1 − K0 ,
Efe {ρ1 (Z, β ∗ )} = b∗ Efe {g(Z, θ∗ )|Z ∈ T } + (1 − b∗ )Efe {g(Z, θ∗ )|Z 6∈ T },

(15.30)

i.e., the best predictors of g(Z ∗ , θ∗ )|(Z ∗ is not truncated) and g(Z ∗ , θ∗ )|(Z ∗ is truncated) are
combined in the transformed moment function, weighted by the probabilities of the corresponding events. As in the case of censoring, this procedure is automatically carried out in the
enriched sample to efficiently estimate the parameters of interest; cf. Example 15.6 for a nice
illustration.
Example 15.6 (Truncated mean). We want to estimate the mean of the target population
but now Z ∗ is truncated outside region T . Here, ρ1 (Z, β) = (Z − θ)/a(Z, b, K) and D = −Ip×p .
Hence, the efficiency bound for estimating θ∗ is given by V . This bound is attained by
Pn
Pn
j=1 Zj 1(Zj ∈ T )
j=1 Zj 1(Zj 6∈ T )Rj
θ̂ := b̂ × Pn
+ (1 − b̂) × Pn
j=1 1(Zj ∈ T )
j=1 1(Zj 6∈ T )Rj
with b̂ :=

Pn

j=1

1(Zj ∈ T )Rj /

Pn

j=1

Rj , which is what we expect from (15.30).



Example 15.7 (Truncated linear regression). Consider the linear model of Example 15.2 but
now suppose that, instead of being censored, Z ∗ is truncated outside T := T1 × T2 . Here,
a(Y, X, b, K) = K + (1 − K)1(Y ∈ T1 , X ∈ T2 )/b, ρ1 (Y, X, β) = (Y − X 0 θ)/a(Y, X, b, K), and
D = −Efe {XX 0 /a(Y, X, b∗ , K0 )}. For pure endogenous or exogenous truncation, a(Y, X, b, K)
is either K + (1 − K)1(Y ∈ T1 )/b or K + (1 − K)1(X ∈ T2 )/b, respectively, and the efficiency
bound simplifies accordingly. Bounds for truncated versions of the endogenous regression and
simultaneous equations models in Examples 15.3 and 15.4 can be similarly obtained.
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16. Nonparametric regression with endogenous regressors
Models containing unknown functions are commonly used in econometrics and statistics.
For instance, consider the model for an observed random vector (Y, X) given by Y = µ∗ (X)+ε,
where µ∗ is an unknown function and ε is an unobserved random variable. If E[ε|X] = 0 w.p.1,
then µ∗ (X) = E[Y |X] w.p.1 and nonparametric regression methods can be used for inference
w.p.1
about µ∗ . Now suppose that the condition E[ε|X] = 0 is not satisfied. This typically occurs
whenever some components of X are determined endogenously. In this case, µ∗ is no longer
a conditional expectation. Nonetheless, estimation of µ∗ may still be possible provided there
exists a random vector W such that E[ε|W ] = 0 w.p.1. Unfortunately, the results of Ai
and Chen (2003), Hall and Horowitz (2005), Darolles, Florens, and Renault (2006), Severini
and Tripathi (2006), Blundell, Chen, and Kristensen (2007), and Darolles, Fan, Florens, and
Renault (2011) show that estimators of µ∗ can have very poor rates of convergence because
such models are “ill-posed” under general conditions. Thus, even relatively large sample sizes
may not be of much help in accurately estimating µ∗ .
In contrast, it may be possible to accurately estimate certain features of µ∗ , such as
R
linear functionals of the form E[ψ(X)µ∗ (X)] and ψ(x)µ∗ (x) dx, where ψ is a known function.
In particular, it may be possible to estimate such a linear functional at the usual parametric
rate of convergence, even when µ∗ itself is not identified.
Economists are often interested in estimating linear functionals of unknown functions.
For instance, Stock (1989) estimates the contrast between functionals of E[Y |X] using beforeand-after policy intervention data. Letting Y denote the market demand and X the price,
Rb
Newey and McFadden (1994) consider estimating a E[Y |X = x] dx, the approximate change
in consumer surplus for a given price change, cf. Section 7. Additional examples can be found
in Brown and Newey (1998), Ai and Chen (2005, 2007, 2012), Darolles, Florens, and Renault
(2006), Darolles, Fan, Florens, and Renault (2011), and Santos (2011).
In this section, we present the efficiency bounds and related results obtained by Severini
and Tripathi (2012a) for estimating linear functionals of µ∗ when µ∗ is not a conditional expectation and without assuming µ∗ to be identified. There are at least two reasons why such
efficiency bounds are important. One is that efficiency bounds can be used to recognize, and
in some cases help construct, an asymptotically efficient estimator of a linear functional. That
is, if an estimator has asymptotic variance equal to the efficiency bound, then it is asymptotically efficient. A second use of the efficiency bounds derived in this section is in understanding
nonparametric regression models with endogenous regressors. Efficiency bounds for linear functionals allow us to measure the relative difficulty in estimating different features of the function
µ∗ thus telling us what may be learned from the data about µ∗ . For instance, we are able to
characterize a condition that is necessary for n1/2 -estimability of these functionals when they
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are identified. This is particularly important in the present context since estimation of µ∗ itself
is generally quite difficult.
Estimation of functionals of µ∗ has been considered by Ai and Chen (2005, 2007, 2012)
and Darolles, Florens, and Renault (2006). Ai and Chen (2005, 2012) derive the efficiency
bound for estimating functionals of µ∗ when µ∗ is identified. Ai and Chen (2007, Example 2.2)
consider estimating a weighted average derivative of µ∗ and show that their estimator is n1/2 consistent and asymptotically normal. A discussion on the n1/2 -rate of convergence of inner
products can be found in Darolles, Florens, and Renault (2006, Section 4.3, p. 31–35) and
Santos (2011, Theorem 4.2).
16.1. Linear functionals of µ∗ . Consider the nonparametric regression model
Y = µ∗ (X) + ε,

(16.1)

where X is a vector of regressors some or all of which are endogenous so that E[ε|X] 6= 0 with
positive probability. The functional form of µ∗ is unknown; we only assume that it lies in L2 (X),
the set of real-valued functions of X that are square integrable with respect to the distribution
of X. We assume that ε satisfies the conditional moment restriction E[ε|W ] = 0 w.p.1, where
W denotes a vector of instrumental variables (IV’s); conditions under which a µ∗ satisfying
(16.1) is uniquely defined are described below. Since W does not coincide with X (though
they may have some elements in common because exogenous regressors are valid instruments),
µ∗ cannot be a conditional expectation; if all regressors are exogenous, i.e., W = X, then of
course µ∗ = E[Y |X]. The observed data consists of i.i.d. copies of (Y, X, W ).
Identification, i.e., uniqueness, of a µ∗ satisfying (16.1) is equivalent to the completeness
of the conditional distribution of X given W (cf. Newey and Powell, 2003, p. 1567), a condition
that may be well nigh impossible to check if Law(X|W ) is unknown. Moreover, even if µ∗
happens to be uniquely defined, the equation defining it can still be ill-posed in the sense
that the function mapping the data to µ∗ may not be continuous.51 Note that if µ∗ is not
identified then it is the equation defining the “identifiable part” of µ∗ that can be ill-posed, cf.
Section 16.2.
As mentioned in the introduction, a consequence of ill-posedness is that estimators of
∗
µ , or its identified part, can have very poor rates of convergence. Hence, it makes good
statistical sense to study functionals of µ∗ that are estimable at parametric, i.e., n1/2 -rates. In
this section, we take a step in this direction by deriving the efficiency bounds for estimating
R
linear functionals of the form E[ψ(X)µ∗ (X)] and supp(X) ψ(x)µ∗ (x) dx, where ψ is a known
weight function and supp(X) denotes the support of X, without assuming that µ∗ is identified.
Note that these functionals, being subfeatures of µ∗ , may be identifiable even when µ∗ itself is
not identified (cf. Section 16.2).
51Cf.

Lemma 2.4 of Severini and Tripathi (2006) for additional properties of this mapping.
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The results we obtain are most cleanly characterized in terms of operators on Hilbert
spaces. With this in mind, the following notation is used throughout the section. For f ∈
L2 (Y, X, W ), the set of real-valued functions of (Y, X, W ) that are square integrable with
respect to the joint distribution of Y and the distinct coordinates of X and W , we write
E[f |W ] as PL2 (W ) f , where PA denotes orthogonal projection onto A ⊂ L2 (Y, X, W ) using
the inner product hf1 , f2 iL2 (Y,X,W ) := E[f1 f2 ]. In fact, we take advantage of this notation and
continue to write E[f |W ] as PL2 (W ) f even if f ∈ L1 (Y, X, W ) \ L2 (Y, X, W ); any ambiguity
can be resolved by just thinking of PL2 (W ) as E[·|W ]. Let T be the restriction of PL2 (W ) to
L2 (X), i.e., T : L2 (X) → L2 (W ) is the bounded linear operator given by T a := E[a(X)|W ].
Its adjoint T 0 : L2 (W ) → L2 (X) is the bounded linear map T 0 b := E[b(W )|X].
R
For supp(X) ψ(x)µ∗ (x) dx to make sense it is implicitly understood that X is continuously
distributed; the expectation functional E[ψ(X)µ∗ (X)] is of course well defined even when some
R
components of X are discrete. Henceforth, these are written simply as ψµ∗ and E[ψµ∗ ]. This
and other instances of functional notation, where arguments taken by functions are suppressed,
should not cause any confusion. For the remainder of Section 16, we focus attention on the
R
expectation functional E[ψµ∗ ]; results for ψµ∗ follow mutatis mutandis.
16.2. Ill-posedness and identification. In this section, we briefly describe what we mean by
the identifiable part of µ∗ and the sense in which the equation defining it can be ill-posed. Cf.
Kress (1999) for the definition of ill-posed linear equations. Some recent papers that discuss
identification conditions and results for ill-posed econometric models include Ai and Chen
(2003), Newey and Powell (2003), Hall and Horowitz (2005), Darolles, Florens and Renault
(2006), and Blundell, Chen, and Kristensen (2007). Severini and Tripathi (2006) have more on
underidentification and ill-posedness in a general setting, but they use different notation.
Since PL2 (W ) ε = 0 by assumption, (16.1) holds if and only if T µ∗ = PL2 (W ) Y . But a µ∗
satisfying this linear equation may not be uniquely defined. So, noting that µ∗ = PN(T )⊥ µ∗ +
PN(T ) µ∗ , write T µ∗ = PL2 (W ) Y as
(T |N(T )⊥ )PN(T )⊥ µ∗ = PL2 (W ) Y,

(16.2)

where T |N(T )⊥ is the restriction of T to N(T )⊥ . Since N(T |N(T )⊥ ) = {0}, it makes sense to call
PN(T )⊥ µ∗ the identifiable-part of µ∗ . If µ∗ is identified to begin with, i.e., N(T ) = {0}, then
PN(T )⊥ µ∗ = µ∗ and there is no distinction between µ∗ and its identifiable-part.
Although T |N(T )⊥ is invertible on its range, the inverse may not be continuous. In fact,
since (T |N(T )⊥ )−1 is a closed map from R(T ) to N(T )⊥ , by the closed graph theorem it follows
that (T |N(T )⊥ )−1 is continuous if and only if R(T ) is closed. Therefore, following the definition of
ill-posed linear equations given in Kress (1999, p. 266), lack of closedness of R(T ) is equivalent
to the ill-posedness of (16.2).
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Functionals of µ∗ are identifiable under conditions weaker than those required for identification of µ∗ itself. In particular, even when µ∗ is not identified, i.e., N(T ) 6= {0}, we have
the following result.
Lemma 16.1. E[ψµ∗ ] is identified if and only if ψ ∈ N(T )⊥ .
If µ∗ happens to be identified, then E[ψµ∗ ] is uniquely defined for every ψ ∈ L2 (X)
because then N(T )⊥ = L2 (X). The identification condition ψ ∈ N(T )⊥ ensures that every
µ ∈ PN(T )⊥ µ∗ + N(T ) yields the same expectation functional, namely,
E[ψµ] = E[ψPN(T )⊥ µ∗ ] = E[ψµ∗ ].
Therefore, without loss of generality, we henceforth focus on E[ψPN(T )⊥ µ∗ ] as the parameter
of interest.
16.3. Ill-posedness and n1/2 -estimability. As mentioned earlier, ill-posedness of (16.2) can
lead to very poor rates of convergence for estimators of PN(T )⊥ µ∗ . In fact, convergence can be
so slow that n1/2 -estimability of E[ψPN(T )⊥ µ∗ ] may not be possible for certain well behaved
ψ.52 The aim of this section is to characterize the ψ’s for which the corresponding expectation
functionals are not n1/2 -estimable and make precise the connection between ill-posedness of
(16.2) and n1/2 -estimability of E[ψPN(T )⊥ µ∗ ].
To motivate these results, we begin with a simple but revealing example.
 
Example 16.1. Let X and W be jointly gaussian with mean zero and variance ρ1 ρ1 , where
the correlation ρ ∈ (−1, 1) \ {0}. Also, let φ be the standard normal density, Hj (x) :=
√
(−1)j φ(j) (x)/φ(x) the jth Hermite polynomial and hj := Hj / j! its normalized version. Since
gaussian distributions with varying means are complete, T and T 0 are both injective. Injectiveness of T implies that µ∗ is identified.53 Hence, E[ψµ∗ ] is identified for every ψ ∈ L2 (X). The
reproducing property of Hermite polynomials (cf. Severini and Tripathi 2006, Example 2.4)
implies that T is Hilbert-Schmidt with singular system (ρj , hj (X), hj (W ))j∈{0}∪N . Its singular
value decomposition (cf. Carrasco, Florens, and Renault 2007, Theorem 2.41) can be used to
show that
∞
X
−1
b ∈ R(T ) =⇒ T b =
ρ−j hb, hj iL2 (W ) hj .
j=0
∗

Therefore, since µ = T

−1

PL2 (W ) Y , in this example
∗

µ (X) =

∞
X

ρ−j E[Y hj (W )]hj (X).

(16.3)

j=0
52An

obvious exception is ψ := 1, for which E[ψPN(T )⊥ µ∗ ] = EY is n1/2 -estimable irrespective of the
correlation between X and ε.
53In fact, as shown later, the equation defining µ∗ , namely T µ∗ = P
L2 (W ) Y , is also ill-posed since R(T ) is
not closed.
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We now show that the sample analog of the expectation functional E[ψµ∗ ], although
identified for each ψ ∈ L2 (X), is not n1/2 -consistent for at least one well behaved ψ. Of course,
this in itself does not prove that certain expectation functionals may not be n1/2 -estimable.
But the fact that the sample analog of an expectation, probably its most obvious consistent
estimator, can fail to converge at the n1/2 -rate is nonetheless very suggestive.
First, it is clear from (16.3) that E[ψK µ∗ ] is n1/2 -estimable whenever ψK is a polynomial
of degree K ∈ [0, ∞). This is because hX K , hj iL2 (X) = 0 for j > K, implying that E[ψK µ∗ ]
consists of a finite number of summands each of which is n1/2 -estimable.
Next, let ψd := 1(−∞,d] , where d < ∞ is a known constant. The following argument
reveals that θd∗ := E[ψd µ∗ ] cannot be estimated at n1/2 -rate by its sample analog. Begin by
observing that

Z d
Φ(d)
if j = 0
Hj (x)φ(x) dx =
(16.4)
−Hj−1 (d)φ(d) if j ≥ 1.
−∞
It is then straightforward to show that
(16.3)
θd∗ =

∞
X
hj+1 (W )
√
E[Y (Φ(d) − φ(d)
hj (d))] =: E[Y Qd (W )].
j+1
ρ
j
+
1
j=0

P
Now consider the estimator θ̂d := nj=1 Yj Qd (Wj )/n, where we have assumed that ρ is known
to keep things simple. Clearly, θ̂d is consistent for θd∗ . Moreover, assuming that var[Y |W ] is
bounded away from zero,
var[n1/2 θ̂d ] = var[Y Qd (W )] ≥ E var[Y Qd (W )|W ]
≥

inf
w∈supp(W )

var[Y |W = w] E[Q2d (W )].

But, by the orthonormality of Hermite polynomials,
E[Q2d (W )] = Φ2 (d) +

∞
φ2 (d) X Hj2 (d)
.
ρ2 j=0 (j + 1)!ρ2j

Moreover, since (j + 1)ρ2j < 1 for all sufficiently large j, there exists a positive integer N such
√
that, for H̃j (x/ 2) := 2j/2 Hj (x), we have
∞
X
j=0

√
∞
∞
X
Hj2 (d)
Hj2 (d) X
H̃j2 (d/ 2)
≥
=
= ∞,
(j + 1)!ρ2j
j!
j!2j
j=N
j=N

(16.5)
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P
2
j
j
where the last equality is because ∞
j=0 H̃j (x)r /(j!2 ) < ∞ for x ∈ R if and only if |r| < 1;
cf. the second proof of (6.1.13) in Andrews, Askey, and Roy (1999). Therefore, it follows that
var[n1/2 θ̂d ] = ∞. In other words, θ̂d is not n1/2 -consistent.54
Although it may not be obvious, the fundamental feature that distinguishes ψK from ψd
is that the former lies in R(T 0 ) whereas the latter does not. This makes sense because, as we
show next, elements of R(T 0 ) have to be smooth in a certain sense.
Singular value decompositions of T and T 0 can be used to show that55
R(T )

Lemma J.3

=

∞
X
dense
{b ∈ L2 (W ) :
hb, hj i2L2 (W ) ρ−2j < ∞} ( L2 (W )
j=0

R(T )
0

Cor. J.1

=

{a ∈ L2 (X) :

∞
X

(16.6)

ha, hj i2L2 (X) ρ−2j

dense

< ∞} ( L2 (X).

j=0

Since R(T ) and R(T 0 ) are dense albeit proper subspaces of L2 (W ) and L2 (X), they cannot be
closed. In particular, non-closedness of R(T ) implies that the equation defining µ∗ is ill-posed.
It is clear from (16.6) that the Fourier coefficients of elements of R(T ) and R(T 0 ) have
to go to zero sufficiently fast. In fact, elements of R(T ) and R(T 0 ) are infinitely differentiable
in mean-square with each derivative being square-integrable. To see this, let b ∈ R(T ) and b(k)
(1)
denote its kth derivative. Since Hj = jHj−1 , it is straightforward to show that
b

(k)

=

∞
X

hb, hj iL2 (W )

p
(j)k hj−k ,

j=k

where (j)k := j(j − 1) . . . (j − k + 1). Furthermore,
kb(k) k2L2 (W ) =

∞
X
hb, hj i2L2 (W ) (j)k < ∞

∀k

j=k

since limj→∞ ρ2j (j)k = 0. Same holds for R(T 0 ) as well.
It only remains to verify that ψd 6∈ R(T 0 ).56 But this is immediate since
∞
X

(16.4)
hψd , hj i2L2 (X) ρ−2j =

j=0

∞
φ2 (d) X Hj2 (d) (16.5)
= ∞.
Φ (d) + 2
ρ j=0 (j + 1)!ρ2j
2

Therefore, ψd 6∈ R(T 0 ).
54It



is easy to see that var[θ̂d ] goes to zero slower than 1/n even when Qd is replaced by its truncated version
Pmn −(j+1)
(j + 1)−1/2 hj+1 (W )hj (d), where mn is any sequence of positive integers
Qd,mn (W ) := Φ(d) − φ(d) j=0
ρ
such that limn→∞ mn = ∞.
55The denseness in (16.6) is a consequence of N(T )⊥ = cl(R(T 0 )) plus injectivity of T and T 0 .
56Note that ψ ∈ R(T 0 ) is obvious because hX K , h i
K
j L2 (X) = 0 for j > K.
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Example 16.1 suggests that a ψ that is not sufficiently smooth relative to T 0 , in the
sense that ψ 6∈ R(T 0 ), will lead to an expectation functional that is not n1/2 -estimable. For
such a ψ, as the proof of Lemma 16.2 reveals, the parameter of interest E[ψPN(T )⊥ µ∗ ] is not
a differentiable function of the distribution of (Y, X, W ). By a well-known result, cf. van
der Vaart (1991, p. 185; 1998, Section 25.5) and Newey (1994, p. 1353), it then follows that
E[ψPN(T )⊥ µ∗ ] cannot be estimated at n1/2 -rate.
Let ε̃ := Y − PN(T )⊥ µ∗ , and Ω := PL2 (W ) ε̃2 be the scedastic function. The next
assumption bounds Ω and f := 1/Ω away from zero and infinity.
Assumption 16.1. 0 < inf w∈supp(W ) Ω(w) ≤ supw∈supp(W ) Ω(w) < ∞.
Under this assumption we can show the main result of this section.
Lemma 16.2. Let Assumption 16.1 hold and T 0 be compact. Then, the condition ψ ∈ R(T 0 )
is necessary for E[ψPN(T )⊥ µ∗ ] to be n1/2 -estimable.
Recall that E[ψPN(T )⊥ µ∗ ] is identified if and only if ψ ∈ N(T )⊥ = cl(R(T 0 )). Thus
ψ ∈ R(T 0 ) seems like a “natural” requirement for n1/2 -estimability of E[ψPN(T )⊥ µ∗ ] because it
strengthens the identification condition.
The assumption that T 0 (equivalently, T ) is compact is not very restrictive, at least
from an applied point of view, since compact operators are frequently encountered in applied
work. In particular, it is well known that compact operators are precisely those that can be
approximated arbitrarily well by finite rank operators, i.e., matrices. Moreover, we only use
compactness of T 0 to show Lemma 16.2; it is not needed to prove our efficiency bound results.
Note that conditional expectation operators can be shown to be compact under weak conditions
on the joint density, cf. Bickel, Klassen, Ritov, and Wellner (1993, p. 440) and Kress (1999,
Theorem 2.21).
Finally, here’s the connection between ill-posedness of (16.2) and n1/2 -estimability of
E[ψPN(T )⊥ µ∗ ]. Recall that R(T 0 ) is closed if and only if R(T ) is closed (van der Vaart, 1991,
p. 184). Therefore, cl(R(T 0 )) \ R(T 0 ) is empty ⇐⇒ R(T 0 ) is closed ⇐⇒ R(T ) is closed
⇐⇒ (16.2) is well-posed. Thus, ill-posedness of (16.2) implies the existence of at least one
expectation functional of PN(T )⊥ µ∗ that is identified but (by Lemma 16.2) not n1/2 -estimable;
Example 16.1 provides a nice illustration.
Remarks. (i) Ritov and Bickel (1990, p. 936) have a result that looks similar to
Lemma 16.2. They define a class P of large dimensional parametric models and show that if
the true model lies in cl(P ) \ P then it cannot be consistently estimated. Darolles, Florens,
and Renault (2006) also impose a similar condition (cf. their Theorem 4.3) although they do
not show that their condition is necessary for n1/2 -consistency.
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(ii) If ψ ∈ R(T 0 ), then the efficiency bound for estimating E[ψPN(T )⊥ µ∗ ] is finite (cf.
Theorem 16.1). The condition ψ ∈ R(T 0 ) plus some smoothness on µ∗ and the joint distribution
of (Y, X, W ) as in Ritov and Bickel may thus also be sufficient for n1/2 -estimability.
(iii) If there are no endogenous regressors, i.e., W = X, then ψ ∈ R(T 0 ) holds automatically because T 0 then is just the identity.
16.4. Efficiency bound. Following the discussion in Section 16.2, let θ∗ := E[ψPN(T )⊥ µ∗ ] denote the parameter of interest. In this section, we determine the efficiency bound for estimating
θ∗ under the following assumption.
Assumption 16.2. ψ ∈ R(T 0 ), i.e., there exists δ ∗ ∈ L2 (W ), not necessarily uniquely defined,
such that T 0 δ ∗ = ψ.
For maximum generality, the bound is derived under minimal assumptions on µ∗ . In
particular, µ∗ is allowed to be underidentified, i.e., N(T ) 6= {0}, and the equation defining
PN(T )⊥ µ∗ is allowed to be ill-posed, i.e., R(T ) is not assumed to be closed. Subsequent results
simplify accordingly if µ∗ is identified or (16.2) is well-posed.
To facilitate presentation, we express θ∗ as the solution to a moment condition; i.e., we
obtain the efficiency bound for estimating θ∗ in the model
E g(X, θ∗ , µ∗ ) = 0,

(16.7)

where g(X, θ∗ , µ∗ ) := ψPN(T )⊥ µ∗ −θ∗ . Henceforth, g := g(X, θ∗ , µ∗ ) for notational convenience.
The efficiency bound for estimating θ∗ is the squared-length of an orthogonal projection
onto the tangent space of nonparametric score functions. As shown in the proof of Theorem 16.1, the tangent space here is cl(Ṁ) + L2,0 (W ), where
Ṁ := {f ∈ L2 (W )⊥ : PL2 (W ) (ε̃f ) ∈ R(T )} & L2,0 (W ) := {f ∈ L2 (W ) : Ef = 0}
describe how (16.2) restricts the scores of Law(Y, X|W ) and Law(W ). In the appendix we
show that
cl(Ṁ) = {f ∈ L2 (W )⊥ : PL2 (W ) (ε̃f ) ∈ cl(R(T ))}.
If there are no endogenous regressors, then cl(Ṁ) = L2 (W )⊥ = L2 (X)⊥ because T then is the
identity map. Therefore, the size of cl(Ṁ) is a measure of the information contained in (16.2),
namely, smaller cl(Ṁ) means more information; cf. Examples 16.3 and 16.6.
Theorem 16.1. Let Assumptions 16.1 and 16.2 hold. Then, the efficiency bound for estimating
θ∗ is finite and is given by
E[Pcl(Ṁ)+L2,0 (W ) (ε̃Pcl(R(T )) δ ∗ + g)]2 ,
where δ ∗ ∈ L2 (W ) satisfies T 0 δ ∗ = ψ.

(16.8)
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From the discussion in Section 16.2, recall that PN(T )⊥ µ∗ is uniquely defined for every µ∗
that satisfies (16.1). Similarly, Pcl(R(T )) δ ∗ is uniquely defined for every δ ∗ satisfying T 0 δ ∗ = ψ
because cl(R(T )) = N(T 0 )⊥ . Therefore, the tangent space and the efficient influence function
Pcl(Ṁ)+L2,0 (W ) (ε̃Pcl(R(T )) δ ∗ + g) are invariant to choice of µ∗ and δ ∗ in the sense that each
(µ∗ , δ ∗ ) ∈ L2 (X) × L2 (W ) satisfying T µ∗ = PL2 (W ) Y and T 0 δ ∗ = ψ leads to the same efficiency
bound. Hence, the bound derived above is robust to underidentification of µ∗ and δ ∗ . Similarly,
since R(T ) enters (16.8) only via cl(R(T )), the same bound holds whether (16.2) is ill-posed or
not. Finiteness of the efficiency bound suggests that n1/2 -estimation may be possible.
Example 16.2 (X is exogenous). If there are no endogenous regressors, then δ ∗ = ψ and
µ∗ = PL2 (X) Y . Consequently, since cl(Ṁ) = L2 (X)⊥ , the efficiency bound for estimating θ∗
reduces to var[ψY ]. This makes sense because if W = X, then E[ψµ∗ ] = E[ψY ]. It also matches
the result obtained earlier by Chamberlain (1992b, p. 572).

Example 16.3 (Efficiency bound for estimating EY ). Suppose ψ = 1. Then θ∗ = EY irrespective of whether µ∗ is identified or not. Therefore, by Theorem 16.1 and the fact that
cl(Ṁ) + L2,0 (W ) is closed, the efficiency bound for estimating EY is given by
E[Pcl(Ṁ)+L2,0 (W ) (Y − EY )]2 = var Y − E[PṀ⊥ ∩L2,0 (W )⊥ (Y − EY )]2 .
Hence, the sample mean is asymptotically efficient if there are no endogenous regressors.



Example 16.4 (Injective T 0 ). If T 0 is injective, the efficiency bound for estimating θ∗ is given
by E[εδ ∗ + g]2 . This follows directly from Theorem 16.1 by setting cl(R(T )) = L2 (W ) because
N(T 0 ) = {0} implies that R(T ) is dense in L2 (W ). If in addition ψ = 1, so that δ ∗ = 1 is
the unique solution to T 0 δ ∗ = 1, the bound reduces to var[Y ]. Therefore, if ψ = 1 and T 0
P
is injective, then θ∗ can be efficiently estimated by nj=1 Yj /n, irrespective of whether µ∗ is
identified or not; notice that endogeneity of regressors is also not an issue for this case.

The following corollary of Theorem 16.1 is immediate.
Corollary 16.1. If µ∗ is identified, then (16.8) can be written as
E[Pcl(Ṁ)+L2,0 (W ) (εPcl(R(T )) δ ∗ + g)]2 ,
where ε = Y − µ∗ , g = ψµ∗ − θ∗ , and Ṁ = {f ∈ L2 (W )⊥ : PL2 (W ) (εf ) ∈ R(T )}.
Ai and Chen (2005, 2012) give an expression for efficiency bounds of functionals of µ∗
for the case in which µ∗ is identified, using an approach different than the one used here. The
approach used by Ai and Chen is based on the residuals from projecting the score with respect
to the parameter of interest onto the space spanned by the nuisance parameter score. The
approach used here is based on finding the norm of the representer of the pathwise derivative
of the functional, viewed as a linear functional on the tangent space. One consequence of the
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approach used here is that the efficiency bound can be given explicitly, rather than as the
solution to a variational problem.
Although Theorem 16.1 and Corollary 16.1 provide precise variational characterizations
of the efficiency bound for estimating θ∗ , in practice it may not be easy to use these results to
construct efficient estimators or to determine whether a proposed estimator is asymptotically
efficient unless a closed form for Pcl(Ṁ)+L2,0 (W ) is available. Fortunately, an explicit expression
for orthogonal projections onto cl(Ṁ) + L2,0 (W ) can be obtained by using Lemma 16.3, a result
that may be of independent interest.
Let (T 0 fT )+ denote the Moore-Penrose inverse of T 0 fT : L2 (X) → L2 (X), cf. Engl,
Hanke, and Neubauer (2000, Section 2.1), and let I be the identity operator (the domain of I
will be clear from the context). Keep in mind that D((T 0 fT )+ ) = R(T 0 fT ) + R(T 0 fT )⊥ .
Lemma 16.3. Let Assumption 16.1 hold and f ∈ L2 (Y, X, W ) be such that T 0 fPL2 (W ) (ε̃f )
lies in the domain of (T 0 fT )+ . Then,
Pcl(Ṁ) f = f − PL2 (W ) f − ε̃(I − fT (T 0 fT )+ T 0 )fPL2 (W ) (ε̃f ).
Since Ṁ ⊥ L2 (W ) and PL2,0 (W ) f = PL2 (W ) f − Ef ,
Pcl(Ṁ)+L2,0 (W ) f = Pcl(Ṁ) f + PL2,0 (W ) f = Pcl(Ṁ) f + PL2 (W ) f − Ef.
Therefore, an immediate corollary of Lemma 16.3 is that
Pcl(Ṁ)+L2,0 (W ) f = f − Ef − ε̃(I − fT (T 0 fT )+ T 0 )fPL2 (W ) (ε̃f ).

(16.9)

We use (16.9) to derive a closed form for the efficiency bound in Theorem 16.1.
Corollary 16.2. Let ψ ∈ D((T 0 fT )+ ) ∩ N(T )⊥ and T 0 fPL2 (W ) (ε̃g) ∈ D((T 0 fT )+ ). Then,
(16.8) can be written as
E[ε̃fT (T 0 fT )+ ψ + g − ε̃(I − fT (T 0 fT )+ T 0 )fPL2 (W ) (ε̃g)]2 .

(16.10)

If µ∗ is identified, then the closed form of the bound can be obtained by replacing ε̃ with ε and
(T 0 fT )+ with (T 0 fT )−1 because N(T 0 fT ) = N(T ); i.e., if µ∗ is identified, then (16.10) can be
written as E[εfT (T 0 fT )−1 ψ + g − ε(I − fT (T 0 fT )−1 T 0 )fPL2 (W ) (εg)]2 .
The non-variational characterization leads to some additional insight behind the form
of the bound. To see this, assume that µ∗ is identified. Then, from Corollary 16.2, the efficient
influence function for estimating θ∗ is given by
ϕ := [g − εfPL2 (W ) (εg)] + εfT (T 0 fT )−1 (ψ + T 0 fPL2 (W ) (εg)).

(16.11)

A look at the proof of Theorem 16.1 reveals that the efficiency bound for estimating θ∗ when
µ∗ is fully known is given by E[g − εfPL2 (W ) (εg)]2 . The first term of (16.11), which has a very
intuitive control variate interpretation, thus represents the contribution of PL2 (W ) ε = 0 if µ∗ is
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assumed known whereas the second term represents the penalty for not knowing its functional
form. Since the two terms are orthogonal, the efficiency bound can also be written as
E[g − εfPL2 (W ) (εg)]2 + E[εfT (T 0 fT )−1 (ψ + T 0 fPL2 (W ) (εg))]2 .
Therefore, the efficiency bound for estimating θ∗ when µ∗ is known equals the efficiency bound
for estimating θ∗ when µ∗ is unknown if and only if T (T 0 fT )−1 (ψ + T 0 fPL2 (W ) (εg)) = 0. But
since this is a very restrictive condition, e.g., it may not hold even when W = X, adaptive
(meaning invariance with respect to knowledge of µ∗ or lack thereof) estimation of θ∗ appears
for all practical purposes to be impossible.
R
Finally, we describe the efficiency bound for estimating ψµ∗ . The proofs of Corollaries 16.3–16.4 are very similar to those of Theorem 16.1 and Corollary 16.2 and are therefore
omitted.
Corollary 16.3. Let Assumption 16.1 hold and assume there exists δ ∗ ∈ L2 (W ) such that
T 0 δ ∗ = ψ/h, where h is the unknown density of X. Then, the efficiency bound for estimating
R
ψµ∗ is given by E[Pcl(Ṁ) (ε̃Pcl(R(T )) δ ∗ )]2 . The bound when µ∗ is identified is obtained by
replacing ε̃ with ε.
Example 16.5 (No endogenous regressors). If W = X, then δ ∗ = ψ/h and the efficiency
R
bound for estimating ψµ∗ reduces to E[ψε/h]2 , a result obtained earlier in Section 7.

As before, Lemma 16.3 can be used to derive a closed form expression for the bound.
Corollary 16.4. Let ψ/h ∈ D((T 0 fT )+ ) ∩ N(T )⊥ . Then, under the assumptions maintained
in Corollary 16.3, the efficiency bound obtained there can be written as E[ε̃fT (T 0 fT )+ (ψ/h)]2 .
The bound when µ∗ is identified is obtained by replacing ε̃ with ε and (T 0 fT )+ with (T 0 fT )−1 .
The methodology described here can be used to obtain efficiency bounds for other parameters of interest as well.
Example 16.6 (Probabilities under auxiliary information). Let the vector Z contain Y and
the distinct components of X and W . Then, modifying the proof of Theorem 16.1, it can be
shown that the efficiency bound for estimating β ∗ := Pr(Z ∈ A) under (16.1), where A is a
known Borel set, is given by
E[Pcl(Ṁ)+L2,0 (W ) (1(Z ∈ A) − β ∗ )]2 = β ∗ (1 − β ∗ ) − E[PṀ⊥ ∩L2,0 (W )⊥ (1(Z ∈ A) − β ∗ )]2 .
P
Hence, unless there are no endogenous regressors, the empirical measure nj=1 1(Zj ∈ A)/n is
not an efficient estimator of Pr(Z ∈ A).

Example 16.7 (Average derivatives). Suppose we want the efficiency bound for estimatR
ing the average derivative parameter α∗ := supp(X) ψ(x)(∇x PN(T )⊥ µ∗ )(x) dx, where ∇x denotes the gradient with respect to x. For convenience, let X be real-valued so that α∗ is a
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scalar. Assume that the weight function ψ vanishes at the boundary of the support of X, i.e.,
ψ(bdry(supp(X))) = 0, and that ∇x ψ and ∇x PN(T )⊥ µ∗ both exist. Then,
Z
∗
α =−
(∇x ψ)(x)(PN(T )⊥ µ∗ )(x) dx
(integration by parts)
supp(X)

= −E[((∇x ψ)(X)/h(X))(PN(T )⊥ µ∗ )(X)]
= −E[((∇x ψ)(X)/h(X))µ∗ (X)]
Z
=−
(∇x ψ)(x)µ∗ (x) dx,
supp(X)

where the third equality follows because α∗ is identified if and only if (∇x ψ)/h ∈ N(T )⊥ . Hence,
the efficiency bound for estimating α∗ follows immediately from Corollary 16.3 by replacing ψ
there with −∇x ψ.
Next, suppose we want the efficiency bound for the density weighted average derivative
∗ :=
β
E[h(X)(∇x PN(T )⊥ µ∗ )(X)]. Then, doing integration by parts under the assumptions
that h(bdry(supp(X))) = 0 and ∇x h exists, it follows that β ∗ = −2E[(∇x h)(X)PN(T )⊥ µ∗ ].
Now the results obtained earlier cannot be directly applied because the weight function ∇x h is
unknown. Nonetheless, following the proof of Lemma 16.1, it is straightforward to show that
β ∗ is identified if and only if ∇x h ∈ N(T )⊥ . Similarly, emulating the proof of Theorem 16.1, it
can be shown that the efficiency bound for estimating β ∗ is given by
l. b.(β ∗ ) := 4E[Pcl(Ṁ)+L2,0 (W ) (ε̃Pcl(R(T )) δ ∗ + g)]2 ,
where δ ∗ ∈ L2 (W ) satisfies T 0 δ ∗ = −∇x h and g := h(∇x PN(T )⊥ µ∗ ) − β ∗ . Note that if W = X
so that there are no endogenous regressors, then δ ∗ = −∇x h and
l. b.(β ∗ )
no endogeneity

= 4E[(∇x h)2 var(Y |X)] + 4 var(h(∇x µ∗ )),

which matches the bound in (10.7) as expected.
Ai and Chen (2007, Example 2.2) consider estimating the weighted average derivative
∗ :=
γ
E[ψ(X)(∇x µ∗ )(X)]. However, they focus on issues related to misspecification rather than
efficiency. In a recent paper, Ai and Chen (2012, Example 3.3) derive the efficiency bound for
estimating γ ∗ when µ∗ is identified.

16.5. Approximating the bound. In this section, we provide some justification to show that
the efficiency bound in Theorem 16.1 is attainable. Similar results have been obtained earlier
by Wong (1986, Section 5.2) and Chamberlain (1987, Section 4.2). To do so, we assume the
existence of a sequence of parametric models satisfying (16.2) and show that the corresponding
efficiency bound for estimating θ∗ approaches (16.8) as the models get richer. Since the bound
is attainable in the parametric case, this suggests that our semiparametric efficiency bound is
R
achievable as well. A similar argument also works for estimating ψµ∗ .
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So let PN(T )⊥ µ∗ be embedded in a smooth parametric family Fp := {mp (·, β) : β ∈ Rp },
i.e., (PN(T )⊥ µ∗ )(X) = mp (X, β ∗ ) for some β ∗ ∈ Rp . Also, let Sp denote the set spanned by
the coordinates of the parametric gradient ∇β mp (X, β ∗ ) and define Tp : Sp → L2 (W ) to be the
restriction of T to Sp . We then have the following result.
Lemma 16.4. Let PN(T )⊥ µ∗ be embedded in Fp and Assumptions 16.1 and 16.2 hold. Then,
the efficiency bound for estimating θ∗ is given by
E[PṀp +L2,0 (W ) (ε̃PR(Tp ) δ ∗ + g)]2 ,
where Ṁp := {f ∈ L2 (W )⊥ : PL2 (W ) (ε̃f ) ∈ R(Tp )} and δ ∗ ∈ L2 (W ) satisfies T 0 δ ∗ = ψ.
Next, we show that if the sequence of parametric families is dense in a certain sense
then the parametric and semiparametric efficiency bounds can get arbitrarily close.
Lemma 16.5. Let Fp be nested so that R(Tp ) ↑ cl(R(T )) as p → ∞. Then, under the assumptions maintained in Lemma 16.4,
lim E[PṀp +L2,0 (W ) (ε̃PR(Tp ) δ ∗ + g)]2 = E[Pcl(Ṁ)+L2,0 (W ) (ε̃Pcl(R(T )) δ ∗ + g)]2 .

p→∞

Since the Fp ’s are nested, the parametric efficiency bound is non-decreasing in p. Therefore, by Lemma 16.5, the efficiency bound under any particular parametric model can be no
greater than the semiparametric efficiency bound.
Remarks. (i) The sieve minimum distance approach of Ai and Chen (2012) can be
used to estimate θ∗ efficiently, at least when µ∗ is identified. An efficient estimator of θ∗ could
also be based on the efficient influence function by using the moment condition Eϕ = 0 and
the closed form expression of the efficient influence function given in (16.11). However, we are
not aware of any papers so far that have taken this approach.
(ii) Darolles, Florens, and Renault (2006) propose an estimator for θ∗ . Under the assumptions that µ∗ is identified and ε is homoscedastic with respect to W , they show that their
estimator, suitably centered and scaled, converges at rate n1/2 to a standard gaussian random
variable. But the value at which their estimator is centered depends on n and may not converge
to θ∗ at a rate faster than n−1/2 so that their estimator may be asymptotically biased (cf. their
Theorem 4.3 and Corollary 4.1). Thus, the efficiency bound given here, which is valid only for
asymptotically unbiased estimators, does not necessarily apply to their estimator. However,
it is interesting to note that the asymptotic variance of their estimator for the case ψ = 1,
i.e., when θ∗ = EY , is var[ε], which does not match the efficiency bound for estimating EY
described in Example 16.3.
R
(iii) In a recent paper, Santos (2011) considers estimation of β ∗ := ψ(x)µ∗ (x) dx
without assuming µ∗ to be identified. Following Corollary 16.3, Santos first estimates a δ ∗ ∈
L2 (W ) satisfying E[δ ∗ (W )|X] = ψ(X)/h(X) w.p.1. Next, since β ∗ = E[ψµ∗ /h] = E[µ∗ δ ∗ ] =
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E[Y δ ∗ ], he uses δ̂, the estimator of δ ∗ obtained in the first step, to estimate β ∗ with β̂ :=
Pn
1/2
(β̂ − β ∗ ) is asymptotically normal though it may
j=1 Yj δ̂(Wj )/n. Santos shows that n
also be asymptotically biased (cf. Theorem 4.2 in his paper). Except for the case when X
is exogenous, cf. Example 16.5, the asymptotic variance of his estimator does not match the
R
efficiency bound for estimating ψ(x)µ∗ (x) dx.
17. Conclusion
We have surveyed some of the literature on semiparametric efficiency bounds for microeconometric models. Some important models, e.g., duration models, general discrete choice
models, missing data models, panel data models, and transformation models with unknown
link functions, have not been considered in any significant detail, apart from the mention of a
few scattered references. Moreover, construction of efficient estimators has not been touched
upon. Nonetheless, despite these limitations, we hope that there is enough material in this
partial survey to help researchers learn more about efficiency bounds, their calculation, and
their usefulness in semiparametric estimation, in an accessible manner.
Appendix A. Useful definitions and results
In this section, M is a subset of a normed vector space (X, k · kX ) and x0 ∈ M .
Definition A.1 (Cone). M is said to be a cone if λm ∈ M for each m ∈ M and λ ≥ 0.



Definition A.2 (Tangent vector). A vector ẋ ∈ X is said to be tangent to M at x0 if there
exists t0 > 0 and a mapping rt : [0, t0 ] → X such that x0 + tẋ + rt ∈ M for all t ∈ [0, t0 ] and
limt→0+ krt kX /t = 0.

Definition A.3 (Tangent cone). The collection of vectors in X which are tangent to M at x0
is denoted by T (M, x0 ). Following Krabs (1979, p. 154), T (M, x0 ) is a k · kX -closed non-empty
cone in X and is called the tangent cone to M at x0 .

Let ẋ ∈ T (M, x0 ). Hence, there exists t0 > 0 and a map rt : [0, t0 ] → X such that
x0 + tẋ + rt ∈ M for all t ∈ [0, t0 ] and limt→0+ krt kX /t = 0. Then,

r /t if t > 0
t
vt :=
=⇒ xt := x0 + tẋ + tvt ∈ M
∀t ∈ [0, t0 ].
(A.1)
0
if t = 0
Definition A.4 (Curve or path). The function t 7→ xt from [0, t0 ] → M defined in (A.1) is
said to be a curve (or path) in M which passes through x0 at t = 0 and is differentiable from
the right at t = 0. The vector ẋ in (A.1) can be visualized as the right derivative of this curve,
or the tangent to this curve, at t = 0.
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Definition A.5 (Pathwise differentiable functional). A functional ρ : M → R is said to be
pathwise differentiable at x0 if for each curve xt in M there exists a continuous linear functional
∇ρ : X → R such that limt→0+ [ρ(xt ) − ρ(x0 )]/t = ∇ρ(ẋ), where ẋ is the tangent to the curve
xt at t = 0.

Theorem A.1 (Riesz-Fréchet). Let L be a continuous linear functional on a Hilbert space
p
(V, h·, ·i) equipped with the norm k · k := h·, ·i. Then, there exists a unique v ∗ ∈ V such that
L(v) = hv, v ∗ i for all v ∈ V . Furthermore, kv ∗ k = kLk∗ , where kLk∗ := sup{v∈V :kvk=1} |L(v)|
denotes the operator norm of the linear functional L, and every v ∗ determines a unique continuous linear functional in this way.
Proof. Luenberger (1969, Theorem 2, p. 109).



The next result shows that the value of an unknown density at a given point in its
support cannot be estimated by a n1/2 -consistent regular estimator by demonstrating that the
corresponding functional is not pathwise differentiable.
Lemma A.1. Let z0 ∈ Rd be such that ρ(φ0 ) := φ20 (z0 ) > 0, where φ0 ∈ Φ and Φ is defined
in (3.1). Then ∇ρ, the pathwise derivative of ρ at φ0 , exists but is unbounded on the tangent
space lin T (Φ, φ0 ) defined in (3.2).
Unboundedness of ∇ρ means that ρ cannot be pathwise differentiable in the sense of
Definition A.5. From the discussion in Section 2.3, cf. Remark (iv), it thus follows that φ20 (z0 )
cannot be estimated by a n1/2 -consistent regular estimator.
Proof of Lemma A.1. Let φt be a curve in Φ for small enough t > 0 such that φt passes
through φ0 at t = 0. Then, letting ρ(φt ) := φ2t (z0 ), it is straightforward to see that
∇ρ(φ̇) := lim [ρ(φt ) − ρ(φ0 )]/t = 2φ0 (z0 )φ̇(z0 )
t→0+

for some φ̇ ∈ lin T (Φ, φ0 ). It remains to show that ∇ρ is unbounded on the tangent space, i.e.,
k∇ρk∗ :=

|2φ0 (z0 )φ̇(z0 )|
= ∞.
kφ̇kF
{φ̇∈lin T (Φ,φ0 ):kφ̇kF 6=0}
sup

So let φ̃ be an element of the unit sphere of the tangent space, i.e., φ̃ ∈ L2 (Rd ; Lebd ),
R
φ̃(z)φ0 (z) dz = 0, and Rd φ̃2 (z) dz = 1. Without loss of generality, assume that φ̃(0) 6= 0.57
Rd
For each n ∈ N, let
Z
−d
φ̇n (z) := bn φ̃((z − z0 )/bn )k((z − z0 )/bn ) − φ0 (z)
φ̃(u)k(u)φ0 (z0 + bn u) du, z ∈ Rd , (A.2)
R

Rd

57If

not, simply redefine φ̃(0) to be non-zero and work with the redefined φ̃ instead. The subsequent argument
R
R
still goes through because Rd \{0} φ̃(z)φ0 (z) dz = 0 and Rd \{0} φ̃2 (z) dz = 1.

113

where (bn ) is a sequence of positive numbers converging to zero as n → ∞, and k is a uniformly
bounded density with full support on Rd , e.g., the gaussian pdf. Then, since
Z
Z
−d
bn
φ̃((z − z0 )/bn )k((z − z0 )/bn )φ0 (z) dz =
φ̃(u)k(u)φ0 (z0 + bn u) du =: an ,
Rd

Rd

R

it follows that Rd φ̇n (z)φ0 (z) dz = 0 for each n and
Z
Z
Z
2
−2d
2
2
0<
φ̇n (z) dz = bn
φ̃ ((z − z0 )/bn )k ((z − z0 )/bn ) dz − (
φ̃(u)k(u)φ0 (z0 + bn u) du)2
d
Rd
Rd
ZR
= b−d
φ̃2 (u)k 2 (u) du − a2n
n
≤

Rd
2 −d
kkk∞ bn

− a2n

≤ kkk2∞ b−d
n ,
where k · k∞ denotes the sup-norm. Therefore,
∀n ∈ N.

φ̇n ∈ lin T (Φ, φ0 )
Hence, since
kφ̇n k2F

Z
:= 4
Rd

φ̇2n (z) dz ≤ 4kkk2∞ b−d
=⇒
n

1
d/2
≥ 0.5kkk−1
∞ bn ,
kφ̇n kF

we have that
|φ̇n (z0 )|
d/2
≥ 0.5kkk−1
∞ bn |φ̇n (z0 )|
kφ̇n kF
d/2 −d
= 0.5kkk−1
∞ bn |bn φ̃(0)k(0) − φ0 (z0 )an |
−d/2
= 0.5kkk−1
|φ̃(0)|k(0)|1 −
∞ bn

φ0 (z0 ) d
bn an |.
φ̃(0)k(0)

Consequently, since φ̃(0)k(0) 6= 0, bn → 0+ as n → ∞, and supn∈N an < ∞,58
k∇ρk∗ :=

|2φ0 (z0 )φ̇(z0 )|
kφ̇kF
{φ̇∈lin T (Φ,φ0 ):kφ̇kF 6=0}
sup

= 2|φ0 (z0 )|

|φ̇(z0 )|
{φ̇∈lin T (Φ,φ0 ):kφ̇kF 6=0} kφ̇kF
sup

≥ 2|φ0 (z0 )| sup
n∈N
58By

|φ̇n (z0 )|
= ∞,
kφ̇n kF

R
Jensen’s inequality (here we use the fact that k > 0 and k = 1),
Z
Z
a2n := (
φ̃(u)φ0 (z0 + bn u)k(u) du)2 ≤
φ̃2 (u)φ20 (z0 + bn u)k(u) du ≤ kφ0 k2∞ kkk∞ .
Rd

Hence, supn∈N an < ∞.

Rd

((A.2))
(A.3)
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where the last equality follows by (A.3). Thus, ∇ρ is unbounded on the tangent space.



The following result from real analysis is well known. We only include its proof for the
sake of completeness.
Lemma A.2. Let h be a real-valued function such that h(±∞) := limu→±∞ h(u) exists and is
R
finite. Then, R |h(u)| du < ∞ =⇒ h(±∞) = 0.
Proof of Lemma A.2. We use proof by contradiction to prove the desired result. So let
R
h(∞) exist and be finite. Furthermore, let R |h(u)| du < ∞ and suppose to the contrary that
h(∞) 6= 0. Then, since
h(∞) := lim h(u) 6= 0 ⇐⇒ (∃ > 0)(∀M > 0)(u > M & |h(u)| ≥ ),
u→∞

(A.4)

we have that
Z

Z

∞>

Z

|h(u)| du =

|h(u)| du +
u≤M

R

(A.4)

|h(u)| du
u>M

Z

Z

du = ∞,

|h(u)| du + 

≥

u>M

u≤M

which is a contradiction. Therefore, we must have that limu→∞ h(u) = 0. As h(−∞) = 0 can
be similarly shown, it follows that h(±∞) = 0.

Appendix B. Proofs for section 3
Lemma B.1. Let φ0 ∈ Φ, where Φ is defined in (3.1). Then, the tangent space
Z
d
d
φ̇(z)φ0 (z) dz = 0}.
lin T (Φ, φ0 ) = {φ̇ ∈ L2 (R ; Leb ) :
Rd

Proof of Lemma B.1. For convenience, let
S := {φ̇ ∈ L2 (R ; Leb ) :
d

d

Z
φ̇(z)φ0 (z) dz = 0}.
Rd

We begin by showing that T (Φ, φ0 ) ⊂ S. So let φ̇ ∈ T (Φ, φ0 ). Since Φ ⊂ L2 (Rd ; Lebd ), clearly
φ̇ ∈ L2 (Rd ; Lebd ). Now use the definition of a tangent cone to see that there exists a t0 > 0
and a mapping t 7→ rt of the interval [0, t0 ] into L2 (Rd ; Lebd ) such that
φt := φ0 + tφ̇ + rt ∈ Φ

∀t ∈ [0, t0 ]

L2 (Rd ;Lebd )

and rt /t −−−−−−−→ 0 as t ↓ 0. Hence, squaring both sides of above equality and integrating, it
R
is straightforward to show that Rd φ̇(z)φ0 (z) dz = 0, i.e., φ̇ ∈ S.
The reverse direction S ⊂ T (Φ, φ0 ) is shown in two steps. First, let
Z
d
∗
d
T := {φ̇ ∈ L2 (R ; Leb ) : φ̇/φ0 is bounded and
φ̇(z)φ0 (z) dz = 0}.
Rd
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p
Now pick a φ∗ ∈ T ∗ and for t ≥ 0 let φt (z) := φ0 (z) 1 + tφ∗ (z)/φ0 (z). Since φ̇/φ0 is bounded
by assumption, 1 + tφ̇/φ0 > 0 for small enough t. Therefore, for small enough t, φ2t is well
defined and strictly positive. Moreover, the fact that φ0 is bounded and continuous, implies that
z 7→ φt (z) is bounded and continuous for small enough t. We conclude that, for small enough
R
t, φt ∈ Φ since it is easily seen that Rd φ2t (z) dz = 1. Thus, (dφt /dt)|t=0 = φ∗ /2 ∈ T (Φ, φ0 )
and since T (Φ, φ0 ) is a cone we get that φ∗ ∈ T (Φ, φ0 ). Hence, T ∗ ⊂ T (Φ, φ0 ). If we can now
show that T ∗ is dense in S, then we are done.59 To show that T ∗ is dense in S, pick a s ∈ S.
d
d
Let C∞
c (R ) be the set of all real-valued infinitely differentiable functions on R with compact
d
d
d
d
d
support and keep in mind that C∞
c (R ) is dense in L2 (R ; Leb ). Then, since s ∈ L2 (R ; Leb ),
R
d
2
for every  > 0 there exists an h ∈ C∞
c (R ) such that Rd [s(z) − h (z)] dz < . Now, let
Z
φ̃ (z) := h (z) − φ0 (z)
h (z)φ0 (z) dz.
Rd

Then using the facts that (i) h vanishes outside a compact set, (ii) φ0 is continuous and
R
positive, and (iii) Rd φ20 (z) dz = 1, it is straightforward to see that φ̃ ∈ L2 (Rd ; Lebd ), φ̃ /φ0
R
is bounded, and Rd φ̃ (z)φ0 (z) dz = 0, i.e., φ̃ ∈ T ∗ . Furthermore, by the Cauchy-Schwarz
inequality,
Z
Z
[s(z) − φ̃ (z)]2 dz ≤ 2 + 2{

Rd

[s(z) − h (z)]φ0 (z) dz}2 < 4,

Rd

i.e., φ̃ ∈ T is arbitrarily close to s ∈ S in the L2 (Rd ; Lebd ) norm. Hence, we have shown that
T ∗ is dense in S.
The above arguments show that T (Φ, φ0 ) = S. But S is a linear subspace of L2 (Rd ; Lebd )
and is closed in the L2 (Rd ; Lebd ) norm. The desired result follows.

∗

Appendix C. Proofs for section 6
Lemma C.1. Let υ0 ∈ Υ where Υ is defined in Section 6. Then,
Z
lin T (Υ, υ0 ) = {υ̇ ∈ L2 (R × SZ ; Leb ×PZ ) :
υ̇(y|Z)υ0 (y|Z) dy = 0 w. p. 1}.
R

Proof of Lemma C.1. The proof is very similar to Lemma B.1, so we merely sketch out the
essential details. Let
Z
S := {υ̇ ∈ L2 (R × SZ ; Leb ×PZ ) :
υ̇(y|Z)υ0 (y|Z) dy = 0 w. p. 1}.
R

From its definition, Υ can be treated as a subset of the normed linear space
Z
{υ : R × SZ → R : sup
υ 2 (y|z) dy < ∞}
z∈SZ
59Since

R

T ∗ ⊂ T (Φ, φ0 ), taking closure with respect to the L2 (Rd ; Lebd ) norm on both sides we get that
T̄ ⊂ T (Φ, φ0 ) = T (Φ, φ0 ), where the equality follows from the fact that T (Φ, φ0 ) is closed in the L2 (Rd ; Lebd )
norm. If T ∗ is dense in S, then T̄ ∗ = S, and we obtain the desired result.
∗
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qR

equipped with the norm kυk := supz∈SZ
υ 2 (y|z) dy. We can use this to show that T (Υ, υ0 ) ⊂
R
S; the details are almost exactly like the first part of the proof of Lemma B.1 and are omitted.
Since S is a linear space and is closed in the L2 (R × SZ ; Leb ×PZ ) norm, lin T (Υ, υ0 ) ⊂ S. For
the reverse direction S ⊂ lin T (Υ, υ0 ), let
∗

Z

T := {δ : R × SZ → R :

Z

2

δ (y|z) dy and δ/υ0 are bounded,
R

δ(y|z)υ0 (y|z) dy = 0}.
R

As in the proof of Lemma B.1, we can show that T ∗ ⊂ T (Υ, υ0 ). Since T ∗ is a linear space, the
final step is to show that T ∗ is dense (in the L2 (R × SZ ; Leb ×PZ ) norm) in S. So let s ∈ S.
R
For every  > 0, there exists an h ∈ Cc∞ (R × SZ ) such that E R [s(y|Z) − h (y|Z)]2 dy < . Let
Z
s̃ (y|z) := h (y|z) − υ0 (y|z)

h (y|z)υ0 (y|z) dy.
R

It is easily verified that s̃ ∈ T ∗ and an application of the Cauchy-Schwarz inequality yields
R
that E R [s(y|Z) − s̃ (y|Z)]2 dy < 4. Hence, we have shown that s̃ ∈ T ∗ is arbitrarily close to
s ∈ S in the L2 (R × SZ ; Leb ×PZ ) norm, i.e., T ∗ is dense in S.


Appendix D. Proofs for section 8
Additional notation used in the proofs. Recalling that f := 1/E[g 2 |X, Z], let kakf :=
kfakL2 (Y,X,Z) and kfk∞ := sup{(x,z)∈supp(X)×supp(Z)} |f(x, z)|.
Lemma D.1. Let V := E[fPLf2 (Z)⊥ (X)PLf2 (Z)⊥ (X)0 ] exist and be invertible, EkXk2 < ∞, and
kfk∞ < ∞. From (8.11), recall that
Ṁ := {Ṡ ∈ L2 (Y, X, Z) ∩ L2 (X, Z)⊥ : PL2 (X,Z) (g Ṡ) ∈ span{X (1) , . . . , X (p) } + L2 (Z)}.
Then,
PṀ (f ) = f −E[f |X, Z]−gf[PLf2 (Z)⊥ PL2 (X,Z) (gf )−PLf2 (Z)⊥ (X)0 V −1 Qf ],

f ∈ L2 (Y, X, Z),

where Qf := E[XfPLf2 (Z)⊥ PL2 (X,Z) (gf )].
Proof of Lemma D.1. Since PLf2 (Z)⊥ (X)0 α = PLf2 (Z)⊥ (X 0 α) for all α ∈ Rp ,
πf∗ := f − E[f |X, Z] − gf[PLf2 (Z)⊥ PL2 (X,Z) (gf ) − PLf2 (Z)⊥ (X)0 V −1 Qf ]
= f − E[f |X, Z] − gf[PLf2 (Z)⊥ PL2 (X,Z) (gf ) − PLf2 (Z)⊥ (X 0 V −1 Qf )],
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is a function of (Y, X, Z). By repeated applications of Cauchy-Schwarz and the fact that
projection operators have unit norm (with respect to the appropriate inner products),
kπf∗ kL2 (Y,X,Z) ≤ kf − E[f |X, Z]kL2 (Y,X,Z) + kgfPLf2 (Z)⊥ PL2 (X,Z) (gf )kL2 (Y,X,Z)
+ kgfPLf2 (Z)⊥ (X 0 V −1 Qf )kL2 (Y,X,Z)
≤ 2kf kL2 (Y,X,Z) + kgkL2 (Y,X,Z) kPLf2 (Z)⊥ PL2 (X,Z) (gf )kf
+ kgkL2 (Y,X,Z) kPLf2 (Z)⊥ (X 0 V −1 Qf )kf
≤ 2kf kL2 (Y,X,Z) + kgkL2 (Y,X,Z) kPL2 (X,Z) (gf )kf
+ kgkL2 (Y,X,Z) kX 0 V −1 Qf kf
≤ 2kf kL2 (Y,X,Z) + kgkL2 (Y,X,Z) kfk∞ kPL2 (X,Z) (gf )kL2 (Y,X,Z)
+ kgkL2 (Y,X,Z) kfk∞ kX 0 V −1 Qf kL2 (X)
≤ 2kf kL2 (Y,X,Z) + kgkL2 (Y,X,Z) kfk∞ kgkL2 (Y,X,Z) kf kL2 (Y,X,Z)
+ kgkL2 (Y,X,Z) kfk∞ k kXk kL2 (X) kV −1 k kQf k
< ∞,
because kV −1 k < ∞ by assumption and, by convexity of the euclidean norm,
kQf k ≤ E[kXk |fPLf2 (Z)⊥ PL2 (X,Z) (gf )|]

(Jensen)

≤ k kXk kL2 (X) kPLf2 (Z)⊥ PL2 (X,Z) (gf )kf

(Cauchy-Schwarz)

≤ k kXk kL2 (X) kPL2 (X,Z) (gf )kf

(kPLf2 (Z)⊥ k∗ = 1)

≤ k kXk kL2 (X) kfk∞ kPL2 (X,Z) (gf )kL2 (X,Z)
≤ k kXk kL2 (X) kfk∞ kgf kL2 (Y,X,Z)
≤ k kXk kL2 (X) kfk∞ kgkL2 (Y,X,Z) kf kL2 (Y,X,Z)

(kPL2 (Y,X,Z) k∗ = 1)
(Cauchy-Schwarz)

< ∞.
Hence, πf∗ ∈ L2 (Y, X, Z). Therefore, it is immediate that πf∗ ∈ L2 (Y, X, Z)∩L2 (X, Z)⊥ because
E[g|X, Z] = 0 w.p.1. Next, using the fact that PLf2 (Z)⊥ = I − PLf2 (Z) ,
E[gπf∗ |X, Z] = E[gf |X, Z] − PLf2 (Z)⊥ PL2 (X,Z) (gf ) − PLf2 (Z)⊥ (X)0 V −1 Qf
= PLf2 (Z) PL2 (X,Z) (gf ) − X 0 V −1 Qf + PLf2 (Z) (X)0 V −1 Qf
= −X 0 V −1 Qf + PLf2 (Z) (PL2 (X,Z) (gf ) + X 0 V −1 Qf )
∈ span{X (1) , . . . , X (p) } + L2 (Z).
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Therefore, it follows that πf∗ ∈ Ṁ. Finally, letting ṁ ∈ Ṁ and using the fact that E[ṁ|X, Z] = 0
w.p.1, we have that
E[πf∗ ṁ] = E[f ṁ] − E[E(g ṁ|X, Z)fPLf2 (Z)⊥ PL2 (X,Z) (gf )]
+ E[E(g ṁ|X, Z)fPLf2 (Z)⊥ (X)0 ]V −1 Qf
=: E[f ṁ] − T1 + T2 .

(D.1)

Since ṁ ∈ Ṁ implies that E[g ṁ|X, Z] = α0 X + η(Z) for some α ∈ Rp and η ∈ L2 (Z),
T2 = E[E(g ṁ|X, Z)fPLf2 (Z)⊥ (X)0 ]V −1 Qf
= E[(α0 X + η(Z))fPLf2 (Z)⊥ (X)0 ]V −1 Qf
= α0 E[XfPLf2 (Z)⊥ (X)0 ]V −1 Qf
= α0 E[PLf2 (Z)⊥ (X)fPLf2 (Z)⊥ (X)0 ]V −1 Qf

(PLf2 (Z)⊥ ⊥f L2 (Z))
(PLf2 (Z) + PLf2 (Z)⊥ = I)

= α0 V V −1 Qf = α0 Qf = E[α0 XfPLf2 (Z)⊥ PL2 (X,Z) (gf )]
= E[(α0 X + η(Z))fPLf2 (Z)⊥ PL2 (X,Z) (gf )]

(PLf2 (Z)⊥ ⊥f L2 (Z))

= E[E(g ṁ|X, Z)fPLf2 (Z)⊥ PL2 (X,Z) (gf )]
= T1 .
Hence, T1 − T2 = 0. Consequently, since ṁ ∈ Ṁ was chosen arbitrarily,
(D.1)

E[πf∗ ṁ] = E[f ṁ] ⇐⇒ E[(f − πf∗ )ṁ] = 0 ⇐⇒ f − πf∗ ⊥ Ṁ.
The desired result follows.



Lemma D.2. Under the assumptions of Lemma D.1,
PṀ (gPL2 (Z)⊥ (c0 B + A)) = gfPLf2 (Z)⊥ (X 0 )V −1 c.
Proof of Lemma D.2. Since E[g|X, Z] = 0 w.p.1, and PL2 (Z)⊥ (c0 B + A) ∈ L2 (X, Z) under
the assumptions of Lemma D.1,
PṀ (gPL2 (Z)⊥ (c0 B + A))

Lemma D.1

=

gPL2 (Z)⊥ (c0 B + A)

− gf[PLf2 (Z)⊥ PL2 (X,Z) (g 2 PL2 (Z)⊥ (c0 B + A)) − PLf2 (Z)⊥ (X)0 V −1 Q∗ ], (D.2)
where
Q∗ := E[XfPLf2 (Z)⊥ PL2 (X,Z) (g 2 PL2 (Z)⊥ (c0 B + A))].
Now, with Ω := E[g 2 |X, Z],
PLf2 (Z)⊥ PL2 (X,Z) (g 2 PL2 (Z)⊥ (c0 B + A)) = PLf2 (Z)⊥ (E[g 2 PL2 (X,Z) PL2 (Z)⊥ (c0 B + A)|X, Z])
= PLf2 (Z)⊥ (ΩPL2 (Z)⊥ (c0 B + A))
= ΩPL2 (Z)⊥ (c0 B + A) − PLf2 (Z) (ΩPL2 (Z)⊥ (c0 B + A)).
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But since PLf2 (Z) (f ) = E[ff |Z]/E[f|Z],
PLf2 (Z) (ΩPL2 (Z)⊥ (c0 B + A))

E[fΩPL2 (Z)⊥ (c0 B + A)|Z]
=
E[f|Z]
E[PL2 (Z)⊥ (c0 B + A)|Z]
=
E[f|Z]
PL2 (Z) PL2 (Z)⊥ (c0 B + A)
=
E[f|Z]
= 0.

Therefore,
PLf2 (Z)⊥ PL2 (X,Z) (g 2 PL2 (Z)⊥ (c0 B + A)) = ΩPL2 (Z)⊥ (c0 B + A),

(D.3)

which implies that
Q∗ = E[XfPLf2 (Z)⊥ PL2 (X,Z) (g 2 PL2 (Z)⊥ (c0 B + A))]
0

= E[XfΩPL2 (Z)⊥ (A0 )]B + c

(c0 B + is non-stochastic)
0

= E[PL2 (Z)⊥ (X)PL2 (Z)⊥ (A0 )]B + c
0

= E[PL2 (Z)⊥ (X)A0 ]B + c
0

= B0B+ c

(definition of B)

= (B + B)c
= c,

(D.4)

where the last equality follows because B is full rank by assumption. Hence, by (D.2), (D.3),
and (D.4),
PṀ (gPL2 (Z)⊥ (c0 B + A)) = gfPLf2 (Z)⊥ (X 0 )V −1 c.



Proof of Proposition 8.1. We first show (8.20). As Fhdr is a linear space, lin Fhdr = Fhdr .
Hence, we prove that F̄h = Ghdr . Clearly, F̄h ⊆ Ghdr since Fhdr ⊆ Ghdr and Ghdr is closed
in the L2 (SZ ) norm.60 To show Ghdr ⊆ F̄h , let g ∈ Ghdr . As g is homogeneous of de, 1). Since Zd lies in a compact set and is
gree r, write g(Z1 , . . . , Zd ) = Zdr g( ZZd1 , . . . , ZZd−1
d
bounded away from zero by assumption, m̄ ≤ |Zd |r ≤ M̄ for some m̄, M̄ > 0. Therefore,
g( ZZd1 , . . . , ZZd−1
, 1) ∈ L2 (SZ ). For arbitrary  > 0, use Lemma A.2 of Chamberlain (1986,
d
p. 215) to find a smooth real-valued function f with compact support in Rq−1 such that
E[g( ZZd1 , . . . , ZZd−1
, 1) − f ( ZZd1 , . . . , ZZd−1
)]2 < . Hence, using the homogeneity of g and that
d
d
L

2
see this, let {gn } be a sequence in Ghdr such that gn −−→
g. Because L2 (SZ ) is complete, g ∈ L2 (SZ )
p
and it only remains to show that g is homogeneous of degree r. Since by Chebychev’s inequality gn −
→ g, there
exists a subsequence {gn,j } such that gn,j → g w.p.1. But as each gn,j is homogeneous of degree r, so is g.

60To
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)]2 < M̄ 2 . But as Zdr f ( ZZd1 , . . . , ZZd−1
) is ho|Zd |r ≤ M̄ , we get E[g(Z) − Zdr f ( ZZd1 , . . . , ZZd−1
d
d
mogeneous of degree r on SZ , we have a function in Fhdr which is arbitrarily close to g in
L2 (SZ ) norm, i.e., g ∈ F̄h . Hence, (8.20) holds.
Next, we show (8.21). Since X := (X1 , . . . Xp )p×1 is a p × 1 vector, it suffices to show
that
)
Zdr E (Xi Zdr | ZZd1 , . . . , ZZd−1
d
PGhdr (Xi ) =
,
i = 1, . . . , p.
(D.5)
)
E (Zd2r | ZZd1 , . . . , ZZd−1
d
Let πi∗ (Z) denote the right hand side of (D.5) for i = 1, . . . , p. By construction, each πi∗ is
homogeneous of degree r in Z. Furthermore, πi∗ ∈ L2 (SZ ) since m̄ ≤ |Zd |r ≤ M̄ for some
m̄, M̄ > 0 and EkXk2 < ∞. Therefore, πi∗ ∈ Ghdr for each i and the desired result follows
by using iterated expectations to verify the orthogonality condition of the classical projection
theorem.

Additional notation used in the proofs. Let U := {α ∈ Rd : kαk = 1} be the unit sphere
in Rd . Note that f ∈ C 2 (SZ ) is concave if and only if α0 ∇2 f (z)α ≤ 0 for all (α, z) ∈ U×SZ . Let
SZ0 denote the subset of SZ on which ∇2 µ0 is negative semidefinite but not negative definite,
i.e., SZ0 := {z ∈ SZ : α0 ∇2 µ0 (z)α = 0 for some α ∈ U}. Using the compactness of U and
the continuity of (α, z) 7→ α0 ∇2 µ0 (z)α, it is easy to see that SZ0 is a compact subset of SZ .
Furthermore, let
W0strcv := {f ∈ C 2 (SZ ) : ∇2 f is negative definite on SZ0 },
B(z, ξ) denote an open ball of radius ξ centered at z ∈ Rd , Vξ := ∪z∈SZ0 B(z, ξ) be an open set
containing SZ0 and Vξ{ := Rd \Vξ its set complement.
Proof of Proposition 8.2. Since µ0 ∈ Fconcv , the Hessian matrix ∇2 µ0 is negative semidefinite. Therefore, two cases arise. First, when ∇2 µ0 is negative definite it is easy to see that
µ0 ∈ int(Fconcv ), which implies that T (Fconcv , µ0 ) = C 2 (SZ ). Consequently, the desired result follows directly from the fact that C 2 (SZ ) is dense in L2 (SZ ) in the L2 (SZ ) norm, cf.
Chamberlain (1986, Lemma A.2, p. 215).
So the more difficult case is when ∇2 µ0 negative semidefinite but not negative definite,
i.e., when µ0 ∈ bdry(Fconcv ). To analyze this case, let
W0concv := {f ∈ C 2 (SZ ) : f is concave on SZ0 }.
Clearly, Fconcv ⊂ W0concv and it is easy to see that W0concv is a closed (in k · kC 2 ) convex cone.
Now,
Lemma D.3
µ0 ∈ bdry(Fconcv ) =⇒ W0concv ⊂ T (Fconcv , µ0 ) ⊂ C 2 (SZ ).
Therefore, since
W0concv ⊂ T (Fconcv , µ0 ) =⇒ lin W0concv ⊂ lin T (Fconcv , µ0 ),
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it suffices to show that L2 (SZ ) ⊂ lin W0concv . So let f ∈ L2 (SZ ). Then, for any  > 0,
there exists a function g ∈ C 2 (SZ ) such that E[f (Z) − g(Z)]2 < . If we can now show that
P
g ∈ lin W0concv , we are done. So, for ν > 0 and z ∈ SZ , let hν (z) := g(z) − (2ν)−1 qi=1 zi2 . Now
M := supα∈U,z∈SZ |α0 ∇2 g(z)α| is finite because (α, z) 7→ α0 ∇2 g(z)α is continuous and U × SZ
is compact. If M = 0, the Hessian of g vanishes and thus hν is strictly concave for all ν > 0.
On the other hand, if M 6= 0 then pick ν ≤ (2M )−1 . Consequently, for all (α, z) ∈ U × SZ ,
α0 ∇2 hν (z)α = α0 ∇2 g(z)α − ν −1 ≤ α0 ∇2 g(z)α − 2M ≤ M − 2M < 0.
Hence, whether M = 0 or not, hν is strictly concave on SZ for small enough ν. But we know
that strictly concave functions on SZ are elements of W0concv . Therefore, g ∈ lin W0concv because
it is the difference of two strictly concave functions on SZ .

Lemma D.3. If µ0 ∈ bdry(Fconcv ), then W0concv ⊂ T (Fconcv , µ0 ) ⊂ C 2 (SZ ).61
Proof of Lemma D.3. To show that W0concv ⊂ T (Fconcv , µ0 ), it suffices to prove that W0strcv ⊂
T (Fconcv , µ0 ). This is because W0strcv is dense (in C 2 norm) in W0concv , cf. Lemma D.4, and
T (Fconcv , µ0 ) is closed in the C 2 norm (Krabs, 1979, p. 154). So pick g ∈ W0strcv . From
Lemma D.5 we can find a λ0 > 0 such that ∇2 g is negative definite on Vλ0 ∩ SZ . Now
write SZ = (SZ ∩ Vλ0 ) ∪ (SZ ∩ Vλ{0 ), and for z ∈ SZ let ζt (z) := µ0 (z) + tg(z). If we can
show that ζt ∈ Fconcv then we are done, because this implies that g ∈ T (Fconcv , µ0 ). So, for
(α, z) ∈ U × SZ , note that α0 ∇2 ζt (z)α = α0 ∇2 µ0 (z)α + tα0 ∇2 g(z)α. Since (SZ ∩ Vλ0 ) and
(SZ ∩ Vλ{0 ) are disjoint, first suppose that z ∈ SZ ∩ Vλ0 . In this case, α0 ∇2 µ0 (z)α ≤ 0 because
µ0 is concave on SZ whereas α0 ∇2 g(z)α < 0 because ∇2 g is negative definite on SZ ∩ Vλ0 .
Therefore, α0 ∇2 ζt (z)α < 0 (i.e. ζt ∈ Fconcv ) for all t > 0. Next, suppose that z ∈ SZ ∩ Vλ{0 ,
where SZ ∩ Vλ{0 is a compact set. Now α0 ∇2 µ0 (z)α < 0 because ∇2 µ0 is negative definite
on SZ \SZ0 , while the sign of α0 ∇2 g(z)α remains indeterminate outside SZ0 . However, since
α0 ∇2 µ0 (z)α and α0 ∇2 g(z)α are continuous over the compact set U × (SZ ∩ Vλ{0 ), we can choose
t small enough so that α0 ∇2 ζt (z)α = α0 ∇2 µ0 (z)α+tα0 ∇2 g(z)α < 0, i.e., ζt ∈ Fconcv . Combining
the two cases we get that ζt ∈ Fconcv for small enough t. Hence, the first inclusion holds. The
second inclusion T (Fconcv , µ0 ) ⊂ C 2 (SZ ) always holds since Fconcv ⊂ C 2 (SZ ).
We can strengthen the second inclusion for the one dimensional case d = 1. To see this,
assume that d = 1 and let f˙ ∈ T (Fconcv , µ0 ). Then, by the definition of a tangent vector, there
exists t0 > 0 and a map t 7→ rt from [0, t0 ] → C 2 (SZ ) such that ft := µ0 + tf˙ + rt ∈ Fconcv
C2
C2
for all t ∈ [0, t0 ] and rt /t −→ 0 as t ↓ 0, i.e., λt := (ft − µ0 )/t −→ f˙ as t ↓ 0. When d = 1,
d2 µ0 (z)/dz 2 = 0 for z ∈ SZ0 implying that d2 λt (z)/dz 2 ≤ 0 for z ∈ SZ0 and t ∈ [0, t0 ]. Therefore,
when d = 1, λt is a convergent sequence in W0concv . But as W0concv is closed in the C 2 norm,
61In

the proof of Lemma D.3 we show that a stronger result can be obtained for the one dimensional case.
Namely, we show that d = 1 =⇒ T (Fconcv , µ0 ) = W0concv .
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limt→0 λt = f˙ ∈ W0concv . Hence, d = 1 =⇒ T (Fconcv , µ0 ) ⊂ W0concv . Therefore, since W0concv ⊂
T (Fconcv , µ0 ) holds irrespective of the value of d, we have shown that T (Fconcv , µ0 ) = W0concv
when d = 1.62

Lemma D.4. W0strcv is dense (in C 2 norm) in W0concv .
Proof of Lemma D.4. Pick h ∈ W0concv , (α, z) ∈ U × SZ0 , and for some M > 0 let gM (z) :=
P
h(z) − (2M )−1 qi=1 zi2 . Then, α0 ∇2 gM (z)α = α0 ∇2 h(z)α − M −1 < 0 because h is concave on
P
SZ0 . Furthermore, kgM − hkC 2 = (2M )−1 k qi=1 zi2 kC 2 → 0 as M ↑ ∞, i.e., gM ∈ W0strcv and is
arbitrarily close to h for large enough M .

Lemma D.5. Let g ∈ W0strcv . Then, there exists λ0 > 0 such that ∇2 g is negative definite on
V λ0 ∩ S Z .
Proof of Lemma D.5. Since U × SZ is compact, continuity of (α, z) 7→ α0 ∇2 g(z)α implies that it is uniformly continuous on U × SZ , and hence on U × (Vξ ∩ SZ ). Let −M̃ :=
supα∈U,z∈SZ0 α0 ∇2 g(z)α, where M̃ > 0. As ∇2 g is negative definite on SZ0 by assumption and
α0 ∇2 g(z)α is continuous over the compact set U×SZ0 , we know that −M̃ exists and is strictly less
than zero. Now, for z, z1 ∈ SZ and α ∈ U, uniform continuity of (α, z) 7→ α0 ∇2 g(z)α implies the
existence of λ0 > 0 (independent of the z’s and α) such that |α0 ∇2 g(z)α − α0 ∇2 g(z1 )α| < M̃ /2,
whenever |z−z1 | < λ0 . So let z1 ∈ Vλ0 ∩SZ . The definition of Vλ0 implies that z1 ∈ B(z2 , λ0 )∩SZ
for some z2 ∈ SZ0 . Thus, by uniform continuity, |α0 ∇2 g(z2 )α − α0 ∇2 g(z1 )α| < M̃ /2. Hence,
α0 ∇2 g(z1 )α < α0 ∇2 g(z2 )α + M̃ /2
≤

sup

α0 ∇2 g(z)α + M̃ /2

0
α∈U,z∈SZ

= −M̃ /2 < 0.
Therefore, since z1 ∈ Vλ0 ∩ SZ and α are arbitrary, ∇2 g is negative definite on Vλ0 ∩ SZ .



Proof of Proposition 8.3. As in the proof of Proposition 8.2, we have two cases to consider
because
Fdecr = {f ∈ C 1 (SZ ) : df (z)/dz ≤ 0 ∀z ∈ SZ }.
If dµ0 (z)/dz < 0 for all z ∈ SZ , then µ0 ∈ int(Fdecr ) implying that T (Fdecr , µ0 ) = C 1 (SZ ). The
desired result then follows from the fact that C 1 (SZ ) is dense in L2 (SZ ) in the L2 (SZ ) norm.
The second case arises when first derivative of µ0 vanishes for at least one point in SZ ,
i.e., when µ0 ∈ bdry(Fdecr ). So suppose that there exists a nonempty set SZ0 ⊂ SZ on which
the first derivative of µ0 takes the value zero and let
M0decr := {f ∈ C 1 (SZ ) : f is decreasing on SZ0 }.
62This

argument does not work for d > 1 because ∇2 λt may not be negative semidefinite on SZ0 , i.e., when
d > 1 we cannot guarantee that λt is a convergent sequence in W0concv , implying that f˙ may not lie in W0concv .
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It is straightforward to see that T (Fdecr , µ0 ) ⊂ M0decr and that M0decr is a closed (in k · kC 1 )
convex cone. Therefore, as in the proof of Lemma D.3 for the one-dimensional case d = 1, we
can show that T (Fdecr , µ0 ) = M0decr when µ0 ∈ bdry(Fdecr ). The argument in the second half
of the proof of Proposition 8.2 can then be mimicked to show that lin M0decr = L2 (SZ ).

Appendix E. Proofs for section 9
Lemma E.1. Let γ0 ∈ Γ, where Γ is defined in Section 9.1. Then, lin T (Γ, γ0 ) = S with
Z
S := {γ̇ ∈ L2 (R × supp(X0 ); Leb ×PX0 ) :
γ̇(u|X0 )γ0 (u|X0 ) du = 0 and
R
Z ek
γ̇(u|X0 )γ0 (u|X0 ) du = 0 w. p. 1}.
−∞

Proof of Lemma E.1. As in Lemma C.1, we can show that lin T (Γ, γ0 ) ⊂ S. Proving S ⊂
lin T (Γ, γ0 ) requires a slightly different construction than the one used in Lemma C.1, and so
we sketch out the basic idea. As in the proof of Lemma B.1, first let
Z
∗
T := {δ : R × supp(X0 ) → R :
δ 2 (u|X0 ) du and δ(·|X0 )/γ0 (·|X0 ) are bounded,
R
Z ek
Z
δ(u|X0 )γ0 (u|X0 ) du = 0 w. p. 1}
δ(u|X0 )γ0 (u|X0 ) du = 0,
−∞

R
∗

and show that T ⊂ T (Γ, γ0 ). The details are omitted. Since T ∗ is a linear space, the final step
is to show that T ∗ is dense in the L2 (R × supp(X0 ); Leb ×PX0 ) norm in S. So pick any s ∈ S.
R
For every  > 0, there exists an h ∈ Cc∞ (R × R) such that E R [s(u|X0 ) − h (u|X0 )]2 du < .
R ek 2
γ0 (u|X0 ) = k, let
Recalling that −∞

h (u|X ) − (γ (u|X )/k) R ek h (u|X )γ (u|X ) du
if −∞ < u ≤ ek
0 0
0

0
0
0
−∞ 
s̃ (u|X0 ) :=
R∞
h (u|X0 ) − (γ0 (u|X0 )/(1 − k))
h (u|X0 )γ0 (u|X0 ) du if ek < u < ∞.
ek

It is easily verified that s̃ ∈ T ∗ . Furthermore, an application of the Cauchy-Schwarz inequality
R
yields that E R [s(u|X0 ) − s̃ (u|X0 )]2 du < c, where c is a generic constant. Hence, s̃ ∈ T ∗ is
arbitrarily close to s ∈ S in the L2 (R × supp(X0 ); Leb ×PX0 ) norm, i.e., T ∗ is dense in S. 
Appendix F. Proofs for section 11
Lemma F.1. Ṁ, as defined in (11.3), is closed in the k · k2 norm.
Proof of Lemma F.1. Let ṁ ∈ cl(Ṁ). Then, there exists a sequence (mj )j∈N ⊂ Ṁ such that
kmj − ṁk2 → 0 as j → ∞. Clearly, ṁ ∈ L2 (Z) and
lim kmj − ṁk2 = 0 =⇒ lim Emj = Eṁ =⇒ Eṁ = 0.

j→∞

j→∞

124

Moreover, by Cauchy-Schwarz,
kE[gmj ] − E[g ṁ]k2 ≤ trace(Ω)kmj − ṁk22 =⇒ E[gmj ] −−−→ E[g ṁ].
j→∞

But since E[gmj ] ∈ R(D) for every j ∈ N and R(D) is finite dimensional hence closed, it follows
that E[g ṁ] ∈ R(D). Therefore, ṁ ∈ Ṁ and the desired result follows.

Lemma F.2. Let Ekgk2 < ∞. From (11.3), recall that
Ṁ := {Ṡ ∈ L2 (Z) : EṠ = 0 & E[g Ṡ] ∈ R(D)}.
Then,
PṀ (h) = h − Eh − g 0 (Iq − Ω−1 D(D0 Ω−1 D)−1 D0 )Ω−1 E[gh],

h ∈ L2 (Z).

Proof of Lemma F.2. Let
π ∗ := h − Eh − g 0 (Iq − Ω−1 D(D0 Ω−1 D)−1 D0 )Ω−1 E[gh].
Note that π ∗ ∈ L2 (Z), Eπ ∗ = 0, and
E[gπ ∗ ] = D(D0 Ω−1 D)−1 D0 Ω−1 E[gh] ∈ R(D).
Thus, π ∗ ∈ Ṁ. Next, let ṁ ∈ Ṁ. Then,
hh − π ∗ , ṁi = hg 0 (Iq − Ω−1 D(D0 Ω−1 D)−1 D0 )Ω−1 E[gh], ṁi
= E[g 0 h]Ω−1 (Iq − D(D0 Ω−1 D)−1 D0 Ω−1 )E[g ṁ].
But
ṁ ∈ Ṁ =⇒ E[g ṁ] ∈ R(D) ⇐⇒ E[g ṁ] = Dα for some α ∈ Rp .
Therefore,
(Iq − D(D0 Ω−1 D)−1 D0 Ω−1 )E[g ṁ] = (Iq − D(D0 Ω−1 D)−1 D0 Ω−1 )Dα = 0q×1 .
Hence, h − π ∗ ⊥ Ṁ. The desired result follows.



Appendix G. Proofs for section 12
Additional notation used in the proofs. Let kΩ−1 k∞ := supx∈supp(X) kΩ−1 (x)k.
Lemma G.1. Let Ekgk2 ∨ EkD(X)k2 ∨ kΩ−1 k∞ < ∞. From (12.3), recall that
Ṁ := {Ṡv̇ ∈ L2 (Z, X) ∩ L2 (X)⊥ : E[g Ṡv̇ |X] ∈ R(D(X)) w. p. 1}.
Then,
PṀ (h) = h−E[h|X]−g 0 Ω−1 (X)(E[gh|X]−D(X)V −1 E[D0 (X)Ω−1 (X)E[gh|X]]),

h ∈ L2 (Z, X).
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Proof of Lemma G.1. For convenience, let Σgh (X) := E[gh|X] and
π ∗ := h − E[h|X] − g 0 Ω−1 (X)(Σgh (X) − D(X)V −1 E[D0 (X)Ω−1 (X)Σgh (X)]).
Note that π ∗ ∈ L2 (Z, X) (follows from Ekgk2 ∨ EkD(X)k2 ∨ kΩ−1 k∞ < ∞) and E[π ∗ |X] = 0
w.p.1. Furthermore, since E[g|X] = 0 w.p.1. and Ω(X) := E[gg 0 |X],
E[gπ ∗ |X] = D(X)V −1 E[D0 (X)Ω−1 (X)Σgh (X)]) ∈ R(D(X)).
Hence, π ∗ ∈ Ṁ. Next, let ṁ ∈ Ṁ. Then, since E[ṁ|X] = 0 w.p.1,
hh − π ∗ , ṁi = hE[h|X] + g 0 Ω−1 (X)(Σgh (X) − D(X)V −1 E[D0 (X)Ω−1 (X)Σgh (X)]), ṁi
= E((Σ0gh (X) − E[Σ0gh (X)Ω−1 (X)D(X)]V −1 D0 (X))Ω−1 (X)E[g ṁ|X]).
But, by definition,
ṁ ∈ Ṁ =⇒ E[g ṁ|X] ∈ R(D(X)) ⇐⇒ E[g ṁ|X] = D(X)α for some α ∈ Rp .
Therefore,
E((Σ0gh (X) − E[Σ0gh (X)Ω−1 (X)D(X)]V −1 D0 (X))Ω−1 (X)E[g ṁ|X])
= E((Σ0gh (X) − E[Σ0gh (X)Ω−1 (X)D(X)]V −1 D0 (X))Ω−1 (X)D(X))α
= E[Σ0gh (X)Ω−1 (X)D(X)]α − E[Σ0gh (X)Ω−1 (X)D(X)]V −1 E[D0 (X)Ω−1 (X)D(X)]α
=0
because V := E[D0 (X)Ω−1 (X)D(X)]. Hence, h − π ∗ ⊥ Ṁ. The desired result follows.



Appendix H. Proofs for section 14
Additional notation used in the proofs. Let 1̃ denote the (L − 1) × 1 vector of ones, and
0
), Q := diag(Q∗1 , . . . , Q∗L−1 ) be (L − 1) × (L − 1) diagonal matrices.
K := diag(K10 , . . . , KL−1
Proof of (14.2). Let Z denote an observation collected by VP sampling. Then,
Prob(Z ∈ B ∩ Cl ) = Prob(Z ∈ B|Z ∈ Cl ) Prob(Z ∈ Cl ),

l = 1, . . . , L.

By the definition of VP sampling, Law(Z|Z ∈ Cl ) = Law(Z ∗ |Z ∗ ∈ Cl ) for l = 1, . . . , L. Hence,
since Prob(Z ∗ ∈ B|Z ∗ ∈ Cl ) = P ∗ (Z ∗ ∈ B ∩ Cl )/Q∗l , we have that
Prob(Z ∈ B ∩ Cl ) =

Prob(Z ∈ Cl ) ∗ ∗
P (Z ∈ B ∩ Cl ),
Q∗l

l = 1, . . . , L.

Therefore,
L
X
Prob(Z ∈ Cl ) ∗ ∗
Prob(Z ∈ B) =
P (Z ∈ B ∩ Cl ).
∗
Q
l
l=1
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Since the stratified sample consists of only those observations that are not discarded, Law(Z) =
Law(Z ∗ |Z ∗ is retained). Hence, for l = 1, . . . , L,
Prob(Z ∈ Cl ) = Prob(Z ∗ ∈ Cl |Z ∗ is retained)
Prob(Z ∗ is retained|Z ∗ ∈ Cl ) Prob(Z ∗ ∈ Cl )
Prob(Z ∗ is retained)
pl Q ∗
= ∗l ,
b

=

(H.1)

because pl := Prob(Z ∗ is retained|Z ∗ ∈ Cl ) and
Prob(Z ∗ is retained) = Prob(Z ∗ is retained|Z ∗ ∈ C1 ) Prob(Z ∗ ∈ C1 )
+ . . . + Prob(Z ∗ is retained|Z ∗ ∈ CL ) Prob(Z ∗ ∈ CL )
= p1 Q∗1 + . . . + pL Q∗L
=: b∗ .
The desired result follows since P ∗ (Z ∗ ∈ B ∩ Cl ) =

R
B

1Cl (z) dP ∗ (z).



Proof of Proposition 14.2. The proof is very similar to the one given in Example 11.4, so
we only provide the essential details. Since the aggregate shares are identified in the stratified
sample via the moment condition EP [ρ2 (Z, Q∗−L )] = 0, let η(log dP ) := c0 Q∗−L with c ∈ RL−1
chosen arbitrarily. By considering one-dimensional curves through dP , θ∗ , Q∗−L , and keeping in mind that these curves have to satisfy the moment conditions EP [ρ1 (Z, θ∗ )] = 0 and
EP [ρ2 (Z, Q∗−L )] = 0, it is straightforward to see that the pathwise derivative of η is given by
∇η(Ṡ) = c0 EP [ρ2 Ṡ]/EP [1/b(Z)]

∀Ṡ ∈ Ṁ

= hb∗ c0 ρ2 , ṠiP

(b∗ = 1/EP [1/b(Z)])

= hPṀ (b∗ c0 ρ2 ), ṠiP .
The tangent space Ṁ := {Ṡ ∈ L2 (Z; P ) : EP Ṡ = 0 & EP [ρ1 Ṡ] ∈ R(D)} is not affected by
lack of knowledge of the aggregate shares because they are exactly-identified by the moment
condition EP [ρ2 (Z, Q∗−L )] = 0. Therefore, the efficiency bound for estimating η(log dP ) is given
by k∇ηk2∗ = EP [PṀ (b∗ c0 ρ2 )]2 . Now,
EP ρ2 = 0 =⇒ PṀ (b∗ c0 ρ2 ) = b∗ c0 ρ2 − ρ01 MV1 E[b∗ c0 ρ2 ρ1 ]

(Lemma F.2)

= b∗ c0 (ρ2 − E[ρ2 ρ01 ]MV1 ρ1 )
= b∗ c0 (ρ2 − Σ012 MV1 ρ1 ).
Hence, since MV0 1 V1 MV1 = MV1 , the efficiency bound for estimating c0 Q∗−L is given by
l. b.(c0 Q∗−L ) = EP [PṀ (b∗ c0 ρ2 )]2 = b∗ 2 c0 (V2 − Σ012 MV1 Σ12 )c.
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The desired result follows since c is arbitrary.



Proof of (14.8). Let Z denote an observation collected by MN sampling. As stratum Cl is
chosen with probability K̃l , Prob(Z ∈ B ∩ Cl ) = Prob(Z ∈ B|Z ∈ Cl )K̃l . But, by the
definition of MN sampling, Law(Z|Z ∈ Cl ) = Law(Z ∗ |Z ∗ ∈ Cl ) for l = 1, . . . , L. Hence, since
Prob(Z ∗ ∈ B|Z ∗ ∈ Cl ) = P ∗ (Z ∗ ∈ B ∩ Cl )/Q∗l ,
Prob(Z ∈ B ∩ Cl ) =

K̃l ∗ ∗
P (Z ∈ B ∩ Cl ),
Q∗l

l = 1, . . . , L.

Therefore,
L
X
K̃l ∗ ∗
P (Z ∈ B ∩ Cl ).
∗
Q
l
l=1
R
The desired result follows since P ∗ (Z ∗ ∈ B ∩ Cl ) = B 1Cl (z) dP ∗ (z).

Prob(Z ∈ B) =



Proof of (14.10). Let Z denote an observation collected by SS sampling. Then, by the definition of SS sampling, Law(Z|Z ∈ Cl ) = Law(Z ∗ |Z ∗ ∈ Cl ) for l = 1, . . . , L. But,
Prob(Z ∈ B|Z ∈ Cl ) =

Prob(Z ∈ B ∩ Cl )
,
nl /n

l = 1, . . . , L,

P ∗ (Z ∗ ∈ B ∩ Cl )
,
Q∗l

l = 1, . . . , L.

and
Prob(Z ∗ ∈ B|Z ∗ ∈ Cl ) =
Therefore,
P ∗ (Z ∗ ∈ B ∩ Cl )
Prob(Z ∈ B ∩ Cl )
=
,
nl /n
Q∗l

l = 1, . . . , L,

implying that
Prob(Z ∈ B) =

L
X

Prob(Z ∈ B ∩ Cl ) =

l=1

The desired result follows since P ∗ (Z ∗ ∈ B ∩ Cl ) =

L
X
(nl /n)
l=1

R
B

Q∗l

P ∗ (Z ∗ ∈ B ∩ Cl ).

1Cl (z) dP ∗ (z).



Proof of Proposition 14.6. Let t 7→ Pt denote a curve from I0 := [0, t0 ], for some t0 > 0,
into the set of probability distributions of Z such that Pt |t=0 = P . Then the score function for
the loglikelihood log dPt is Ṡ ∈ {h ∈ L2 (Z; P ) : EP [h(Z)] = 0}. Also, let θt and K−L,t be curves
0
0
0
through θ∗ and K−L
, respectively, such that EPt [ρ1 (Z, θt , K−L,t
)] = 0, EPt [ρ2 (Z, K−L,t
)] = 0,
0
0
EPt [ρ3 (Z, K−L,t )] = 0, and EPt [ρ4 (Z, K−L,t )] = 0 for t ∈ I0 . Differentiating these moment
conditions with respect to t and evaluating the resulting derivatives at t = 0, we can use
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Lemma H.1 and (H.11) to show that
Dθ̇ − Σ12 V2−1 K̇−L + EP [ρ1 (Z, β0 )Ṡ] = 0

(H.2)

0
K̇−L − EP [ρ2 (Z, K−L
)Ṡ] = 0

(H.3)

0
0
EP [ρ3 (Z, K−L
)ρ03 (Z, K−L
)](Q−1 +

1̃1̃0
0
)K̇−L − EP [ρ3 (Z, K−L
)Ṡ] = 0
Q∗L

(H.4)

0
0
EP [ρ4 (Z, K−L
)ρ03 (Z, K−L
)](Q−1 +

1̃1̃0
0
)K̇−L − EP [ρ4 (Z, K−L
)Ṡ] = 0,
Q∗L

(H.5)

where θ̇ and K̇ are the tangent vectors to θt and K−L,t , respectively, at t = 0.
Now, it can be shown that
0
0
)
) = (Q − Q∗−L Q∗−L 0 )V2−1 ρ2 (Z, K−L
ρ3 (Z, K−L
0
ρ4 (Z, K−L
) = 1̃0 (QK−1 −

Q∗L
0
IL−1 )ρ2 (Z, K−L
).
KL0

(H.6)

Hence,
0
varP [ρ3 (Z, K−L
)] = (Q − Q∗−L Q∗−L 0 )V2−1 (Q − Q∗−L Q∗−L 0 )
0
0
EP [ρ3 (Z, K−L
)Ṡ] = (Q − Q∗−L Q∗−L 0 )V2−1 EP [ρ2 (Z, K−L
)Ṡ].

Therefore, since (Q − Q∗−L Q∗−L 0 )−1 = Q−1 + 1̃1̃0 /Q∗L ,
(H.3) ⇐⇒ (H.4).

(H.7)

Again, by (H.6),
Q∗L
I )(Q − Q∗−L Q∗−L 0 )
0 L−1
KL
Q∗
0
0
EP [ρ4 (Z, K−L
)Ṡ] = 1̃0 (QK−1 − L0 IL−1 )EP [ρ2 (Z, K−L
)Ṡ].
KL

0
0
EP [ρ4 (Z, K−L
)ρ03 (Z, K−L
)] = 1̃0 (QK−1 −

Hence,
(H.5) ⇐⇒ 1̃0 (QK−1 −

Q∗L
0
)Ṡ]) = 0,
I )(K̇−L − EP [ρ2 (Z, K−L
0 L−1
KL

which means that
(H.3) =⇒ (H.5).

(H.8)

Thus, (H.7) and (H.8) together imply that (H.4) and (H.5) do not affect the efficiency bound
0
for estimating θ∗ or K−L
.
Now, by (H.2) and (H.3),
Dθ̇ + EP [εṠ] = 0.
(H.9)
Therefore, the tangent space of score functions is given by
Ṁ := {Ṡ ∈ L2 (Z; P ) : EP [Ṡ] = 0 & EP [εṠ] ∈ R(D)}.

(H.10)
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Suppose we want to obtain the efficiency bound for estimating λ0 θ∗ , where λ ∈ Rp is
chosen arbitrarily. Then, thinking of λ0 θt as some functional η of the loglikelihood log dPt , by
(H.9) it follows that
∇η(Ṡ) := −λ0 D+ EP [εṠ] = h−λ0 D+ ε, ṠiP = h−PṀ (λ0 D+ ε), ṠiP

∀Ṡ ∈ Ṁ,

where ∇η is the pathwise derivative of η and D+ the Moore-Penrose generalized inverse of
D. Hence, the efficiency bound for estimating λ0 θ∗ is given by EP [PṀ (λ0 D+ ε)]2 , the squared
operator norm of ∇η. But, following the argument leading to (11.5),
PṀ (λ0 D+ ε) = ε0 Ω−1 D(D0 Ω−1 D)−1 λ
because D is full rank by assumption.63 Therefore, the efficiency bound for estimating λ0 θ∗ is
given by λ0 (D0 Ω−1 D)−1 λ. Since λ was chosen arbitrarily, it follows that the efficiency bound
for estimating θ∗ is given by (D0 Ω−1 D)−1 .

Lemma H.1. Let D2 := ∂EP [ρ1 (Z, β0 )]/∂K−L . Then, D2 + Σ12 V2−1 = 0q×(L−1) .
Proof of Lemma H.1. Begin by observing that
D2 = −EP [

0
)
ρ1 (Z, β0 ) ∂bQ∗ (Z, K−L
].
0
bQ∗ (Z, K−L )
∂K−L

But we can show that
0
∂bQ∗ (Z, K−L
)
1̃1̃0
∗
0
−1
= (s(Z) − Q−L ) (Q + ∗ )
∂K−L
QL

=

0
ρ03 (Z, K−L
)(Q−1

1̃1̃0
0
).
+ ∗ )bQ∗ (Z, K−L
QL

(H.11)

Hence, by (H.6) and the fact that (Q − Q∗−L Q∗−L 0 )−1 = Q−1 + 1̃1̃0 /Q∗L ,
0
)](Q−1 +
D2 = −EP [ρ1 (Z, β0 )ρ03 (Z, K−L

1̃1̃0
) = −Σ12 V2−1 .
Q∗L



Proof of (14.12). Observe that
0
bQ∗ (Z, K−L
)

63Recall

:=

L
X
K0
l
∗
Q
l
l=1

L

X Q∗
1
l
1(Z ∈ Cl ) =⇒
=
1(Z ∈ Cl ).
0
0
bQ∗ (Z, K−L
)
K
l
l=1

that we had assumed ∂EP ∗ [g(Z ∗ , θ∗ )]/∂θ to be full column rank. Hence, by (14.12) it follows that
D is also full column rank.
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Hence, since EP [1(Z ∈ Cl )] = Kl0 by (14.11),
L

X Q∗ ∂
∂
g(Z, θ∗ )
l
D :=
EP [
]
=
EP [g(Z, θ∗ )1(Z ∈ Cl )]
0
0
∂θ
bQ∗ (Z, K−L
)
K
∂θ
l
l=1
=

L
X

Q∗l

∂
EP [g(Z, θ∗ )|Z ∈ Cl ]
∂θ

Q∗l

∂
EP ∗ [g(Z ∗ , θ∗ )|Z ∗ ∈ Cl ]
∂θ

l=1

=

L
X
l=1

=

(H.12)

∂
EP ∗ [g(Z ∗ , θ∗ )],
∂θ

where (H.12) follows because Law(Z|Z ∈ Cl ) = Law(Z ∗ |Z ∗ ∈ Cl ) for each l by the definition
of SS sampling. Next, a similar argument shows that
L

X Q∗ 2
g(Z, θ∗ )g 0 (Z, θ∗ )
l
V1 = EP [
]
=
E [g(Z, θ∗ )g 0 (Z, θ∗ )|Z ∈ Cl ].
0
0 P
b2 (Z, K−L
)
K
l
l=1
Moreover, since Σ12 = EP [ρ1 (Z, β0 )s0 (Z)], V2−1 = K−1 + 1̃1̃0 /KL0 , and s0 (Z)1̃ = 1 − 1(Z ∈ CL ),
some laborious but straightforward matrix algebra reveals that
Σ12 V2−1 Σ012

=

L
X
Q∗ 2
l

l=1

Kl0

EP [g(Z, θ∗ )|Z ∈ Cl ]EP [g 0 (Z, θ∗ )|Z ∈ Cl ].

Therefore,
Ω := V1 − Σ12 V2−1 Σ012
=

L
X
Q∗ 2
l

l=1

=

Kl0

L
X
Q∗ 2
l

Kl0
l=1

Lemma H.2.

(EP [g(Z, θ∗ )g 0 (Z, θ∗ )|Z ∈ Cl ] − EP [g(Z, θ∗ )|Z ∈ Cl ]EP [g 0 (Z, θ∗ )|Z ∈ Cl ])
∗

varP [g(Z, θ )|Z ∈ Cl ] =

PL

l=1

L
X
Q∗ 2
l

Kl0
l=1

varP ∗ [g(Z ∗ , θ∗ )|Z ∗ ∈ Cl ].

Q∗l varP ∗ [g(Z ∗ , θ∗ )|Z ∗ ∈ Cl ] − varP ∗ [g(Z ∗ , θ∗ )] is negative definite.

Proof of Lemma H.2. Let α ∈ Rq and g ∗ := g(Z ∗ , θ∗ ). Since
varP ∗ [α0 g ∗ |Z ∗ ∈ Cl ] = EP ∗ [(α0 g ∗ )2 |Z ∗ ∈ Cl ] − (EP ∗ [α0 g ∗ |Z ∗ ∈ Cl ])2

2
EP ∗ [(α0 g ∗ )2 1(Z ∗ ∈ Cl )]
EP ∗ [α0 g ∗ 1(Z ∗ ∈ Cl )]
=
−
Q∗l
Q∗l
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and x 7→ x2 is strictly convex, by Jensen’s inequality we have that
2

L
L
X
X
EP ∗ [α0 g ∗ 1(Z ∗ ∈ Cl )]
∗
0 ∗
∗
0 ∗ 2
∗
Ql varP ∗ [α g |Z ∈ Cl ] = EP ∗ [α g ] −
Ql
Q∗l
l=1
l=1
< EP ∗ [α0 g ∗ ]2 − (

L
X

EP ∗ [α0 g ∗ 1(Z ∗ ∈ Cl )])2

l=1
0 ∗ 2

= EP ∗ [α g ] − (EP ∗ [α0 g ∗ ])2 = varP ∗ [α0 g ∗ ].



Proof of Proposition 14.7. Let a0 := dPe 1/2 . This ensures that a0 lies in L2 (Z, R), the set
of real-valued functions on Rd × {0, 1} that are square-integrable with respect to µ × c̄. Let
t 7→ at be a curve from the interval [0, t0 ], for some t0 > 0, into the unit ball of L2 (Z, R)
such that at |t=0 = a0 . Since the observed loglikelihood for t in this submodel is log a2t , the
Fisher information for a single observation is given by iF = EPe {Ṡȧ2 }, where Ṡȧ := 2ȧ/a0 ∈
{Ṡ ∈ L2 (Z, R) : EPe Ṡ = 0} and ȧ denotes the tangent vector to at at t = 0. By (14.23),
0
, κ0 )} = 0q×1 . Hence, we have to incorporate this
(14.1) ⇐⇒ EPe {g(Z, θ∗ )/c(Z, Q∗−L , K−L
additional information when calculating the efficiency bound for θ∗ . To do so, let t 7→ θt denote
a curve in Rp through θ∗ at t = 0 such that, for some t0 > 0,
Z
g(z, θt )a2t (z, r)/c(z, Q−L,t , K−L,t , κt ) µ(dz) c̄(dr) = 0q×1
∀t ∈ [0, t0 ],
(H.13)
Rd ×{0,1}

0
,
where, following (14.20)–(14.22), Q−L,t , K−L,t , and κt are curves passing through Q∗−L , K−L
and κ0 at t = 0 given by the following moment conditions:
Z
(s(z) − Q−L,t )ra2t (z, r) µ(dz) c̄(dr) = 0(L−1)×1 ,
(H.14)
Rd ×{0,1}

Z
Rd ×{0,1}

(s(z) − K−L,t )(1 − r)a2t (z, r) µ(dz) c̄(dr) = 0(L−1)×1 ,
Z
Rd ×{0,1}

(r − κt )a2t (z, r) µ(dz) c̄(dr) = 0.

(H.15)
(H.16)

Hence, using (H.13)–(H.16), some algebra shows that the tangent vectors ȧ and θ̇ must satisfy
Z
Dθ̇ + 2
εa0 (z, r)ȧ(z, r) µ(dz) c̄(dr)
Rd ×{0,1}

+
+

2[Σ12 V2−1
2[Σ13 V3−1

+

∗
κ−1
0 EPe {∂ρ1 (Z, β )/∂Q−L }]
−1

Z

∗

Rd ×{0,1}

ρ2 (z, r, Q∗−L )a0 (z, r)ȧ(z, r) µ(dz) c̄(dr)

Z

+ (1 − κ0 ) EPe {∂ρ1 (Z, β )/∂K−L }]
Rd ×{0,1}
∗

0
ρ3 (z, r, K−L
)a0 (z, r)ȧ(z, r) µ(dz) c̄(dr)

Z

+ 2[Σ14 /V4 + EPe {∂ρ1 (Z, β )/∂κ}]

ρ4 (r, κ0 )a0 (z, r)ȧ(z, r) µ(dz) c̄(dr) = 0q×1 .
Rd ×{0,1}
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Therefore, by Lemma H.3, it follows that
Dθ̇ + EPe {v Ṡȧ } = 0q×1 .

(H.17)

Consequently, the tangent space of score functions is given by
Ṁ := {Ṡȧ ∈ L2 (Z, R) : EPe Ṡȧ = 0 & EPe [v Ṡȧ ] ∈ R(D)}.

(H.18)

The remainder of the proof is identical to that of Proposition 14.6 (from (H.10) onwards).
Hence, by the same argument, it follows that the efficiency bound for estimating θ∗ is given by
(D0 V −1 D)−1 , where V := EPe {vv 0 }.

Proof of Proposition 14.8. Since by (14.20) we can express Q∗−L in terms of a20 , we find the
efficiency bound for estimating the functional η(log a20 ) := φ0 Q∗−L , where φ ∈ RL−1 is arbitrary.
By (H.14), the pathwise derivative of this functional is given by
0
∗
∇η(Ṡ) = EPe {κ−1
0 φ ρ2 (Z, R, Q−L )Ṡ},

Ṡ ∈ Ṁ,

(H.19)

with Ṁ as defined in (H.18). Comparing (H.19) with (H.21), we see that φ0 ρ2 (z, r, Q∗−L )/κ0
in (H.19) corresponds to 1(Z ≤ z) − Fe (z) in (H.21). Therefore, the efficiency bound for
estimating φ0 Q∗−L is obtained by replacing 1(Z ≤ z) − Fe (z) in (H.22) with φ0 ρ2 (Z, R, Q∗−L )/κ0 .
The desired result follows since φ is arbitrary.

Proof of Proposition 14.9. Since F ∗ (z) := EP ∗ {1(Z ∗ ≤ z)}, by (14.19) it follows that we
can identify F ∗ (z) =: η(log a20 ) via the moment condition
Ea20 {

1(Z ≤ z) − η(log a20 )
0
c(Z, Q∗−L , K−L
, κ0 )

} = 0.

Hence, similar to the manner in which we derived (H.17), we can show that
∇η(Ṡ) = EPe {wṠ},

Ṡ ∈ Ṁ,

(H.20)

with Ṁ as defined in (H.18). But w in (H.20) corresponds to 1(Z ≤ z) − Fe (z) in (H.21).
Therefore, the efficiency bound for estimating F ∗ (z) is obtained by replacing 1(Z ≤ z) − Fe (z)
in (H.22) with w.

Proof of Proposition 14.10. Let η(log a20 ) := Fe (z). Since Ea20 {1(Z ≤ z) − η(log a20 )} = 0,
it follows that the pathwise derivative of η at log a20 is given by
∇η(Ṡ) = EPe {[1(Z ≤ z) − Fe (z)]Ṡ} =: h1(Z ≤ z) − Fe (z), ṠiPe ,

Ṡ ∈ Ṁ,

with Ṁ as defined in (H.18). Now, for all Ṡ ∈ Ṁ,
∇η(Ṡ) = h1(Z ≤ z) − Fe (z), ṠiPe = hPṀ (1(Z ≤ z) − Fe (z)), ṠiPe .

(H.21)
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Hence, the efficiency bound for estimating η(log a20 ) is given by the squared operator norm of
its pathwise derivative, i.e., by
k∇ηk2∗ := EPe {PṀ (1(Z ≤ z) − Fe (z))}2 .
It can be shown that (cf. Example 11.4)
PṀ (1(Z ≤ z) − Fe (z)) = [1(Z ≤ z) − Fe (z)] − v 0 MV EPe {[1(Z ≤ z) − Fe (z)]v}.
Hence, using the fact that MV0 V MV = MV , a little calculation reveals that efficiency bound for
estimating η(log a20 ) is given by
l. b.(Fe (z)) = varPe (1(Z ≤ z) − Fe (z))
− EPe {v 0 [1(Z ≤ z) − Fe (z)]}MV EPe {[1(Z ≤ z) − Fe (z)]v}. (H.22)
The desired result follows.



Lemma H.3. (1 − κ0 )Σ13 V3−1 + EPe {∂ρ1 (Z, β ∗ )/∂K−L } = 0q×(L−1) and
Σ14 /V4 + EPe {∂ρ1 (Z, β ∗ )/∂κ} = 0q×1 .
0
Proof of Lemma H.3. Use the definition of c(Z, Q∗−L , K−L
, κ0 ) to observe that

EPe {∂ρ1 (Z, β ∗ )/∂K−L } = −(1 − κ0 )EPe {

0
)
∂b(Z, Q∗−L , K−L
g(Z, θ∗ )
}.
∗
0
2
c (Z, Q−L , K−L , κ0 )
∂K−L

Doing a little simplifying, we can show that
0
∂b(Z, Q∗−L , K−L
)/∂K−L = κ0 [s(Z) − Q∗−L ]0 V2−1 .

Hence,
EPe {∂ρ1 (Z, β ∗ )/∂K−L }
0
= −κ0 (1 − κ0 )EPe {g(Z, θ∗ )[s(Z) − Q∗−L ]0 /c2 (Z, Q∗−L , K−L
, κ0 )}V2−1 . (H.23)

Now, by (14.19), it is easy to see that
0
Σ12 = κ0 EPe {g(Z, θ∗ )[s(Z) − Q∗−L ]0 /c2 (Z, Q∗−L , K−L
, κ0 )}.

(H.24)

Therefore, the first result follows by (H.23), (H.24), and Lemma H.4.
For the second result, note that
0
0
∂c(Z, Q∗−L , K−L
, κ0 )/∂κ = [1 − c(Z, Q∗−L , K−L
, κ0 )]/(1 − κ0 ).

Therefore,
0
0
, κ0 )}
(1 − κ0 )EPe {∂ρ1 (Z, β ∗ )/∂κ} = −EPe {g(Z, θ∗ )[1 − c(Z, Q∗−L , K−L
, κ0 )]/c2 (Z, Q∗−L , K−L
0
= −EPe {g(Z, θ∗ )/c2 (Z, Q∗−L , K−L
, κ0 )}.
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The second result follows since
0
Σ14 = κ0 EPe {g(Z, θ∗ )/c2 (Z, Q∗−L , K−L
, κ0 )} & V4 = κ0 (1 − κ0 ).



Lemma H.4. Σ12 V2−1 = Σ13 V3−1 .
0 0
Proof of Lemma H.4. Begin by observing that Σ13 = (1 − κ0 )EP {ρ1 (Z, β ∗ )[s(Z) − K−L
] },
where dP is defined in (14.16). A little algebra shows that
0
EP {ρ1 (Z, β ∗ )s0 (Z)} = EPe {g(Z, θ∗ )[s(Z) − Q∗−L ]0 /c2 (Z, Q∗−L , K−L
, κ0 )}KQ−1
0

0
0
+ EPe {g(Z, θ∗ )/c2 (Z, Q∗−L , K−L
, κ0 )}K−L
0

0
= (Σ12 KQ−1 + Σ14 K−L
)/κ0 .

Hence, since EP {ρ1 (Z, β ∗ )} = −Σ14 /(1 − κ0 ), we get that
0

0
Σ13 = {(1 − κ0 )Σ12 KQ−1 + Σ14 K−L
}/κ0 .

(H.25)

Next, since
0
ρ02 (Z, R, Q∗−L )[Q−1 A − (αL∗ /Q∗L )I(L−1)×(L−1) ]1(L−1)×1 = [c(Z, Q∗−L , K−L
, κ0 ) − 1]R,

we have that
Σ12 {Q−1 A − (αL∗ /Q∗L )I(L−1)×(L−1) }1(L−1)×1 = −Σ14 .

(H.26)

Therefore, using (H.26) to substitute for Σ14 in (H.25) and simplifying further, we obtain that
Σ13 = Σ12 V2−1 V3 . The desired result follows.

Proof of Proposition 14.12. Since the proof is very similar to the one given in Example 12.3,
1/2
1/2
we only sketch the basic argument. Let v0 := pdf Z|X and b0 := pdf X . Then, the density of
P with respect to some (unspecified) dominating measure is dP := v02 b20 . Since the aggregate
shares are identified in the stratified sample by the moment condition EP [ρ2 (Z, X, Q∗−L )] = 0,
let η(log dP ) = η(log v02 + log b20 ) := c0 Q∗−L with c ∈ RL−1 chosen arbitrarily. By considering
one-dimensional curves through v02 , b20 , θ∗ , Q∗−L , and keeping in mind that these curves have to
satisfy the moment conditions Ev02 [ρ1 (Z, X, θ∗ )|X] = 0 w.p.1 and Ev02 b20 [ρ2 (Z, X, Q∗−L )] = 0, the
pathwise derivative of η is given by
∇η(Ṡv̇ + Ṡḃ ) = c0 EP [ρ2 (Ṡv̇ + Ṡḃ )]/EP [1/b(Z, X)]

∀(Ṡv̇ , Ṡḃ ) ∈ Ṁ × Ḃ

= hb∗ c0 ρ2 , Ṡv̇ + Ṡḃ iP

(b∗ = 1/EP [1/b(Z, X)])

= hPṀ (b∗ c0 ρ2 ) + PḂ (b∗ c0 ρ2 ), Ṡv̇ + Ṡḃ iP ,
where the last equality follows because Ṁ ⊥P Ḃ with the tangent spaces
Ṁ := {Ṡv̇ ∈ L2 (Z, X; P ) ∩ L2 (X; PX )⊥ : EPZ|X [ρ1 Ṡv̇ |X] ∈ R(D(X)) w. p. 1}
Ḃ := {Ṡḃ ∈ L2 (X; PX ) : EPX Ṡḃ = 0}.
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The product tangent space Ṁ × Ḃ is not affected by lack of knowledge of the aggregate shares
because they are exactly-identified by the moment condition EP [ρ2 (Z, X, Q∗−L )] = 0. Hence,
the efficiency bound for estimating η(log v02 + log b20 ) is given by k∇ηk2∗ = EP [PṀ (b∗ c0 ρ2 )]2 +
EP [PḂ (b∗ c0 ρ2 )]2 because Ṁ ⊥P Ḃ. Now,
PṀ (b∗ c0 ρ2 ) = b∗ c0 ρ2 − EPZ|X [b∗ c0 ρ2 |X] − ρ01 V1−1 (X)(EPZ|X [ρ1 b∗ c0 ρ2 |X]

(Lemma G.1)

− D(X)∆−1 EP [D0 (X)V1−1 (X)EPZ|X [ρ1 b∗ c0 ρ2 |X]])
= b∗ c0 (ρ2 − EPZ|X [ρ2 |X] − (EPZ|X [ρ2 ρ01 |X]
− EP [EPZ|X [ρ2 ρ01 |X]V1−1 (X)D(X)]∆−1 D0 (X))V1−1 (X)ρ1 )
= b∗ c0 (ρ2 − EPZ|X [ρ2 |X] − (Σ012 (X)
− EPX [Σ012 (X)V1−1 (X)D(X)]∆−1 D0 (X))V1−1 (X)ρ1 ).
Thus,
EP [PṀ (b∗ c0 ρ2 )]2 = b∗ 2 c0 (varP (ρ2 − EPZ|X [ρ2 |X]) − EPX [Σ012 (X)V1−1 (X)Σ12 (X)]
+ EPX [Σ012 (X)V1−1 (X)D(X)]∆−1 EPX [D0 (X)V1−1 (X)Σ12 (X)])c.
Furthermore,
PḂ (b∗ c0 ρ2 ) = b∗ c0 EPZ|X [ρ2 |X] =⇒ EP [PḂ (b∗ c0 ρ2 )]2 = b∗ 2 c0 varPX (EPZ|X [ρ2 |X])c.
Hence, the efficiency bound for estimating c0 Q∗−L is given by
k∇ηk2∗ = b∗ 2 c0 (varP (ρ2 ) − EPX [Σ012 (X)V1−1 (X)Σ12 (X)]
+ EPX [Σ012 (X)V1−1 (X)D(X)]∆−1 EPX [D0 (X)V1−1 (X)Σ12 (X)])c.
The desired result follows because c is arbitrary.



Appendix I. Proofs for section 15
Additional notation used in the proofs. Let Dρ := ∂Efe {ρ(Z, R, β ∗ )}/∂β and Vρ :=
Efe {ρ(Z, R, β ∗ )ρ0 (Z, R, β ∗ )}.
Proof of Proposition 15.1. Let φ0 := fe 1/2 . This ensures that φ0 lies in L2 (Z, R), the set
of real-valued functions on Rd × {0, 1} that are square-integrable with respect to µ × κ. Let
t 7→ φt be a curve from the interval [0, t0 ], for some t0 > 0, into the unit ball of L2 (Z, R)
such that φt |t=0 = φ0 . Since the observed loglikelihood for t in this submodel is log φ2t ,
R
the Fisher information for a single observation is given by iF := 4 Rd ×{0,1} φ̇2 (z, r) dµ dκ,
where φ̇ denotes the tangent vector to φt at t = 0, i.e., φ̇ is an element of the tangent
R
space {φ̃ ∈ L2 (Z, R) : Rd ×{0,1} φ0 (z, r)φ̃(z, r) dµ dκ = 0}. Note that iF is induced by the
R
Fisher inner-product hφ̇1 , φ̇2 iF := 4 Rd ×{0,1} φ̇1 (z, r)φ̇2 (z, r) dµ dκ. Since (15.19) is equivalent
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elt

to Efe {g(Z, θ∗ )1(Z 6= c)/a(Z, K0 )} = 0, we use (15.26) to calculate the efficiency bound for θ∗ .
So let t 7→ (θt , Kt ) denote a curve through (θ∗ , K0 ) at t = 0 such that, for some t0 > 0,
Z
elt
g(z, θt )1(z 6= c)φ2t (z, r)/a(z, Kt ) dµ dκ = 0
∀t ∈ [0, t0 ],
(I.1)
Rd ×{0,1}

where, by (15.27) and (15.28), Kt is defined via the moment conditions
Z
elt
elt
elt
(1(z 6= c)1(z < c){ − Kt 1(z < c){ )φ2t (z, r) dµ dκ = 0
Rd ×{0,1}

(I.2)

Z
(r −
Rd ×{0,1}

Kt )φ2t (z, r) dµ dκ

= 0.

By (I.1), the tangent vectors φ̇, θ̇, and K̇ must satisfy
Z
Dθ̇ + 2
ρ1 (z, β ∗ )φ0 (z, r)φ̇(z, r) dµ dκ + (∂Efe {ρ1 (Z, β ∗ )}/∂K)K̇ = 0,

(I.3)

Rd ×{0,1}

and from (I.2) we know that K̇ solves
"
#
Z
−[1 − F ∗ (c)]
K̇ + 2
ρ−1 (z, r, K0 )φ0 (z, r)φ̇(z, r) dµ dκ = 0,
−1
Rd ×{0,1}
where ρ−1 (z, r, K0 ) := (ρ2 (z, K0 ), ρ3 (r, K0 ))2×1 . Stacking (I.3) and (I.4), we get
Z
Dρ β̇ + 2
ρ(z, r, β ∗ )φ0 (z, r)φ̇(z, r) dµ dκ = 0,

(I.4)

(I.5)

Rd ×{0,1}

where β̇ := (θ̇, K̇)(p+1)×1 ,


D


Dρ = 00p×1
00p×1

∂Efe {ρ1 (Z, β ∗ )}/∂K






D −Σ12 /K0 (1 − K0 )
  0

elt
−[1 − F ∗ (c)]  ,
−Efe {1(Z < c){ }  = 0p×1
00p×1
−1
−1

and Σ12 := Efe {ρ1 (Z, β ∗ )ρ2 (Z, K0 )}. Therefore, following the argument in Section 11 subsequent to (11.2), the efficiency bound for estimating (θ∗ , K0 ) is given by (Dρ0 Vρ−1 Dρ )−1 . But, as
shown in the proof of Theorem 4.1 in Devereux and Tripathi (2009, p. 28),
"
#
0 −1
−1
(D
Ω
D)
0
p×1
(Dρ0 Vρ−1 Dρ )−1 =
.
00p×1
K0 (1 − K0 )
The desired result follows.
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Proof of Proposition 15.2. As in the proof of Proposition 15.1, it can be shown that an
analogous version of (I.5) holds with β̇ := (θ̇, ḃ, K̇)(p+2)×1 and


D (1 − K0 )Σ12 /b∗ 2 Σ12 /K0 b∗


Dρ = 00p×1
−K0
0
.
0
0
−1
0p×1
Hence, the efficiency bound for estimating (θ∗ , b∗ , K0 ) is given by (Dρ0 Vρ−1 Dρ )−1 . To simplify this further, let Ω := Efe {εε0 }, V2 := Efe {ρ22 (Z, R, b∗ )}, V3 := Efe {ρ23 (R, K0 )}, Σ13 :=
Efe {ρ1 (Z, β ∗ )ρ3 (R, K0 )}, and Σ := [ Σ12 Σ13 ]. Then,
"
#
"
#
−1
−1
−1
Ω
−Ω
ΣV
V
0
2
−1
Vρ−1 =
with V−1 :=
.
−1 0 −1
−1
−1 0 −1
−1
−V−1
ΣΩ
V−1
+ V−1
Σ Ω ΣV−1
0 V3
Hence, letting γ := (K02 /V2 ) + (α∗ K0 /V2 b∗ )2 Σ012 Ω−1 Σ12 ,


D0 Ω−1 D
(α∗ K0 /V2 b∗ )D0 Ω−1 Σ12 0p×1


Dρ0 Vρ−1 Dρ = (α∗ K0 /V2 b∗ )Σ012 Ω−1 D
γ
0 .
0
1/V3
00p×1
Since V = Ω + (α∗ /b∗ )2 Σ12 Σ012 /V2 , by the Sherman-Morrison formula we have
Ω−1 = [V −

V −1 Σ12 Σ012 V −1
Σ12 Σ012 −1
−1
]
=
V
+
.
V2 (b∗ /α∗ )2
V2 (b∗ /α∗ )2 − Σ012 V −1 Σ12

Therefore, applying the partitioned inverse formula,
(Dρ0 Vρ−1 Dρ )−1



(D0 V −1 D)−1
−(α∗ /K0 b∗ )(D0 V −1 D)−1 D0 V −1 Σ12
0p×1


= −(α∗ /K0 b∗ )Σ012 V −1 D(D0 V −1 D)−1
V2 /K02 − (α∗ /K0 b∗ )2 Σ012 MV Σ12
0
.
0
0p×1
0
K0 (1 − K0 )
The desired result follows.


Appendix J. Proofs for section 16

Proof of Lemma 16.1. Suppose θ∗ := E[ψµ∗ ] is identified. This means that µ∗ and µ∗ + f ,
where f ∈ N(T ) is arbitrary, both yield the same value of θ∗ . Hence, ψ ∈ N(T )⊥ . Conversely,
assume ψ ∈ N(T )⊥ and let θi∗ := E[ψµ∗i ], where µ∗1 and µ∗2 both satisfy (16.1), i.e., T µ∗i =
PL2 (W ) Y for i = 1, 2. Then, θ1∗ − θ2∗ = E[ψ(µ∗1 − µ∗2 )] = 0 since µ∗1 − µ∗2 ∈ N(T ). Hence, θ∗ is
identified.

The proof of Lemma 16.2 appears after the proof of Theorem 16.1 because it uses
notation introduced in the latter.
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1/2
1/2
Proof of Theorem 16.1. Let v0 := pdf (Y,X)|W and b0 := pdf W , where pdf (Y,X)|W is the
conditional density of (Y, X)|W with respect to a dominating measure λ and pdf W is the
marginal density of W with respect to a dominating measure γ. For some t0 > 0, let vt be a
R
real-valued function on I0 := [0, t0 ] such that vt |t=0 = v0 and supp(Y,X) vt2 (y, x|w) dλ = 1 for all
R
(t, w) ∈ I0 × supp(W ). Similarly, bt is a curve through b0 satisfying supp(W ) b2t (w) dγ = 1 for

all t ∈ I0 . Using τ̇ = (v̇, ḃ) to denote the tangent vector to (vt , bt ) at t = 0, we have
v̇ ∈ V̇ := {Sv̇ ∈ L2 (Y, X, W ) : PL2 (W ) Sv̇ = 0}
ḃ ∈ L2,0 (W ) := {Sḃ ∈ L2 (W ) : ESḃ = 0},
where Sv̇ := 2v̇/v0 and Sḃ := 2ḃ/b0 are the score functions corresponding to v̇ and ḃ, respectively.
Since V̇ = L2 (W )⊥ , it is clear that V̇ ⊥ L2,0 (W ).
Let κt be a curve from I0 into N(T )⊥ , passing through PN(T )⊥ µ∗ at t = 0, such that
Evt2 [Y − κt |W = w] = 0 for all (t, w) ∈ I0 × supp(W ). Hence, differentiating with respect to t
and evaluating at t = 0, for some κ̇ ∈ N(T )⊥ ,
T κ̇ = PL2 (W ) (ε̃Sv̇ ).

(J.1)

Since (J.1) further restricts V̇, the conditional scores lie in
Ṁ := {f ∈ L2 (W )⊥ : PL2 (W ) (ε̃f ) ∈ R(T )}.

(J.2)

Therefore, the tangent space of score functions relevant for our problem is Ṫ := cl(Ṁ) +
L2,0 (W ). As shown in Lemma J.1, an appealing expression for cl(Ṁ) can be obtained under
the assumption that the scedastic function is bounded, namely,
cl(Ṁ) = {f ∈ L2 (W )⊥ : PL2 (W ) (ε̃f ) ∈ cl(R(T ))}.
Since cl(Ṁ) and L2,0 (W ) are closed linear subspaces of L2 (Y, X, W ) and Ṁ ⊥ L2,0 (W ), the
tangent space Ṫ is a Hilbert space with inner product h·, ·iL2 (Y,X,W ) + h·, ·iL2 (W ) .
Since, by (16.7), the parameter of interest θ∗ is an implicitly defined function of v0 and
b0 , write it as η(v0 , b0 ) for some η : L2 (Y, X, W ) × L2 (W ) → R. Suppose that η(vt , bt ) satisfies
the moment condition
Z
g(x, η(vt , bt ), κt )vt2 (y, x|w)b2t (w) dλ dγ = 0
∀t ∈ I0 .
supp(Y,X,W )

Differentiating with respect to t and evaluating at t = 0, we obtain that
∇η(τ̇ ) = E[ψ κ̇] + E[gSv̇ ] + E[gSḃ ],

(J.3)

where ∇η is the derivative of η along one-dimensional paths through (v0 , b0 ). Next, we write
E[ψ κ̇] in terms of the tangent vectors so that ∇η can be expressed as a linear functional on Ṫ.
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(J.1)

Observing that κ̇ = T + PL2 (W ) (ε̃Sv̇ ), we have E[ψ κ̇] = Jψ,ε̃ (Sv̇ ), where, for f ∈ Ṁ,
Jψ,ε̃ (f ) := E[ψT + PL2 (W ) (ε̃f )] = hψ, T + PL2 (W ) (ε̃f )iL2 (X) .

(J.4)

Therefore, we can rewrite (J.3) as
∇η(τ̇ ) = Jψ,ε̃ (Sv̇ ) + E[gSv̇ ] + E[gSḃ ].

(J.5)

But ψ ∈ R(T 0 ), i.e., T 0 δ ∗ = ψ for δ ∗ ∈ L2 (W ), by Assumption 16.2. Therefore, for f ∈ Ṁ,
0

Jψ,ε̃ (f ) = hT + ψ, PL2 (W ) (ε̃f )iL2 (W )
= hPcl(R(T )) δ ∗ , PL2 (W ) (ε̃f )iL2 (W )
= hε̃Pcl(R(T )) δ ∗ , f iL2 (Y,X,W ) ,

(Lemma J.4(i))
(Lemma J.4(ii))
(J.6)

implying, by Assumption 16.1, that Jψ,ε̃ is bounded on Ṁ. Hence, it can be uniquely extended
to a linear functional that is bounded on cl(Ṁ).
Consequently, ∇η(τ̇ ) = hε̃Pcl(R(T )) δ ∗ +g, Sv̇ iL2 (Y,X,W ) +hg, Sḃ iL2 (X,W ) and ∇η is bounded
on Ṫ. The expression for ∇η further simplifies to
∇η(τ̇ ) = hPcl(Ṁ)+L2,0 (W ) (ε̃Pcl(R(T )) δ ∗ + g), Sv̇ + Sḃ iL2 (Y,X,W )

(J.7)

upon noting that ε̃Pcl(R(T )) δ ∗ ∈ L2 (W )⊥ and Sv̇ + Sḃ ∈ cl(Ṁ) + L2,0 (W ). The efficiency bound
for estimating η(v0 , b0 ) is given by k∇ηk2∗ , the squared operator norm of its pathwise derivative,
where k∇ηk∗ := sup{|∇η(τ̇ )| : τ̇ ∈ Ṫ \ {0}}. Therefore,
k∇ηk2∗ = E[Pcl(Ṁ)+L2,0 (W ) (ε̃Pcl(R(T )) δ ∗ + g)]2 < ∞.



Proof of Lemma 16.2. To show that E[ψPN(T )⊥ µ∗ ] is not n1/2 -estimable, it is enough to
demonstrate that ∇η is unbounded on the tangent space. Since this implies that η is a not a
differentiable functional of (v0 , b0 ), the parameter E[ψPN(T )⊥ µ∗ ] cannot be estimated at n1/2 rate; cf. van der Vaart (1991, p. 185; 1998, Section 25.5) and Newey (1994, p. 1353).
Begin by observing that f 7→ E[ψT + PL2 (W ) (ε̃f )] is well defined on Ṁ for each ψ ∈
L2 (X) because f ∈ Ṁ implies that PL2 (W ) (ε̃f ) ∈ R(T ) ⊂ D(T + ). The domain of this linear
functional can be enlarged to cl(Ṁ) if we have additional information about ψ. To see this,
assume that ψ ∈ cl(R(T 0 )) and let (λj , aj , bj )j∈N denote the singular system for T and T 0 , where
(aj ) and (bj ) are orthonormal bases for N(T )⊥ (= cl(R(T 0 ))) and cl(R(T )), respectively, and (λj )
P
are the nonzero singular values. Then, since ψ = ∞
j=1 Faj (ψ)aj , where Faj (ψ) := hψ, aj iL2 (X)
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is the jth Fourier coefficient of ψ with respect to aj ,
k
X
E[ψT PL2 (W ) (ε̃f )] = lim h
Faj (ψ)aj , T + PL2 (W ) (ε̃f )iL2 (X)
+

k→∞

j=1

= lim hT
k→∞

+0

k
X

Faj (ψ)aj , PL2 (W ) (ε̃f )iL2 (W )

j=1

k
X
Faj (ψ)
bj ), PL2 (W ) (ε̃f )iL2 (W )
= lim hPcl(R(T )) (
k→∞
λj
j=1

by Lemma J.4(ii). Therefore, since (bj ) ⊂ cl(R(T )),
E[ψT + PL2 (W ) (ε̃f )] =

∞
X

λ−1
j Faj (ψ)Fbj (PL2 (W ) (ε̃f )) =: Kψ (f ).

j=1

Since Fbj (PL2 (W ) (ε̃f )) is well defined for PL2 (W ) (ε̃f ) ∈ cl(R(T )), it follows by Lemma J.1
that the linear functional f 7→ Kψ (f ) is well defined on cl(Ṁ). Hence, the linear functional
(Sv̇ , Sḃ ) 7→ Kψ (Sv̇ ) + E[gSv̇ ] + E[gSḃ ] is well defined on cl(Ṁ) + L2,0 (W ) and represents the
extension of ∇η in (J.5) to the tangent space. Therefore, any ψ ∈ cl(R(T 0 )) which makes Kψ
unbounded on cl(Ṁ) will also make ∇η unbounded on the tangent space. Consequently, by the
argument described at the beginning of the proof, for such a ψ the corresponding expectation
functional E[ψPN(T )⊥ µ∗ ] will not be n1/2 -estimable.
Now, let f ∈ cl(Ṁ). By Lemma J.1, this is equivalent to assuming that PL2 (W ) (ε̃f ) ∈
cl(R(T )). Since Fbj (PL2 (W ) (ε̃f )) := hPL2 (W ) (ε̃f ), bj iL2 (W ) , by Cauchy-Schwarz and Bessel
|Kψ (f )|2 ≤

∞
X

2
2
λ−2
j Faj (ψ)kPL2 (W ) (ε̃f )kL2 (Y,X,W )

j=1

.

∞
X

2
2
λ−2
j Faj (ψ)kf kL2 (Y,X,W ) ,

j=1

where the second inequality holds by Assumption 16.1 and the . symbol signifies that the left
hand side is bounded from above by a positive constant times the right hand side. Hence, since
P
−2
2
0
R(T 0 ) = {a ∈ L2 (X) : ∞
j=0 λj ha, aj iL2 (X) < ∞} by the singular value decomposition of T , it
follows that Kψ is bounded on cl(Ṁ) whenever ψ ∈ R(T 0 ). Therefore, Kψ can be unbounded
on cl(Ṁ) only if ψ ∈ cl(R(T 0 )) \ R(T 0 ).
We now show that ψ ∈ R(T 0 ) is necessary for Kψ to be bounded on cl(Ṁ). So let
P
−2 2
ψ0 ∈ cl(R(T 0 )) \ R(T 0 ) (remember that ∞
j=1 λj Faj (ψ0 ) = ∞). For each r ∈ N,
dr := ε̃f

r
X
i=1

λ−1
i Fai (ψ0 )bi

Ass. 16.1

∈

L2 (Y, X, W ),
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PL2 (W ) dr = 0, and PL2 (W ) (ε̃dr ) =
r by Lemma J.1. Furthermore,

Pr

i=1

λ−1
i Fai (ψ0 )bi ∈ cl(R(T )). Hence, dr ∈ cl(Ṁ) for each


λ−1 F (ψ ) for j ≤ r
aj
0
j
Fbj (PL2 (W ) (ε̃dr )) =
0
otherwise,
implying that Kψ0 (dr ) = kdr k2L2 (Y,X,W ) . Since #{j : Faj (ψ0 ) 6= 0} = ∞, because otherwise
ψ0 ∈ R(T 0 ), assume without loss of generality that kdr kL2 (Y,X,W ) > 0 for each r. Then,
fr := dr /kdr kL2 (Y,X,W ) lies on the unit sphere in cl(Ṁ) and Kψ0 (fr ) = kdr kL2 (Y,X,W ) . It follows
that (fr ) is a sequence of unit vectors in cl(Ṁ) such that
∞
X
2
1/2
lim Kψ0 (fr ) = (
λ−2
= ∞.
j Faj (ψ0 ))

r→∞

j=1

Therefore, Kψ0 is unbounded on cl(Ṁ).



Proof of Lemma 16.3. Let π ∗ := f − PL2 (W ) f − ε̃(I − fT (T 0 fT )+ T 0 )fPL2 (W ) (ε̃f ). Clearly,
π ∗ ∈ L2 (W )⊥ because PL2 (W ) ε̃ = 0. Furthermore, since PL2 (W ) (ε̃2 ) =: Ω,
PL2 (W ) (ε̃π ∗ ) = T (T 0 fT )+ T 0 fPL2 (W ) (ε̃f ) ∈ R(T ).
Hence, π ∗ ∈ Ṁ ⊂ cl(Ṁ). Next, let RT := I − fT (T 0 fT )+ T 0 . Then, for every ṁ ∈ Ṁ,
hf − π ∗ , ṁiL2 (Y,X,W ) = hε̃RT fPL2 (W ) (ε̃f ), ṁiL2 (Y,X,W )
= hPL2 (W ) (ε̃ṁ), RT fPL2 (W ) (ε̃f )iL2 (W )

(iterated expectations)

= hRT0 PL2 (W ) (ε̃ṁ), fPL2 (W ) (ε̃f )iL2 (W ) = 0
because from (J.10) we know that ṁ ∈ Ṁ implies RT0 PL2 (W ) (ε̃ṁ) = 0. Therefore, f − π ∗ ⊥ Ṁ;
thus f − π ∗ ⊥ cl(Ṁ) by continuity of the inner product.

Proof of Corollary 16.2. Since E[ε̃Pcl(R(T )) δ ∗ + g] = 0,
(16.9)

Pcl(Ṁ)+L2,0 (W ) (ε̃Pcl(R(T )) δ ∗ + g) = ε̃Pcl(R(T )) δ ∗ + g
− ε̃(I − fT (T 0 fT )+ T 0 )fPL2 (W ) (ε̃2 Pcl(R(T )) δ ∗ + ε̃g).
Next, since PL2 (W ) (ε̃2 Pcl(R(T )) δ ∗ ) = ΩPcl(R(T )) δ ∗ ,
ε̃(I − fT (T 0 fT )+ T 0 )fPL2 (W ) (ε̃2 Pcl(R(T )) δ ∗ ) = ε̃Pcl(R(T )) δ ∗ − ε̃fT (T 0 fT )+ T 0 Pcl(R(T )) δ ∗ .
But
T 0 Pcl(R(T )) = T 0 (I − PR(T )⊥ ) = T 0 (I − PN(T 0 ) ) = T 0 .
Therefore, T 0 Pcl(R(T )) δ ∗ = T 0 δ ∗ = ψ by Assumption 16.2, and the desired result follows.
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Lemma J.1. Let Assumption 16.1 hold. Then, recalling the definition of Ṁ from (J.2),
cl(Ṁ) = {f ∈ L2 (W )⊥ : PL2 (W ) (ε̃f ) ∈ cl(R(T ))}.

(J.8)

Proof of Lemma J.1. Let f ∈ cl(Ṁ). Then, there exists a sequence (fk )k∈N ⊂ Ṁ such that
limk→∞ fk = f . Thus, for each k, fk ∈ L2 (W )⊥ and PL2 (W ) (ε̃fk ) = T ak for some ak ∈ L2 (X).
But, by Cauchy-Schwarz and Assumption 16.1,
kPL2 (W ) (ε̃f )kL2 (W ) ≤ kΩ1/2 (PL2 (W ) f 2 )1/2 kL2 (W ) . kf kL2 (Y,X,W ) ;
i.e., f 7→ PL2 (W ) (ε̃f ) is a bounded linear map from L2 (Y, X, W ) → L2 (W ). Hence,
lim T ak = PL2 (W ) (ε̃f ) =⇒ PL2 (W ) (ε̃f ) ∈ cl(R(T )).

k→∞

Since f ∈ L2 (W )⊥ , because fk converges in L2 (W )⊥ and the latter is closed, it follows that
“⊂” holds. To show the reverse inclusion, let m belong to the right hand side of (J.8). Then,
for every  > 0, there exists a b ∈ R(T ) such that
kb − PL2 (W ) (ε̃m)kL2 (W ) < .

(J.9)

Now let ṁ := m + ε̃f(b − PL2 (W ) (ε̃m)). Since m ∈ L2 (W )⊥ and b − PL2 (W ) (ε̃m) ∈ L2 (W ),
it is clear that ṁ ∈ L2 (W )⊥ . Therefore, since
PL2 (W ) (ε̃ṁ ) = PL2 (W ) (ε̃m) + PL2 (W ) (ε̃2 f(b − PL2 (W ) (ε̃m)))
= b ∈ R(T ),
it follows that ṁ ∈ Ṁ. Finally, by Assumption 16.1 and (J.9),
kṁ − mkL2 (Y,X,W ) . kb − PL2 (W ) (ε̃m)kL2 (W ) . .
Therefore, ṁ ∈ Ṁ is arbitrarily close to m. Hence, m ∈ cl(Ṁ).



Lemma J.2. Let Assumption 16.1 hold. Then, recalling the definition of Ṁ from (J.2),
Ṁ = {ṁ ∈ L2 (W )⊥ : T 0 fPL2 (W ) (ε̃ṁ) ∈ R(T 0 fT )
0

& (I − T (T 0 fT )+ T 0 f)PL2 (W ) (ε̃ṁ) = 0}. (J.10)
Proof of Lemma J.2. Let ṁ ∈ Ṁ. Then, ṁ ∈ L2 (W )⊥ and there exists a ∈ L2 (X) such that
PL2 (W ) (ε̃ṁ) = T a.

(J.11)

T 0 fPL2 (W ) (ε̃ṁ) = T 0 fT a ∈ R(T 0 fT ).

(J.12)

a = (T 0 fT )+ T 0 fPL2 (W ) (ε̃ṁ) ∈ R((T 0 fT )+ ).

(J.13)

Now (J.11) implies that

Hence,
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But R((T 0 fT )+ ) = N(T 0 fT )⊥ = cl(R(T 0 fT )) since T 0 fT is bounded by Assumption 16.1.
Thus, by (J.13),
a ∈ cl(R(T 0 fT )).

(J.14)

0

Hence, T 0 fT a ∈ D((T 0 fT )+ ). Thus, by (J.12), Lemma J.4(ii), and (J.14),
0

0

(T 0 fT )+ T 0 fPL2 (W ) (ε̃ṁ) = (T 0 fT )+ T 0 fT a = Pcl(R(T 0 fT )) a = a,
implying that
0

T (T 0 fT )+ T 0 fPL2 (W ) (ε̃ṁ) = T a.

(J.15)

+0

Therefore, (I − T (T 0 fT ) T 0 f)PL2 (W ) (ε̃ṁ) = 0 upon subtracting (J.15) from (J.11). In other
words, we have shown that “⊂” holds. The reverse inclusion is straightforward. Let RT :=
I − fT (T 0 fT )+ T 0 and ṁ be an arbitrary element in the right hand side of (J.10). Then,
ṁ ∈ L2 (W )⊥ and satisfies RT0 PL2 (W ) (ε̃ṁ) = 0 which is equivalent to
0

PL2 (W ) (ε̃ṁ) = T (T 0 fT )+ T 0 fPL2 (W ) (ε̃ṁ) ∈ R(T ).
Hence, “⊃” also holds.



Proof of Lemma 16.4. Since the basic idea is very similar to the proof of Theorem 16.1, we
only describe the essential steps; notation and symbols not defined here have the same meaning
as in the proof of Theorem 16.1. Let βt be a smooth curve through β ∗ , and β̇ := dβt /dt|t=0 .
For the one-dimensional submodel Et [Y − mp (X, βt )|W ] = 0 w.p.1, Tp ṁ = PL2 (W ) (ε̃Sv̇ ), where
ṁ := β̇ 0 ∇β mp (X, β ∗ ). Therefore, the tangent space Ṫp := Ṁp + L2,0 (W ) and Ṁp is closed
because R(Tp ) is finite dimensional. Next, following the argument leading up to (J.4), for every
τ̇ ∈ Ṫp ,
∇η(τ̇ ) = E[ψTp+ PL2 (W ) (ε̃Sv̇ )] + hg, Sv̇ iL2 (Y,X,W ) + hg, Sḃ iL2 (X,W ) .
The same reasoning that led to (J.6), plus the fact that Tp0 = T 0 , can be used to show that
E[ψTp+ PL2 (W ) (ε̃Sv̇ )] = hψ, Tp+ PL2 (W ) (ε̃Sv̇ )iL2 (X) = hε̃PR(Tp ) δ ∗ , Sv̇ iL2 (Y,X,W ) .
Hence, ∇η(τ̇ ) = hε̃PR(Tp ) δ ∗ + g, Sv̇ iL2 (Y,X,W ) + hg, Sḃ iL2 (X,W ) which, as in (J.7), can be written
as
∇η(τ̇ ) = hPṀp +L2,0 (W ) (ε̃PR(Tp ) δ ∗ + g), Sv̇ + Sḃ iL2 (Y,X,W ) .
Therefore, the efficiency bound is E[PṀp +L2,0 (W ) (ε̃PR(Tp ) δ ∗ + g)]2 .
Proof of Lemma 16.5. Since
PṀp +L2,0 (W ) (ε̃PR(Tp ) δ ∗ + g) = PṀp (ε̃PR(Tp ) δ ∗ ) + PL2,0 (W ) g,
it suffices to show that
lim kPṀp (ε̃PR(Tp ) δ ∗ )kL2 (Y,X,W ) = kPcl(Ṁ) (ε̃Pcl(R(T )) δ ∗ )kL2 (Y,X,W ) .

p→∞
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Begin by observing that
PṀp (ε̃PR(Tp ) δ ∗ ) − Pcl(Ṁ) (ε̃Pcl(R(T )) δ ∗ ) = (PṀp − Pcl(Ṁ) )(ε̃Pcl(R(T )) δ ∗ ) + rp ,
where rp := PṀp (ε̃(PR(Tp ) − Pcl(R(T )) )δ ∗ ). Since projection operators are bounded with norm
equal to one, by Assumption 16.1 we have that
krp kL2 (Y,X,W ) ≤ kε̃(PR(Tp ) − Pcl(R(T )) )δ ∗ kL2 (Y,X,W )
≤ ck(PR(Tp ) − Pcl(R(T )) )δ ∗ kL2 (Y,X,W ) .
But PR(Tp ) is a monotone sequence since R(Tp ) ↑ cl(R(T )) by assumption. Therefore, by
Akhiezer and Glazman (1993, p. 68), the sequence of operators PR(Tp ) converges strongly to
Pcl(R(T )) implying that
lim krp kL2 (Y,X,W ) = 0.
p→∞

Since PṀp is also monotone, because R(Tp ) ↑ cl(R(T )) =⇒ Ṁp ↑ cl(Ṁ),
lim k(PṀp − Pcl(Ṁ) )(ε̃Pcl(R(T )) δ ∗ )kL2 (Y,X,W ) = 0.

p→∞



The following result is a straightforward consequence of the singular value decomposition
(SVD) of compact linear operators, cf., e.g., Carrasco, Florens, and Renault (2007, Propositions 3.6 and 3.8).
Lemma J.3. Let A, B be Hilbert spaces and K : A → B a compact linear operator with
singular system (λj , aj , bj )j∈N , where (λj ) are the non-zero singular values and (aj ) and (bj )
are orthonormal bases for N(K)⊥ and cl(R(K)), respectively. Then: (i) R(K) = {b ∈ B :
P∞ 2
P∞
2 −2
j=1 λj < ∞, i.e., K is Hilbert-Schmidt, then R(K) is a proper
j=1 hb, bj iB λj < ∞}. (ii) If
subspace of B, i.e., K is not surjective.
Proof of Lemma J.3. Let b ∈ R(K). Then KPN(K)⊥ a = b for some a ∈ A. By the SVD of
K, cf. Kress (1999, Section 15.4),
∞
X

λj hPN(K)⊥ a, aj iA bj =

j=1

Hence,

P∞

2 −2
j=1 hb, bj iB λj

∞
X

hb, bj iB bj =⇒ hPN(K)⊥ a, aj iA = hb, bj iB /λj .

j=1

< ∞ since PN(K)⊥ a ∈ A; i.e., we have shown that
∞
X
R(K) ⊂ {b ∈ B :
hb, bj i2B λ−2
j < ∞}.

(J.16)

j=1

To show the reverse inclusion, let b belong to the right hand side of (J.16) and let a :=
P∞
−1
j=1 hb, bj iB λj aj . Then b ∈ R(K) because Ka = b. Thus, (i) holds.
P∞ 2
P∞
To show (ii), assume that
j=1 λj < ∞. Then, b :=
j=1 λj bj ∈ B \ R(K) since
P∞
−2
2

j=1 hb, bj iB λj = ∞. Hence, R(K) ( B.
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Corollary J.1. Let K be as in Lemma J.3. Then, R(K 0 ) = {a ∈ A :
P
2
0
Furthermore, if ∞
j=1 λj < ∞, then R(K ) ( A.

P∞

2 −2
j=1 ha, aj iA λj

< ∞}.

Proof of Corollary J.1. Follow the proof of Lemma J.3 keeping in mind the SVD of K 0 , i.e.,
P
K 0b = ∞

j=1 λj hb, bj iB aj for b ∈ cl(R(K)).
It is well known, cf., for instance, Luenberger (1969, Proposition 1, p. 165), that the
generalized inverse and adjoint operations commute for closed-range operators. The following
result shows that something similar also holds for operators whose range may not be closed.
We use this result to derive an expression for the adjoint of T + without assuming that T +
is bounded (cf. the proof of Theorem 16.1). It is important to allow T + to be unbounded
because its boundedness is equivalent to R(T ) being closed (cf. Engl, Hanke, and Neubauer
2000, Proposition 2.4, p. 34) and, consequently, the nonparametric regression model for µ∗
being well-posed.
Lemma J.4 (Severini and Tripathi (2012a)). Let A and B be Hilbert spaces and Q : A → B
0
a bounded linear operator whose range is not closed. Also, let Q+ denote the adjoint of Q+
0
0
and a ∈ R(Q0 ). Then, (i) a ∈ D(Q+ ) and (ii) Q+ a = Pcl(R(Q)) b, where b ∈ B is such that
0
Q0 b = a. Consequently, Q+ a = Q0 + a whenever a ∈ R(Q0 ).
Proof of Lemma J.4. Since R(Q) is not closed, the Moore-Penrose inverse Q+ : R(Q) +
R(Q)⊥ → N(Q)⊥ is unbounded. Moreover, D(Q+ ) is a dense subspace of B and R(Q+ ) ⊂ A.
0
0
Hence, by Kreyszig (1978, Definition 10.1-2), the operator Q+ : D(Q+ ) → B is such that
0

D(Q+ ) = {a ∈ A : ∃b∗ ∈ B s.t. hQ+ f, aiA = hf, b∗ iB ∀f ∈ D(Q)+ }
0

and Q+ a := b∗ . Let Q|N(Q)⊥ denote the restriction of Q to N(Q)⊥ . To verify that a lies in the
0
domain of Q+ observe that, for f ∈ R(Q) + R(Q)⊥ ,
hQ+ f, aiA = h(Q|N(Q)⊥ )−1 Pcl(R(Q)) f, Q0 biA = hPcl(R(Q)) f, biB ,
implying that hQ+ f, aiA = hf, Pcl(R(Q)) biB . Furthermore, kPcl(R(Q)) bkB ≤ kbkB < ∞ since
0
0
b ∈ B. Therefore, a ∈ D(Q+ ) and Q+ a = Pcl(R(Q)) b. Finally, let a0 ∈ R(Q0 ). Hence, a0 = Q0 b0
0
for some b0 ∈ B and Q+ a0 = Pcl(R(Q)) b0 by (i) and (ii). Since Q0 + : R(Q0 )+R(Q0 )⊥ → N(Q0 )⊥ ,
it is clear that a0 ∈ D(Q0 + ). It follows that
+

0

+

Q0 a0 = Q0 Q0 b0 = PN(Q0 )⊥ b0 = Pcl(R(Q)) b0 = Q+ a0 .
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